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1. Construction of Estimators

The goal of estimation is to approximate an unknown characteristic γ(P) (some
statistical parameter) of a data-generating distribution P using observed data. An
estimator is a function that maps a sample (x1, . . . , xn) to a numerical value intended
to approximate γ(P).

1.1 Plug-in Estimator

A fundamental idea is the plug-in principle: if γ(P) is a functional of the distribution
P, then one can estimate P first and evaluate γ at this estimate.

1.1.1 Empirical Distribution and Distribution Function

If I want to estimate the probability of some set A under my data generating distri-
bution, I can just look at the n data points that have been collected as draws from
the underlying data generating distribution. Then I can say, what’s the probability
of an event A?

It’s simply. I’m going to count up how often do I see a data point in A, and then I
put that into perspective. So it’s the empirical proportion of how many data points
fall in the set A. You want to estimate the probability, you just look in your data
set how often did that event that you’re interested in happen out of all.

The empirical distribution of x1, . . . , xn ∈ R is the probability distribution P̂n

given by

P̂n(A) :=
1

n
#{i : xi ∈ A} =

1

n

n∑
i=1

1{xi∈A}, A ⊆ R.

where 1{xi∈A} is an indicator function that equals 1 if xi ∈ A and 0 otherwise. Thus,
probabilities are estimated by empirical frequencies. The empirical distribution
assigns mass 1/n to each observation and makes minimal assumptions about the
underlying model.

The empirical distribution function (ecdf) of x1, . . . , xn is the distribution
function of P̂n, which is

F̂n(t) :=
1

n

n∑
i=1

1{xi≤t}, t ∈ R

11
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Remark.

• The empirical distribution could be defined for domains other than R.

• We may write P̂n(A;x1, . . . , xn) or F̂n(t;x1, . . . , xn) to highlight the depen-
dence on the given data.

Example of an Empirical CDF

Let us start with normal sample of size n = 101.

1 set.seed(2020)

ggplot(data.fram(x = rnorm(10)), aes(x)) +

stat_ecdf(geom = "step") +

geom_funtion(data = data.frame(x = c(-3.5, 3.5)),

5 fun = pnorm, colour = "red")

Figure 1.1

In Figure 1.1, the black curve represents the empirical cumulative distribution func-
tion (ECDF) based on 10 observations drawn from a standard normal distribution.
The ECDF is a step function that increases by increments of 1/10 at each observed
data point, taking the value 0 for sufficiently small arguments and 1 for sufficiently
large ones. The locations of the jumps correspond to the unordered sample values,
while their heights reflect the sample size. Since the data are drawn from a con-
tinuous distribution, ties occur with probability zero. The empirical distribution
(black) roughly follows the true standard normal cumulative distribution function
(red), illustrating how empirical proportions approximate theoretical probabilities
in accordance with the law of large numbers.

Note. From the ecdf we can recover the data points x1, . . . , xn up to their order,
i.e., we can recover the order statistics.

12
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Here is the plot for a normal sample of size n = 500.

1 set.seed(2020)

ggplot(data.fram(x = rnorm(500)), aes(x)) +

stat_ecdf(geom = "step") +

geom_funtion(data = data.frame(x = c(-3.5, 3.5)),

5 fun = pnorm, colour = "red")

Figure 1.2

For a larger sample size, the empirical cumulative distribution function (ECDF)
becomes smoother, since the jump size decreases as the number of observations in-
creases. Although the ECDF may locally deviate from the true distribution function,
it follows it closely overall. As the number of i.i.d. observations grows, the ECDF
converges to the underlying distribution function. This shows that the ECDF is a
consistent estimator of the true distribution function and highlights its connection to
fundamental results such as the law of large numbers and the central limit theorem.

1.1.2 Glivenko-Cantelli Theorem

Let X1, X2, . . . be real valued r.v. (random variables) that are i.i.d. with cdf F .

For any fixed t ∈ R, the probability F (t) can be interpreted as the success probability
of the indicator r.v. 1{Xi≤t}, which is then clearly a Bernoulli r.v. with parameter
F (t), so we have

P(Xi ≤ t) = F (t) and 1{Xi≤t} ∼ Bernoulli(F (t)),

so
E[1{Xi≤t}] = F (t), Var[1{Xi≤t}] = F (t)(1− F (t)).

The empirical distribution function evaluated at t can therefore be interpreted as
the average of these indicator variables, linking it directly to fundamental results
such as the law of large numbers.

13
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Strong law of large numbers:

Since these indicators have finite expectation, the Strong Law of Large Numbers
applies.

F̂n(t) ≡ F̂n(t;X1, . . . , Xn)
a.s.−→ F (t),

i.e., P
(
lim
n→∞

F̂n(t) = F (t)
)
= 1.

Thus, for each fixed t, the value of the empirical distribution function converges
almost surely to the corresponding value of the true distribution function. In par-
ticular, as the sample size increases, the empirical proportion of observations less
than or equal to t converges with probability one to F (t).

Central limit theorem:

For a fixed t ∈ R , the Central Limit Theorem describes the fluctuation (the error
) of the empirical distribution function around the true distribution function. After
scaling by

√
n , the estimation error F̂n(t) − F (t) converges in distribution to a

centered normal distribution with variance F (t)(1−F (t) . This variance is inherited
from the underlying Bernoulli indicator variables and quantifies the typical size of
the estimation error.

√
n(F̂n(t)− F (t))

d−→ N (0, F (t)(1− F (t))) .

Thus, for large n, the estimation error at a fixed point t behaves approximately like
a centered normal random variable with variance F (t)(1 − F (t)). This variance is
maximized when F (t) = 1/2 and decreases as F (t) approaches 0 or 1, indicating
smaller fluctuations in the tails of the distribution, and bigger on the middle of the
distribution.

Note. Convergence in distribution: Yn
d−→ Y if and only if FYn(y) −→

n→∞
FY (y) at

all points y ∈ R at which FY is continuous.

The Strong Law of Large Numbers (SLLN) ensures that, for each fixed t ∈ R,

F̂n(t) ≡
1

n

n∑
i=1

1{Xi≤t}
a.s.−→ F (t).

In other words, the empirical CDF (black curve) converges almost surely to the true
CDF (red curve) at any individual point.

However, this is pointwise convergence: it applies separately for each t, and does
not automatically guarantee that the empirical CDF approximates the true CDF
uniformly over all points. In particular, some regions of the distribution—often the
tails—may require much larger sample sizes for the approximation to be accurate.

14
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This motivates plug-in estimation. If we want to estimate a functional of the under-
lying distribution (e.g., the median), we can compute it using the empirical CDF:

Estimate of θ(F ) = θ(F̂n),

where θ is any functional (mean, median, quantile, etc.). The idea is that the
empirical CDF provides a good pointwise approximation to the true distribution,
which can then be used to estimate various characteristics of the underlying data-
generating process.

While the SLLN and CLT provide guarantees at individual points, they do not
automatically control the empirical CDF as a whole. Since there are uncountably
many points t ∈ R, the number of samples required for a good approximation may
vary across the domain. For points in the tails (F (t) very small or very large),
much larger sample sizes are needed for the CLT to provide an accurate normal
approximation.

This motivates the question: can classical limit theorems (SLLN) be strengthened to
show that the empirical CDF estimates the entire true distribution function simulta-
neously? Yes, and this is the content of the Glivenko–Cantelli theorem. It provides
a uniform convergence guarantee, ensuring that the black ECDF approaches the red
true CDF across the whole domain.

Theorem 1.1 (Glivenko-Cantelli). If X1, X2, . . . are i.i.d. r.v. with cdf F, then the
empirical CDF

F̂n(t) :=
1

n

n∑
i=1

1{Xi≤t}

satisfies

∥F̂n − F∥∞ := sup
t∈R

| F̂n(t;X1, . . . , Xn)− F (t) | a.s.−→ 0.

The Glivenko-Cantelli theorem strengthens the Strong Law of Large Numbers to
uniform convergence over all t ∈ R. It also addresses the global accuracy of the
empirical CDF. Instead of evaluating convergence at a single point t, it considers
the maximal deviation across all t ∈ R.

By taking the supremo of the norm, we measure the worst-case difference between
F̂n(t) and F (t). The theorem guarantees that this maximal deviation converges to
zero almost surely. Intuitively, the empirical CDF (black curve) approximates the
true CDF (red curve) uniformly across the entire real line as n grows.

Glivenko-Cantelli can be seen as a uniform Law of Large Numbers for the indicator
functions 1{Xi≤t}, and Donsker’s theorem is the corresponding functional analog of
the Central Limit Theorem.

Remark.

• Glivenko-Cantelli is a LLN for F̂n as element of a function space. The “func-
tional generalization” of the CLT statement is known as Donsker’s theorem.
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• Empirical process theory generalizes these results to more general settings.
For example, Glivenko-Cantelli results of the form

sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(Xi)− E[f(Xi)]

∣∣∣∣∣ a.s.−→ 0.

Proof (Theorem 1.1). We first prove the theorem in the special case whereX1, X2, . . .
are i.i.d Unif(0,1), so F (t) = t for t ∈ [0, 1].

Idea: Partition domain [0,1] finite number of blocks and use monotonicity of cdf to
control behaviour in each block.

The main difficulty in the theorem is that F̂n(t) defines a random variable for each t ∈
R, so we are dealing with an uncountable collection of random variables. However,
the key property we exploit is monotonicity:

• The true CDF F is strictly increasing on [0, 1].

• The empirical CDF F̂n is a non-decreasing step function.

This monotonicity allows us to control the sup-norm deviation of F̂n from F over
an entire interval by examining finitely many points.

For any M ∈ N, we partition [0, 1] into M subintervals of equal length:

Ij :=

[
j − 1

M
,
j

M

]
, j = 1, . . . ,M.

Within each interval, monotonicity implies that the maximum deviation of F̂n(t)
from F (t) occurs at the endpoints. Then, by the monotonicity of F̂n and F ,

∥F̂n − F∥∞ = max
1≤j≤M

sup
t∈[ j−1

M
, j
M ]

| F̂n − F (t) |

= max
1≤j≤M

sup
t∈[ j−1

M
, j
M ]

max{F̂n − F (t), F (t)− F̂n(t)}

F̂n↑,F↑
≤ max

1≤j≤M
max

{
F̂n

(
j

M

)
− F

(
j − 1

M

)
, F

(
j

M

)
− F̂n

(
j − 1

M

)}
= max

1≤j≤M
max

{
F̂n

(
j

M

)
− j − 1

M
,
j

M
− F̂n

(
j − 1

M

)}
= max

1≤j≤M
max

{
F̂n

(
j

M

)
− j

M
,
j − 1

M
− F̂n

(
j − 1

M

)}
+

1

M
.

Since there are only finitely many endpoints, we can apply the Strong Law of Large
Numbers at each endpoint. For all j = 1, . . . ,M ,

F̂n

(
j

M

)
a.s.−→ j

M
.

Hence, with probability one,

lim
n→∞

max
1≤j≤M

max

{
F̂n

(
j

M

)
− j

M
,
j − 1

M
− F̂n

(
j − 1

M

)}
= 0.
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On the same event of probability one,

lim
n→∞

sup ∥F̂n − F∥∞ ≤ 1

M
.

Since M was arbitrary, we conclude that

∥F̂n − F∥∞
a.s.−→ 0.

We will finish the proof for general r.v. at the end of the next section ...

t

F (t)

True CDF F (t)

Empirical CDF F̂n(t)

I I I I I

∆j

∆j+1

Figure 1.3: Illustration of the partition argument in the proof of the Glivenko-
Cantelli theorem. The black curve is the empirical CDF, the red curve is the true
CDF, and dashed gray lines indicate the partition intervals. The blue arrows show
maximal deviation in each interval.

Remark.

• This argument reduces the problem from an uncountable collection of ran-
dom variables to finitely many points using the monotonicity of the CDF and
empirical CDF.

• The extension to a general distribution F is straightforward via the probability
integral transform: if Xi ∼ F , then F (Xi) ∼ Unif(0, 1).

1.1.3 Quantile Function and Uniform Representation

Having established the Glivenko-Cantelli theorem for Unif(0, 1) random variables,
we can now discuss how to extend this result to general distributions and motivate
the plug-in principle for estimation.

For uniform random variables, the proof is convenient because the distribution func-
tion is explicit: F (t) = t on [0, 1]. This allows us to evaluate the empirical CDF F̂n

at specific grid points and directly control its deviation from F .
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To generalize, consider a random variable X with cumulative distribution function
F . Recall that F is non-decreasing:

F (t) = Pr[X ≤ t], t ∈ R.

If F is strictly increasing, it admits a well-defined inverse. Even if F is flat over
some interval [a, b], meaning F (a) = F (b), this simply indicates that X does not
take values in [a, b] with positive probability.

This motivates the definition of the generalized inverse (or quantile function).

The quantile function of a cdf F is the left-continuous function

F−1(q) = inf{x ∈ R : F (x) ≥ q}, q ∈ (0, 1).

This definition assigns to each q ∈ (0, 1) the smallest value x such that the distri-
bution function reaches or exceeds q.

The quantile function allows us to map uniform random variables to a general dis-
tribution and thereby extend results proven for the uniform case to arbitrary distri-
butions. This forms the basis of the plug-in principle: given an estimator F̂n of F ,
we can estimate functionals of F by ϕ(F̂n).

Recall that F (t) is right-continuous.

Remark.

• If F is strictly increasing, the quantile function coincides with the usual inverse.

• In general, F−1 is a well-defined function for any distribution function F .

• By the right-continuity of F (a property of all distribution functions), the
quantile function F−1 is left-continuous.

Question: What is the quantile function of this cdf?

Figure 1.4

Suppose we are given a cdf F as a graph. The graph may have the following features:
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• an initial flat segment at 0,

• a strictly increasing portion,

• a flat interval,

• jumps (discontinuities) due to the right-continuity of F ,

• and it eventually converges to 1.

The quantile function F−1 can be interpreted as a “generalized inverse” of this graph.
Graphically:

• A strictly increasing segment of F becomes an increasing segment of F−1.

• A flat segment of F (where F does not increase) becomes a jump in F−1 —
we take the lower endpoint of the interval.

• A jump in F (where F jumps upward due to right-continuity) becomes a flat
segment in F−1.

In other words, to obtain the graph of the quantile function, one can “reflect” F
across the diagonal y = x, and then interpret flat segments and jumps according to
the rules above. This construction ensures that F−1 is left-continuous and correctly
represents the distribution of quantiles.

Exercise: Draw F with an increasing segment, a flat interval, and a jump, and
then sketch the corresponding F−1 to see these transformations in action.

Uniform Representation

Lemma 1.1. If U ∼ Unif(0, 1), then X := F−1(U) has cdf F .

Quantile functions provide a powerful tool for generating random variables with a
desired distribution. Specifically, if we want a random variable X with cdf F , we
can construct it by transforming a uniform random variable U ∼ Unif(0, 1) through
the quantile function:

X = F−1(U).

This works because the quantile function maps the uniform probability space [0, 1]
into the distribution defined by F . For example, if F is the cdf of a standard normal
distribution, then F−1(U) produces a standard normal random variable.

This construction is the basis of one of the simplest and most fundamental methods
for simulating random variables on a computer: start with a uniform random num-
ber generator, then transform the output via the quantile function of the desired
distribution.
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U

X

F

F−1
U

X = F−1(U)

Figure 1.5: Graphical interpretation of the uniform representation: mapping a uni-
form random variable U to a random variable X with CDF F using the quantile
function F−1.

While this is conceptually straightforward, in practice there are often more efficient
simulation methods implemented in statistical software packages such as R. Nev-
ertheless, the uniform representation is extremely useful for both theoretical and
practical purposes, as it allows us to write any random variable of interest explicitly
as a function of a uniform random variable. Such representations are widely used in
probability theory, simulation, and Monte Carlo methods.

Proof (Lemma 1.1). For any u ∈ (0, 1) and x ∈ R, the quantile function F−1 satisfies

F−1(u) ≤ x ⇐⇒ u ≤ F (x).

(⇐=) : Follows from the definition of F−1(u) as an infimum.

(=⇒) : Follows by observing that

F−1(u) ≤ x =⇒ F (x+ ϵ) ≥ u ∀ϵ > 0

taking ϵ→ 0 and using the right-continuity of F gives F (x) ≥ u.

Since U ∼ Unif(0, 1), using Theorem 1.1, we obtain that for all x ∈ R,

P(X ≤ x) = P(F−1(U) ≤ x) = P(U ≤ F (x)) = F (x).

Proof (Theorem 1.1 Glivenko-Cantelli for general r.v.) Let U1, U2, . . . be i.i.d Unif(0,1)
with cdf G(t) = t, t ∈ [0, 1].

By the uniform (quantile) representation, the sequence

Xi := F−1(Ui), i = 1, 2, . . . ,

is i.i.d. with cdf F . In particular, the joint distribution of (X1, X2, . . . ) coincides
with that of (F−1(U1), F

−1(U2), . . . ).

20



FMS 1. Construction of Estimators

Let Ĝn be the ecdf of U1, . . . , Un. Then for every n,

F̂n(t) =
1

n

n∑
i=1

1{Xi≤t} =
d

1

n

n∑
i=1

1{F−1(Ui)≤t}

=
1

n

n∑
i=1

1{Ui≤F (t)} = Ĝn(F (t)),

where Lemma 1.1 was used in the second last equality.

Noting that G(F (t)) = F (t), we conclude that

∥F̂n − F∥∞
d
= ∥Ĝn ◦ F −G ◦ F∥∞ = sup

t∈R

∣∣Ĝn(F (t))−G(F (t))
∣∣.

Since F (t) ∈ [0, 1] for all t, we obtain the bound

∥F̂n − F∥∞ = sup
t∈R

∣∣Ĝn(F (t))−G(F (t))
∣∣ ≤ sup

t∈[0,1]

∣∣Ĝn(t)−G(t)
∣∣ = ∥Ĝn −G∥∞.

By the Glivenko-Cantelli Theorem 1.1 for the uniform distribution,

∥Ĝn −G∥∞
a.s.−−→ 0.

Therefore,
∥F̂n − F∥∞

a.s.−−→ 0,

which proves the theorem for a general distribution function F .

1.1.4 Plug-in Estimation

The Glivenko–Cantelli theorem suggests replacing the unknown cdf F with the ecdf
F̂n when estimating a statistical parameter of the form γ(F ), where γ is a functional
defined on distributions and X1, . . . , Xn are i.i.d. r.v. with distribution F .

Definition 1.1. The plug-in estimator of the parameter γ(F ) is defined as

γ̂ := γ(F̂n).

Note. The functional γ must be well defined for discrete distributions, since the
empirical distribution function F̂n is discrete.

The principle of plug-in estimation is conceptually straightforward. Rather than
attempting to estimate γ(F ) directly, we first estimate the underlying distribution
F using the empirical distribution F̂n. We then compute the parameter of interest
by applying the same functional γ to F̂n.

This approach provides a general and intuitive framework for constructing estima-
tors. Many parameters of interest, such as moments or quantiles, can be expressed as
functionals of the distribution. Plug-in estimation therefore offers a natural way to
estimate such quantities by substituting the unknown distribution with its empirical
counterpart.
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Example 1.1. Consider the mean (expectation) functional

γ(F ) =

∫
x dF (x).

The corresponding plug-in estimator is obtained by replacing F with the empirical
distribution function F̂n:

γ(F̂n) =

∫
x dF̂n(x) =

1

n

n∑
i=1

Xi =: X̄n,

which is the sample mean.

This example illustrates the plug-in principle in a particularly simple setting. The
population mean is a functional that integrates the identity function with respect
to the distribution F . To estimate it, we apply the same functional to the empirical
distribution F̂n.

Since F̂n is a discrete distribution that assigns probability 1/n to each observation
X1, . . . , Xn, integration with respect to F̂n reduces to taking the average of the
observed data points. Thus, the mean of the empirical distribution coincides with
the usual sample mean.

Many other estimators can be interpreted in the same way. Sample moments, vari-
ances, and correlations arise by applying the corresponding functionals to the em-
pirical distribution.

The main limitation of this approach is that the functional must be well defined
for discrete distributions. In particular, functionals involving densities cannot be
directly estimated via plug-in methods, since the empirical distribution does not
admit a density with respect to Lebesgue measure.

1.2 M-Estimators

An estimator θ̂ = θ̂(X1, . . . , Xn) that maximizes a criterion function of the form

θ 7→ 1

n

n∑
i=1

mθ(Xi),

where mθ is a known real-valued function, is called an M-estimator (maximum-
likelihood type).

M-estimation is a general principle for constructing estimators based on optimiza-
tion. The parameter estimate θ̂ is obtained by maximizing (or minimizing) an em-
pirical objective function, often interpreted as an average (empirical) loss or criterion
evaluated at the observed data.

This framework is broad and includes many classical estimators. For instance, in
parametric models such as the normal distribution with unknown mean and variance,
parameter values can be chosen by optimizing an appropriate criterion function. In
practice, such criteria are typically expressed as averages of the form mθ(Xi), with
one contribution from each data point.
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Example 1.2.

• For θ ∈ R, let
mθ(x) = −(x− θ)2.

The resulting M-estimator θ̂ is the sample mean X̄n. Indeed, for any random
variable X with distribution function F and finite variance, the expectation
satisfies

E[X] = argmin
θ∈R

EX∼F

[
(X − θ)2

]
.

Replacing F by the empirical distribution F̂n yields

X̄n = γ(F̂n) = argmin
θ∈R

EX∼F̂n

[
(X − θ)2

]
= argmin

θ∈R

1

n

n∑
i=1

(Xi − θ)2.

• Replacing the squared loss by the absolute loss, mθ(x) = −|x− θ|, yields the
sample median as the corresponding M-estimator.

• The Huber estimator is the M-estimator defined by

mθ(x) = −ρc(x− θ),

where

ρc(x) =

{
x2, if |x| ≤ c,

c(2|x| − c), if |x| > c.

Connection to plug-in estimation

M-estimation can be viewed as an application of the plug-in principle. A parameter
is defined as the optimizer of a population objective function, typically an expected
loss under the data-generating distribution. The corresponding estimator is obtained
by replacing this expectation with an empirical average computed from the sample.

For instance, the population mean can be characterized as the minimizer of the
expected squared deviation. Replacing the expectation by an average over the data
leads to the empirical squared loss, whose minimizer is the sample mean. Thus, the
sample mean can be interpreted both as a plug-in estimator and as an M-estimator.

More generally, whenever a parameter can be expressed as the minimizer (or maxi-
mizer) of an expected loss function, replacing the expectation by an empirical mean
yields an estimator of M-estimation type. Absolute loss leads to the sample median,
while other loss functions give rise to robust estimators such as the Huber estimator.

Throughout, it is important to distinguish between population quantities—defined
in terms of the true data-generating distribution—and sample quantities, which are
computed from the observed data.
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1.3 Method of Moments (MOM)

Suppose we observe real-valued data from a parametric model

X1, . . . , Xn
i.i.d.∼ Pθ, θ ∈ Θ ⊆ Rk.

For j = 1, . . . , k, define the j-th moment of the distribution as

µj(θ) = Eθ[X
j
i ].

Whenever it exists, the j-th moment can be estimated empirically by

µ̂j =
1

n

n∑
i=1

Xj
i .

Definition 1.2. The method of moments (MOM) estimator θ̂ is defined as a
solution to the system of equations

µj(θ) = µ̂j, j = 1, . . . , k.

Subtleties: A solution to this system need not exist, and if it exists, it may not be
unique.

The intuition behind the method of moments is simple. For each parameter value
θ, the model implies specific values for the moments µ1(θ), . . . , µk(θ). On the other
hand, these moments can be estimated directly from the data by taking empirical
averages. The method of moments chooses the parameter value θ̂ for which the
theoretical moments of the model match the empirical moments computed from the
sample.

In practice, this leads to a system of k equations in k unknowns. Whether this
system admits a solution, and whether that solution is unique, depends on the
specific model under consideration.

Example 1.3 (Negative binomial model). Let NegBin(k, θ) denote the distribution
of the number of failures observed until the k-th success in independent Bernoulli
trials with success probability θ.

Suppose

X1, . . . , Xn
i.i.d.∼ Pθ = NegBin(k, θ),

where k ∈ N is known and θ ∈ (0, 1) is unknown. The probability mass function is
given by

Pθ(Xi = x) =

(
k + x− 1

x

)
θk(1− θ)x, x = 0, 1, 2, . . .

Since there is a single unknown parameter, we use the first moment. The expectation
of Xi is

µ1(θ) = Eθ[Xi] =
k(1− θ)

θ
.
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The corresponding method of moments equation is

k(1− θ)

θ
!
= µ̂1 = X̄n.

Solving for θ yields the MOM estimator

θ̂ =
k

X̄n + k
=

nk∑n
i=1Xi + nk

.

This estimator admits the interpretation

θ̂ =
total number of successes

total number of trials
,

since across the n experiments exactly nk successes are observed and
∑n

i=1Xi failures
occur in total.

Example 1.4 (Gaussian model). Suppose

X1, . . . , Xn
i.i.d.∼ N (µ, σ2),

where both the mean µ ∈ R and the variance σ2 ∈ (0,∞) are unknown. The
parameter is

θ = (µ, σ2) ∈ Θ = R× (0,∞).

The density of the normal distribution is

pθ(x) =
1√
2πσ2

exp

{
− 1

2σ2
(x− µ)2

}
, x ∈ R.

Since there are two unknown parameters, we use the first two moments. The popu-
lation moments are

µ1(θ) = Eθ[X1] = µ,

µ2(θ) = Eθ[X
2
1 ] = Varθ(X1) +

(
Eθ[X1]

)2
= σ2 + µ2.

The corresponding method of moments equations are

µ = X̄n,

σ2 + µ2 = µ̂2,

where

µ̂2 =
1

n

n∑
i=1

X2
i .

Solving this system yields the MOM estimators

µ̂ = X̄n,

σ̂2 = µ̂2 − (X̄n)
2 =

1

n

n∑
i=1

X2
i −

(
1

n

n∑
i=1

Xi

)2

=
1

n

n∑
i=1

(Xi − X̄n)
2.

which are actually the sample mean and the empirical variance.
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Example 1.5 (Pareto model). Suppose Pθ has the density

pθ(x) = θ · (1 + x)−(1+θ), x > 0,

with unknown parameter θ ⊆ Θ = (0,∞).

Density for θ ∈ {0.5, 1, 2, 3}:

Figure 1.6

First moment µ1(θ) = Eθ[X1] exists for which θ?

We have

Eθ[X1] =

∫ ∞

0

xθ · (1 + x)−(1+θ)dx

= x · (1 + x)−θ |∞0 +

∫ ∞

0

(1 + x)−θdx

=
1

1− θ
(1 + x)−θ+1 |∞0

= lim
a→∞

1

1− θ
(1 + a)−θ+1 +

1

θ − 1
,

which is finite for θ > 1.

If µ1(θ) exists, then the MOM is obtained by equating the sample mean X̄n with
µ1(θ)

µ1(θ) = X̄n =
1

θ − 1
.

MOM estimator is

θ̂ =
1 + X̄n

X̄n

.

How do you think θ̂ behaves if µ1(θ) doesn’t exists and we get a large sample (i.e.,
if n is large)?
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As sample size n increases, the MOM estimator is heavily influenced by extreme
values and does not converge to the true θ. Instead, it tends to values around 1 or
slightly above.

Remark.

• The estimator θ̂ is always well-defined for any sample because X̄n > 0, even if
the true mean does not exist (θ ≤ 1).

• If θ > 1, θ̂ converges to the true parameter as n→ ∞.

• If θ ≤ 1, the population mean does not exist. In this case, θ̂ will still produce
a value greater than 1, typically overestimating θ, because extreme values
dominate the sample mean.

• This illustrates a general limitation of the method of moments: it assumes
that the relevant population moments exist. Heavy-tailed distributions with
non-existent moments can produce misleading estimates.

Comments on the Method of Moments (MOM)

• By definition, the method of moments uses the first k population moments
to estimate a k–dimensional parameter. Generally, higher-order moments (µj

with large j) are estimated less accurately by their sample counterparts µ̂j.

• For multivariate observations Xi = (Xi1, . . . , Xid), one can consider expecta-
tions of each coordinate, their powers, and cross-products, e.g.,

E[Xi1], E[Xi2], E[X
2
i1], E[Xi1Xi2], E[X

2
i2], . . .

• More generally, one can use arbitrary functions h1, . . . , hk of the data to con-
struct the equations

Eθ[hj(Xi)] =
1

n

n∑
i=1

hj(Xi), j = 1, . . . , k,

potentially leading to improved estimators. The choice of the functions hj is,
however, not always obvious.

• In practice, powers of the observations are typically used because they often
allow for closed-form calculations of expectations under the assumed model.
This simplifies solving the moment equations.

• MOM can be extended to multivariate data by including powers and cross-
products of the coordinates, forming monomials that define the estimating
equations.
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• While maximum likelihood estimation often produces more efficient estimators
and is preferred in many classical examples, the method of moments remains
valuable. It can provide computationally simple and tractable estimators,
especially in modern applications where closed-form or robust solutions are
desired.

Note. Although sometimes considered a “classical” or “old-fashioned” method,
MOM continues to be useful in practical and theoretical settings, albeit with some
limitations in accuracy and uniqueness of solutions.

1.4 Maximum Likelihood Estimation (MLE)

Consider a parametric statistical model for an observed random element

X ∼ Pθ, θ ∈ Θ ⊆ Rk.

The collection
P = {Pθ : θ ∈ Θ}

is referred to as a parametric model with parameter space Θ.

We assume that the model is dominated, meaning that there exists a σ-finite measure
ν such that

Pθ ≪ ν for all θ ∈ Θ.

This assumption implies that every distribution in the model admits a density with
respect to ν, given by

pθ(x) =
dPθ

dν
(x), x ∈ X .

This framework encompasses both continuous and discrete models. For instance,
when ν is Lebesgue measure, pθ is an ordinary probability density function, while if
ν is counting measure, pθ is a probability mass function. Throughout, we use Pθ to
denote the distribution of the data and pθ to denote its corresponding density.

The maximum likelihood principle is one of the most widely used methods for infer-
ence in parametric models. For simplicity of exposition, we present the method for
a single observation X; the same framework applies when X represents a sample, a
vector, or a more general data object.

Definition 1.3 (Likelihood Function). Let x ∈ X denote an observed data point.
The function

Lx(θ) = pθ(x), θ ∈ Θ,

is called the likelihood function of the model P = {Pθ : θ ∈ Θ} for the data x.

Recall that, for a fixed parameter value θ, the density pθ(x) is a function of the data
x and fully characterizes the distribution Pθ. Probabilities of events are obtained by
integrating this density with respect to the underlying measure.

In likelihood-based inference, this perspective is reversed: the observed data x is
treated as fixed, and the density is viewed as a function of the parameter θ. The
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resulting function Lx(θ) evaluates how compatible different parameter values are
with the observed data.

In discrete models, where pθ is a probability mass function, Lx(θ) coincides with
the probability of observing the data x under the distribution Pθ. More generally,
the likelihood function provides a basis for comparing the relative plausibility of
different parameter values given the data.

Definition 1.4 (Maximum Likelihood Estimation (MLE)). The maximum like-
lihood estimate (MLE) of θ based on observed data x is defined as

θ̂(x) = argmax
θ∈Θ

Lx(θ),

where Lx(θ) = pθ(x) is the likelihood function.

If θ̂(x) can be chosen as a measurable function of the observation X, then θ̂(X) is
called the maximum likelihood estimator (MLE) of θ.

The principle underlying maximum likelihood estimation is to select the parameter
value under which the observed data are most compatible with the model. In discrete
models, this corresponds to choosing the parameter that maximizes the probability
of observing the data. In continuous models, probabilities of exact observations
are zero, and the likelihood is interpreted in terms of density values rather than
probabilities. In both cases, the guiding principle is to choose the parameter value
that maximizes the likelihood of the observed data.

Subtleties: The definition raises several important questions, including whether
a maximizer exists, whether it is unique, and whether the likelihood function is
bounded. These issues depend on the specific model under consideration.

Log–Likelihood Function

It is often convenient to work with the log–likelihood function, defined by

ℓx(θ) = logLx(θ),

where Lx(θ) denotes the likelihood function.

The use of the log–likelihood is motivated by both computational and theoretical
considerations:

• Numerical stability. Likelihood functions often involve products of prob-
abilities or density values, which can be extremely small. Taking logarithms
avoids numerical underflow and improves numerical stability in optimization
algorithms.

• Analytical convenience. Logarithms transform products into sums, which
simplifies differentiation and optimization. This additive structure is essential
for analytical tractability and for studying the asymptotic behaviour of max-
imum likelihood estimators using tools such as the law of large numbers and
the central limit theorem.
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In particular, suppose the observation consists of an i.i.d. sample X = (X1, . . . , Xn),
where each Xi ∼ Pθ has density pθ. Then the likelihood function is given by

LX(θ) =
n∏

i=1

pθ(Xi),

and the corresponding log–likelihood function is

ℓX(θ) =
n∑

i=1

log pθ(Xi).

Example 1.6 (Negative Binomial model). Check that θ̂ML = θ̂MOM , where θ̂MOM

is the MOM estimator from Example 1.3.

Example 1.7 (Gaussian model; MLE = MOM). Let X1, . . . , Xn be i.i.d. random
variables with distribution N (µ, σ2), where θ = (µ, σ2) ∈ R× (0,∞). Assume n ≥ 2
and that

1

n

n∑
i=1

(Xi − X̄n)
2 > 0 a.s.

The log–likelihood function is given by

ℓX(µ, σ
2) =

n∑
i=1

log

(
1√
2πσ2

exp

{
−(Xi − µ)2

2σ2

})
= −n

2
log(2π)− n

2
log(σ2)− 1

2σ2

n∑
i=1

(Xi − µ)2.

We first maximize ℓX(µ, σ
2) with respect to µ. For any fixed σ2 > 0, this is equivalent

to minimizing
∑n

i=1(Xi − µ)2, which yields

µ̂ = argmin
µ∈R

n∑
i=1

(Xi − µ)2 = X̄n.

Substituting µ̂ = X̄n into the log–likelihood and maximizing (set derivative to 0)
with respect to σ2 gives

σ̂2 = argmax
σ2>0

{
− log(σ2)− 1

σ2
· 1
n

n∑
i=1

(Xi − X̄n)
2

}

= arg min
σ2>0

{
log(σ2) +

1

σ2
· 1
n

n∑
i=1

(Xi − X̄n)
2

}

=
1

n

n∑
i=1

(Xi − X̄n)
2.

Hence, in the Gaussian model, the maximum likelihood estimators coincide with
the method–of–moments (MOM) estimators: the sample mean and the empirical
variance.

If
∑n

i=1(Xi − X̄n)
2 = 0, the log–likelihood is unbounded above as σ2 ↓ 0, and the

MLE for σ2 does not exist. This corresponds to the degenerate case in which all
observations are identical and the variance is not identifiable.
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Example 1.8 (Pareto model; MLE ̸= MOM). Let X1, . . . , Xn be i.i.d. random
variables with density

pθ(x) = θ(1 + x)−(1+θ), x > 0,

where the parameter space is Θ = (0,∞).

The log–likelihood function based on the sample X = (X1, . . . , Xn) is

ℓX(θ) =
n∑

i=1

log pθ(Xi)

=
n∑

i=1

[log θ − (1 + θ) log(1 +Xi)]

= n log θ − (1 + θ)
n∑

i=1

log(1 +Xi).

Differentiating with respect to θ gives

d

dθ
ℓX(θ) =

n

θ
−

n∑
i=1

log(1 +Xi).

Setting this derivative equal to zero yields the unique critical point

θ̂ML =
1

1
n

∑n
i=1 log(1 +Xi)

.

Since the second derivative of ℓX is negative, this critical point corresponds to a
maximum, and θ̂ML is the maximum likelihood estimator.

In contrast, the method–of–moments estimator is obtained by matching the sample
mean to the theoretical mean and is given by

θ̂MOM =
1 + X̄n

X̄n

,

provided the mean exists. Hence, for this Pareto model, the MLE and MOM esti-
mators do not coincide.

The MLE remains well defined for all θ > 0 and is asymptotically more efficient than
the method–of–moments estimator. In this sense, maximum likelihood estimation
can be interpreted as automatically identifying an appropriate transformation of the
data—here, log(1 +X)—that leads to an effective estimating equation.

1.5 Bayes Estimators

Bayesian estimation incorporates prior knowledge into statistical inference. This
approach is particularly useful in situations where only limited data are available.
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For instance, when estimating the incidence of a rare disease based on a single
observed individual, the resulting estimate becomes extreme: either the entire pop-
ulation is inferred to have the disease if the individual is affected, or no one is inferred
to have it if the individual is unaffected.

The Bayesian framework provides a principled way to combine prior knowledge with
observed data, leading to more stable and interpretable estimators when data alone
are insufficient.

Consider an observation (dataset) modeled as X ∼ Pθ, θ ∈ Θ ⊆ Rk.

Idea of Bayesian Inference

• Treat θ as a random variable and choose a prior distribution for θ. The
prior distribution summarizes all information available before observing the
data.

• Regard Pθ as the conditional distribution of the data, X, given the parameter,
θ.

X | θ ∼ Pθ

• The prior distribution of θ and the conditional distribution of X | θ together
define a joint distribution for (X, θ).

• After observing dataX = x, inference is based on the posterior distribution

θ | X = x,

which is the conditional distribution of θ given the observed data.

The posterior distribution combines prior beliefs with information from the
data.

• In Bayesian inference, all estimation, uncertainty quantification, and decision-
making about θ are derived from the posterior distribution.

Theorem 1.2 (Bayes Theorem). Suppose the prior distribution of θ has density π
w.r.t to a measure ν, and that Pθ ≪ ν ∀θ ∈ Θ, with densities pθ(x) = p(x|θ). In-
terpreting p(x | θ) as the conditional density of X given θ, the posterior distribution
of θ given X = x has density

p(θ | x) = p(x | θ) π(θ)
p(x)

,

where

p(x) =

∫
Θ

p(x | θ) π(θ) dν(θ)

is the marginal (prior predictive) density of X.

Note. The posterior density satisfies

p(θ | x) ∝ Lx(θ)π(θ) = Likelihood · prior.

Since the normalization constant p(x) does not depend on θ, it can usually be ignored
when identifying the form of the posterior distribution. This is analogous to working
with the log-likelihood and dropping terms that do not depend on θ.
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Bayes Estimators of θ are obtained as characteristics of the posterior distribution.
The most commonly used estimator is the posterior mean, defined by

θ̂ = E[θ | X = x] =

∫
Θ

θ p(θ | x) dν(θ).

Example 1.9 (Gaussian model, variance known). Assume we observeX1, . . . , Xn
i.i.d.∼

N (µ, σ2), where σ2 > 0 is known and µ is unknown. For mathematical convenience,
we take a Gaussian prior on µ:

µ ∼ N (m, τ 2), π(µ) =
1√
2πτ 2

exp

(
− (µ−m)2

2τ 2

)
,

reflecting prior belief that µ is near m with uncertainty τ .

The likelihood function is

LX(µ) =
n∏

i=1

1√
2πσ2

exp

(
− (Xi − µ)2

2σ2

)
.

Posterior distribution. Using Bayes’ theorem (up to proportionality):

p(µ | X) ∝ LX(µ)π(µ) ∝ exp

(
− 1

2σ2

n∑
i=1

(Xi − µ)2 − 1

2τ 2
(µ−m)2

)
,

which is quadratic in µ. Since only Gaussian densities are exponentials of quadratics,
the posterior is a normal distribution:

µ | X ∼ N
(
E[µ | X],Var[µ | X]

)
.

Completing the square. Rewriting:

p(µ | X) ∝ exp

{
− 1

2σ2

n∑
i=1

(X2
i − 2Xiµ+ µ2)− 1

2τ 2
(µ2 − 2mµ+m2)

}

∝ exp

{
− n

2σ2
µ2 +

nX̄n

σ2
µ− 1

2τ 2
µ2 +

m

τ 2
µ

}

= exp
(
aµ2 − 2bµ

)
, a = − n

2σ2
− 1

2τ 2
, b = −nX̄n

2σ2
− m

2τ 2
.

Completing the square gives

aµ2 − 2bµ = a
(
µ− b

a

)2
− b2

a
,

so p(µ | X) ∝ exp

{
a
(
µ− b

a

)2
− b2

a

}
. Therefore the posterior mean and variance

are

E[µ | X] =
b

a
, Var[µ | X] = − 1

2a
.
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Posterior moments. After simplification:

E[µ | X] =
b

a
=

−nX̄n

2σ2 − m
2τ2

− n
2σ2 − 1

2τ2

=
n
σ2 X̄n +

1
τ2
m

n
σ2 +

1
τ2

= X̄n ·
n/σ2

n/σ2 + 1/τ2
+m ·

1/τ2

n/σ2 + 1/τ2

= X̄n ·
τ 2

τ 2 + σ2/n
+m ·

σ2/n

τ 2 + σ2/n

= wX̄n + (1− w)m, w =
τ 2

τ 2 + σ2/n
,

Var[µ | X] =
1

n
σ2 +

1
τ2

=
σ2

n︸︷︷︸
Var of X̄n

· τ 2

τ 2 + σ2/n
<
σ2

n
.

Posterior precision. Defining precision as the inverse of variance, 1
variance

:

1

Var[µ | X]
=

n

σ2
+

1

τ 2
= precision of X̄n + prior precision.

Interpretation.

• The posterior mean is a convex combination of the sample mean X̄n and prior
mean m, weighted by their respective precisions.

• The posterior variance is always smaller than the variance of X̄n, reflecting
increased certainty after observing data.

• As n→ ∞, the posterior mean converges to X̄n and the influence of the prior
diminishes. Meaning the more data we have, the more certain we are about
our estimate of µ.

• As τ 2 → 0, the prior dominates; as τ 2 → ∞, the prior becomes uninformative.

This example illustrates the convenience of conjugate priors: a Gaussian prior com-
bined with Gaussian likelihood yields a Gaussian posterior, allowing closed-form
Bayesian updating and an intuitive interpolation between prior beliefs and observed
data.

Example 1.10 (Newcomb’s speed of light data: Bayesian updating). Newcomb
collected several datasets measuring deviations (in millionths of a second) from the
value 24.8 for the speed of light. The second dataset consists of 20 observations
with sample mean 28.55 and sample standard deviation approximately 5.12 (see
Section 1.3). Let’s look at the third dataset, which consists of 26 observations,
using the estimates from the second dataset to define a prior distribution for the
unknown mean deviation µ.

Specifically, we take a normal prior

µ ∼ N (µ0, τ
2),
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with prior mean µ0 = 28.55 and prior standard deviation τ = 2. The value τ = 2
is chosen as a conservative approximation to the standard error of the sample mean
from the second dataset,

5.12√
20

≈ 1.14,

rounded up to reflect additional uncertainty.

1 # Prior parameters

mu0 <- 28.55

tau <- 2 # standard error of old sample mean (rounded up)

We now analyze the third dataset, consisting of n = 26 observations:

1 data3 <- c(36,27,26,28,29,23,31,32,24,27,

27,27,32,25,28,27,26,24,32,29,

28,33,39,25,16,23)

n <- length(data3) # n = 26

5 sigma <- 5 # assumed SD of measurement error

Assuming a normal observation model with known measurement error standard
deviation σ = 5, conjugacy implies that the posterior distribution for µ is again
normal. The posterior mean is a convex combination of the sample mean x̄3 and
the prior mean µ0, with weight

w =
τ 2

τ 2 + σ2/n
.

The posterior standard deviation is given by

√
w

σ√
n
.

1 w <- tau^2 / (tau^2 + sigma^2 / n)

post_mean <- w * mean(data3) + (1 - w) * mu0

post_sd <- sqrt(w) * (sigma / sqrt(n))

c(post_mean, post_sd)

5 # [1] 27.98077 0.8804509

The posterior mean, 27.98, is slightly smaller than the prior mean, reflecting the
lower average observed in the third dataset. At the same time, the posterior dis-
tribution is narrower than the prior, since the data provide additional information
and reduce uncertainty.

Figure Figure 1.7 illustrates this Bayesian updating process: the prior distribution
(blue) summarizes beliefs informed by earlier experiments, while the posterior dis-
tribution (red) combines these beliefs with the evidence provided by the new data.
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Figure 1.7: Prior and posterior distributions for the mean deviation µ based on
Newcomb’s third dataset.

1 ggplot(data.frame(x = c(22, 36)), aes(x)) +

geom_function(fun = dnorm,

args = list(mean = mu0, sd = tau),

aes(colour = "Prior")) +

5 geom_function(fun = dnorm,

args = list(mean = post_mean, sd = post_sd),

aes(colour = "Posterior")) +

scale_color_brewer(palette = "Set1") +

labs(colour = "Distribution",

10 x = expression(mu),

y = expression(paste(pi(mu), ", ", p(mu * "|" * x))))

This example illustrates a key feature of Bayesian inference: information can be
incorporated sequentially. Updating the prior using one dataset and then treating
the resulting posterior as the prior for subsequent data yields the same result as
combining all datasets at once, provided the observations are conditionally inde-
pendent. The posterior distribution thus represents a complete summary of current
knowledge, and any further inference—such as point estimates, credible intervals,
or decision-making under loss—can be carried out directly from it.

Credible Intervals

Given the data and the prior assumptions, which values of µ are most
plausible?

In the Bayesian framework, interval estimates are obtained by identifying regions of
the parameter space that carry a prescribed amount of posterior probability. Such
intervals are called credible intervals.

For the posterior distribution of the mean deviation µ obtained in the Newcomb
example, which is normal with mean post mean and standard deviation post sd, a
95% credible interval can be computed directly from the posterior quantiles:
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1 qnorm(c(0.025, 0.975), mean = post_mean, sd = post_sd)

# [1] 26.25691 29.70821

Thus, the interval (26.26, 29.71) contains µ with posterior probability 95%.

In contrast to confidence intervals, credible intervals do not rely on long-run fre-
quency guarantees over repeated samples. Instead, they summarize uncertainty
about µ directly through the posterior distribution. For this reason, credible inter-
vals are specific to Bayesian inference and should not be confused with confidence
intervals, even though in some cases their numerical values may be similar.

In the Gaussian case considered here, the posterior density is symmetric and uni-
modal. A natural choice of credible interval is therefore obtained by trimming 2.5%
of the posterior probability mass from each tail, yielding the central 95% interval.
Equivalently, this corresponds to selecting the 2.5th and 97.5th percentiles of the
posterior distribution. For more general or skewed posterior distributions, one may
instead consider highest posterior density (HPD) regions, which give the shortest
interval containing a specified posterior probability.

In simple models such as the Gaussian–Gaussian setting, the posterior distribution
can be derived in closed form, and posterior summaries such as means, variances,
or credible intervals are easy to compute analytically. However, for more complex
likelihood–prior combinations, the posterior density may not have a tractable nor-
malization constant or an explicit formula.

In such cases, direct analytical calculation is replaced by simulation. If we are able to
generate samples from the posterior distribution, then posterior expectations, quan-
tiles, and credible intervals can be approximated numerically using Monte Carlo av-
erages. This observation motivates the use of Markov Chain Monte Carlo (MCMC)
methods, which allow us to sample from the posterior distribution whenever we can
evaluate a function proportional to it. But remember, Bayesian computation relies
on the identity

posterior ∝ likelihood× prior.

Once the posterior distribution is available—either analytically or via simulation—it
represents a complete summary of current knowledge about the parameter. Point
estimates (such as posterior means or medians), interval estimates (credible inter-
vals), and decision-theoretic procedures can all be derived from it in a unified and
coherent way.

1.6 Mean Square Error, Bias and Variance

Define

MSEθ[θ̂] := Eθ[(θ̂ − θ)2] =

∫
X
(θ(x)− θ)2dPθ(x).

Theorem 1.3. The mean square error decomposes as

MSEθ[θ̂] = (Biasθ[θ̂])
2 + Varθ[θ̂],

where Biasθ[θ̂] := Eθ[θ̂]− θ is the bias of θ̂.
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Proof. Write MSEθ[θ̂] = Eθ

[
(θ̂ − Eθ[θ̂] + Eθ[θ̂]− θ)2

]
and expand

MSEθ[θ̂] = Eθ

[
(θ̂ − Eθ[θ̂])

2
]
+ 2Eθ

[
(θ̂ − Eθ[θ̂])(Eθ[θ̂]− θ)

]
+ Eθ

[
(Eθ[θ̂]− θ)2

]
= Varθ[θ̂] + Eθ

[
(Biasθ[θ̂])

2
]
+ 2 · Biasθ[θ̂] · Eθ

[
θ̂ − Eθ[θ̂]

]
︸ ︷︷ ︸

=0

= Varθ[θ̂] + (Biasθ[θ̂])
2.

Interpretation.
The bias–variance decomposition shows that the mean square error arises from two
distinct sources:

• Bias, which captures systematic deviation of the estimator from the true pa-
rameter, and

• Variance, which quantifies the variability of the estimator across repeated
samples.

An estimator with small MSE must therefore balance these two components: low
bias alone is insufficient if variance is large, and conversely, low variance does not
compensate for substantial systematic bias.

This trade-off is fundamental and holds universally, independent of the complexity
of the estimator or the model under consideration. In many settings, especially in
high-dimensional problems or with limited data, it can be advantageous to accept a
small amount of bias in order to achieve a substantial reduction in variance.

Optimality with respect to mean square error

Question. Does there exist an estimator that is optimal in the sense of minimizing
the mean square error?

More precisely, for a fixed θ ∈ Θ, which estimator minimizes

MSEθ[θ̂]?

While for a fixed value of θ such an estimator can always be constructed, there
exists no estimator that minimizes MSEθ[θ̂] uniformly over all θ ∈ Θ, provided the
statistical model contains at least two distinct distributions.

Explanation. Fix θ ∈ Θ. The constant estimator θ̂(x) ≡ θ has mean square error

MSEθ[θ̂] = 0,

since it has zero bias and zero variance under Pθ. Thus, for each individual value of
θ, there exists an estimator that is optimal at that specific point.
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Suppose, however, that there were an estimator θ̂⋆ that minimized MSEθ[θ̂] simul-
taneously for all θ ∈ Θ. Then θ̂⋆ would have to achieve zero mean square error for
every θ, since it must outperform all constant estimators. In particular,

MSEθ[θ̂
⋆] = 0 for all θ.

By the bias–variance decomposition, this implies both

Varθ[θ̂
⋆] = 0 and Biasθ[θ̂

⋆] = 0 for all θ.

Zero variance implies that θ̂⋆ is almost surely constant under every Pθ. However, a
constant estimator cannot be unbiased for more than one value of θ. This contra-
diction shows that a uniformly MSE-optimal estimator cannot exist.

Consequences. Since uniform optimality with respect to mean square error is
impossible, optimality theory proceeds by modifying the criterion. Common ap-
proaches include:

• Restricting attention to a class of estimators with additional properties, such
as unbiasedness or equivariance, and seeking optimality within that class.

• Summarizing the function θ 7→ MSEθ[θ̂] by a single number, for example by
averaging with respect to a probability measure on Θ (leading to Bayes risk),
or by considering the worst-case value (minimax risk).

Gaussian mean: sample mean versus Bayes estimator

Consider the Gaussian location model X1, . . . , Xn
i.i.d.∼ N (µ, σ2), where σ2 > 0 is

known. We compare two estimators of the unknown mean µ and study their mean
square error (MSE) as a function of µ.

1. Sample mean: µ̂1 = Xn. Since Eµ[Xn] = µ, the sample mean is unbiased:

Biasµ[µ̂1] = 0.

Its variance is Varµ[Xn] = σ2/n, and therefore

MSEµ[µ̂1] = Varµ[µ̂1] =
σ2

n
.

The MSE of the sample mean is constant in µ: it depends only on the noise
level σ2 and the sample size n.

2. Bayes estimator: now consider a Bayesian estimator obtained as the posterior
mean under a Gaussian prior µ ∼ N (m, τ 2) with m = 0 and τ 2 = 1.

The resulting Bayes estimator µ̂2 is a shrinkage estimator that pulls the sample
mean toward the prior mean. A direct calculation yields

Biasµ[µ̂2] = − µσ2

n+ σ2
, Varµ[µ̂2] =

nσ2

(n+ σ2)2
.
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Unlike the sample mean, the Bayes estimator is biased, but its variance is
smaller. Combining bias and variance gives the mean square error

MSEµ[µ̂2] =
σ2(µ2σ2 + n)

(n+ σ2)2
,

which is a quadratic function of µ.

Comparison of MSE curves. To illustrate the bias–variance trade-off, consider
n = 10 and σ2 = 1. Figure 1.8 shows the MSE of both estimators as a function of
µ.

1 ggplot(data.frame(x = c(-3, 3)), aes(x)) +

geom_function(fun = function(mu) 1 / 10,

aes(colour = "Sample mean")) +

geom_function(fun = function(mu) (mu^2 + 10) / (10 + 1)^2,

5 aes(colour = "Bayes")) +

scale_color_brewer(palette = "Set1") +

labs(colour = "Estimator",

x = expression(mu),

y = "MSE")

Figure 1.8: Mean square error as a function of µ for the sample mean and a Bayes
estimator with prior N (0, 1).

The sample mean has constant MSE and is equally accurate for all values of µ. In
contrast, the Bayes estimator performs better when µ is close to the prior mean,
where the reduction in variance outweighs the introduced bias. However, when µ is
far from the prior mean, the bias dominates and the MSE increases substantially.
This example illustrates how incorporating prior information can reduce MSE lo-
cally, at the price of worse performance when the prior is badly misspecified.
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1.7 Discussion

• Plug–in principle.

– A general and flexible approach for estimating complex functionals by
replacing unknown distributions with their empirical counterparts.

– Applicable beyond simple examples, e.g. for measuring dependence via
Hoeffding’s statistic

D =

∫ (
F (x, y)− F (x)F (y)

)2
dF (x, y),

which vanishes under independence and is positive for nonlinear depen-
dence.

• Maximum likelihood estimation (MLE).

– MLEs remain useful even when closed-form solutions are unavailable and
numerical optimization is required.

– In regular models, asymptotic theory ensures optimality of the MLE for
large sample sizes.

– Asymptotic normality allows uncertainty quantification (confidence in-
tervals, p-values) using Hessian information at the optimum.

– This methodology underlies standard output in statistical software (e.g.
regression models).

• Method of moments (MoM).

– Some models admit simple, closed-form MoM estimators when MLEs are
difficult or computationally expensive.

– Particularly useful for theoretical analysis, such as deriving lower bounds
on estimation accuracy.

– While sometimes suboptimal, MoM estimators can provide insight and
practical solutions.

• Bayesian estimation.

– Especially valuable when data are scarce and prior information can mean-
ingfully improve inference.

– Suitable priors can encode low-dimensional structure in high-dimensional
problems.

– The Bayesian framework naturally provides uncertainty quantification
through the posterior distribution.
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2. Sufficiency

2.1 Sufficient Statistics

Setting.

• Sample space: X ⊂ Rn, equipped with its Borel σ–algebra.

• Observation: a random element X taking values in X with distribution X ∼
Pθ.

• Statistic: a measurable mapping T : X → Y , where Y ⊆ Rk is equipped with
its Borel σ–algebra.

Definition 2.1 (Sufficient statistic). A statistic T is called sufficient for the model
P = {Pθ : θ ∈ Θ} if there exists a version of the conditional distribution of X given
T (X) = t that does not depend on the parameter θ.

Equivalently, once the value T (X) is known, the remaining randomness in X has a
distribution that is the same for all θ ∈ Θ.

Interpretation and motivation. Sufficiency is a property of a statistic rela-
tive to a given statistical model. Intuitively, a statistic is sufficient if it retains all
information in the data that is relevant for inference about the parameter θ. In
other words, no additional knowledge of the full data set beyond T (X) can improve
estimation, testing, or the construction of confidence intervals for θ.

A useful way to think about this is through a thought experiment. Suppose the
original data set X is lost, but the value of the statistic T (X) is retained. If T is

sufficient, then one can generate a new random data set X̃ by sampling from the
conditional distribution of X given T (X). Because this conditional distribution

does not depend on θ, the reconstructed data X̃ has the same distribution as the
original data X under every Pθ ∈ P . Thus, although the original data cannot be
recovered exactly, it can be reconstructed in a probabilistic sense without loss of
information about the parameter.

From this perspective, sufficiency can be viewed as a form of information reduction:
the statistic T (X) may be lower dimensional than the full data, yet it contains all
information relevant for inference within the specified model. This notion is related
to, but distinct from, ideas such as data compression or storage efficiency.
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Further reading. See Casella and Berger (2002, Section 6.2) for additional dis-
cussion and examples.

Example 2.1 (Bernoulli distribution). Let X1, . . . , Xn be i.i.d. Bernoulli(θ) r.v.
with θ ∈ (0, 1). We interpret Xi = 1 as a success (e.g. heads) and Xi = 0 as a failure
(tails). The sample space is therefore X = {0, 1}n.
A natural statistic in this setting is the total number of successes,

T (X1, . . . , Xn) =
n∑

i=1

Xi,

which counts how often the outcome 1 is observed. Intuitively, if the goal is to learn
about θ, the probability of success in a single trial, then only the total number of
successes should matter, not the specific order in which they occur. We now verify
that this intuition is correct.

Claim. The statistic T (X1, . . . , Xn) =
n∑

i=1

Xi is sufficient for the Bernoulli(θ) model.

Proof. Consider the conditional distribution of the full data (X1, . . . , Xn) given that
T (X1, . . . , Xn) = t. This conditional probability is nonzero only for sequences

(x1, . . . , xn) ∈ {0, 1}n satisfying
n∑

i=1

xi = t. For such a sequence, we have

Pθ

(
X1 = x1, . . . , Xn = xn

∣∣∣ n∑
i=1

Xi = t

)
=

Pθ(X1 = x1, . . . , Xn = xn)

Pθ(
∑n

i=1Xi = t)
.

Since the Xi are i.i.d. Bernoulli(θ),

Pθ(X1 = x1, . . . , Xn = xn) =
n∏

i=1

θxi(1− θ)1−xi = θt(1− θ)n−t.

Moreover,
n∑

i=1

Xi has a Binomial(n, θ) distribution, so

Pθ

(
n∑

i=1

Xi = t

)
=

(
n

t

)
θt(1− θ)n−t.

Dividing yields

Pθ

(
X1 = x1, . . . , Xn = xn |

n∑
i=1

Xi = t

)
=

1(
n
t

) ,
which does not depend on θ.

Thus, conditional on T (X) = t, all sequences in {0, 1}n containing exactly t ones are
equally likely (uniform distribution). The conditional distribution of (X1, . . . , Xn)
given T (X) is therefore independent of θ, so T is sufficient.
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Interpretation. Knowing only the total number of successes t, one can proba-
bilistically reconstruct a data set by placing t ones uniformly at random among
the n positions. This reconstructed data has the same distribution as the original
sample under any Pθ. Hence, for inference about θ in the i.i.d. Bernoulli model, the

statistic T =
n∑

i=1

Xi retains all relevant information in the data.

Example 2.2 (Poisson model and sufficiency). Let X1, . . . , Xn be i.i.d. Poisson(θ)
r.v. with θ > 0. The sample space is X = Nn

0 . A typical interpretation is that Xi

counts the number of events (e.g. earthquakes, arrivals, failures) observed in the ith
time period or region.

A natural statistic in this model is the total count

T (X1, . . . , Xn) =
n∑

i=1

Xi,

which aggregates all observed events across the n independent observations. Intu-
itively, if the goal is to learn the underlying rate θ, only the total number of events
should matter, not how they are distributed across the individual observations.

Claim. The statistic T (X1, . . . , Xn) =
∑n

i=1Xi is sufficient for the Poisson(θ)
model.

Proof. Since the sum of independent Poisson r.v. is again Poisson,

T (X1, . . . , Xn) ∼ Poisson(nθ).

Consider the conditional distribution of (X1, . . . , Xn) given T (X1, . . . , Xn) = t.
This conditional probability is nonzero only for vectors (x1, . . . , xn) ∈ Nn

0 satisfying
n∑

i=1

xi = t. For such a vector,

Pθ

(
X1 = x1, . . . , Xn = xn

∣∣∣∣∣
n∑

i=1

Xi = t

)
=

n∏
i=1

e−θ · θxi/xi!

e−nθ · (nθ)t/t!

=
t!

x1! · · · xn!

(
1

n

)t

=

(
t

x1, . . . , xn

)(
1

n

)t

.

This is the probability mass function of a multinomial distribution with parameters
t and cell probabilities (1/n, . . . , 1/n), and it does not depend on θ. Hence, the
conditional distribution of (X1, . . . , Xn) given T is independent of θ, so T is sufficient.

Interpretation. Given the total count t, the individual counts (X1, . . . , Xn) can
be viewed as obtained by randomly allocating t events among n categories, each
with equal probability. Thus, once T is known, the remaining randomness in the
data is purely combinatorial and unrelated to the unknown rate θ.
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Example 2.3 (Continuous i.i.d. model and order statistics). LetX1, . . . , Xn be i.i.d.
real-valued r.v. with a continuous cdf F on R. Here, the parameter of interest is
the distribution function itself, θ ≡ F .

Define the order statistics

T (X1, . . . , Xn) = (X(1), . . . , X(n)),

where X(1) ≤ · · · ≤ X(n) is the sorted version of the data. This statistic discards
the order in which the observations were collected, retaining only their relative
magnitudes.

Claim. The vector of order statistics (X(1), . . . , X(n)) is sufficient for the i.i.d. model
with continuous cdf F .

Proof. Fix distinct real numbers x1, . . . , xn with order statistics (x(1), . . . , x(n)). Con-
ditioning on the event that the sorted values equal (x(1), . . . , x(n)), each of the n!
possible permutations of these values is equally likely. Hence,

PF

(
X1 = x1, . . . , Xn = xn

∣∣X(1) = x(1), . . . , X(n) = x(n)
)
=

1

n!
,

which does not depend on F . Therefore, the conditional distribution of (X1, . . . , Xn)
given the order statistics is independent of the underlying distribution function, and
the order statistics are sufficient.

Interpretation. In an i.i.d. continuous model, the labeling or order of the obser-
vations carries no information about the distribution F . If the original ordering is
lost but the sorted data are retained, one can reconstruct a probabilistically equiv-
alent data set by randomly permuting the order statistics. Thus, all information
relevant for inference about F is contained in the order statistics.

Further reading. A formal measure-theoretic treatment of conditioning on order
statistics can be found in Lehmann and Romano (2005, Example 2.4.1).

2.2 Neyman–Fisher Factorization Criterion

In many statistical models, all distributions admit a density (or probability mass
function) with respect to a common dominating measure. In this setting, sufficiency
can be characterized directly from the form of the likelihood, without explicit com-
putation of conditional distributions.

Theorem 2.1 (Neyman–Fisher factorization criterion). Let P = {Pθ : θ ∈ Θ} be
a statistical model dominated by a σ–finite measure ν. Denote the corresponding
densities by

pθ(x) =
dPθ

dν
(x), θ ∈ Θ.

A statistic T : X → Y is sufficient for P if and only if there exist measurable
non–negative functions h : X → R and gθ : Y → R such that, for all θ ∈ Θ,

pθ(x) = gθ(T (x))h(x), x ∈ X . (2.1)
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Interpretation. The factorization (2.1) separates the dependence on the param-
eter θ from the full data x. All information about θ contained in the data appears
through the statistic T (x), while the remaining factor h(x) depends only on the
observed sample. Consequently, once T (x) is known, no further information about
θ can be extracted from the data.

Remark. If (2.1) holds, any likelihood–based procedure depends on the data only
through T (x). In particular, the maximum likelihood estimator satisfies

θ̂(x) = argmax
θ
pθ(x) = argmax

θ
gθ(T (x)),

and is therefore a function of the sufficient statistic T alone.

Proof (Theorem 2.1, discrete case). We prove the result when ν is the counting mea-
sure. Let

Qθ(t) := Pθ(T = t) =
∑

x∈X : T (x)=t

pθ(x), t ∈ Y ,

denote the probability mass function of T . For x ∈ X with T (x) = t, the conditional
distribution of X given T = t is

pθ(x | T = t) =
pθ(x)

Qθ(t)
.

=⇒) Suppose T is sufficient. Then the conditional distribution pθ(x | T = t)
does not depend on θ. Let’s denote this common conditional distribution by
p∗(x | T = t). Using the identity

pθ(x) = Pθ(T = t) p∗(x | T = t), t = T (x),

we get

pθ(x) = Pθ(X = x)

= Pθ(X = x, T = T (x))

= Qθ(T (x)) · p∗(x | T = T (x))

=: gθ(T (x)) · h(x).

and so we obtain the factorization

pθ(x) = gθ(T (x))h(x), gθ(t) := Qθ(t), h(x) := p∗(x | T = T (x)).

⇐=) Conversely, suppose (2.1) holds. Then

Qθ(t) =
∑

x∈X : T (x)=t

pθ(x) =
∑

x∈X : T (x)=t

gθ(T (x))h(x) = gθ(t)
∑

x∈X : T (x)=t

h(x)

Therefore, for x and t with T (x) = t, it holds that

pθ(x | T (x) = t) =
gθ(t)h(x)

gθ(t)
∑

x∈X : T (x)=t

h(x)

=
h(x)∑

x∈X : T (x)=t

h(x)

does not depend on θ. We conclude that T is sufficient.
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Further reading. The theorem holds for general dominated models. A measure–
theoretic treatment of conditioning and sufficiency can be found in Lehmann and
Romano (2005, Sections 1.9 and 2.6).

Example 2.4 (Uniform model and the German tank problem). Let X1, . . . , Xn

be i.i.d. random variables with distribution Uniform(0, θ), where θ > 0 is unknown.
This model is a continuous analogue of the German tank problem: observing n labels
drawn uniformly from [0, θ], the goal is to infer the unknown upper endpoint θ. (How
many tanks do the Germans have if they label them in order, and I have observed
n different labels so far?)

Claim. The statistic
T (X1, . . . , Xn) = max

1≤i≤n
Xi

is sufficient for θ.

Proof. The joint density of X1, . . . , Xn is

pθ(x1, . . . , xn) =
n∏

i=1

1

θ
1[0,θ](xi)

=
1

θn
1[0,θ](max

i
xi)︸ ︷︷ ︸

gθ(T (x))

1[0,∞)(min
i
xi)︸ ︷︷ ︸

h(x)

.

By the Neyman–Fisher factorization theorem, T is sufficient.

Remark.

• Intuitively, in the German tank problem only the largest observed label is
informative about the unknown maximum; smaller observations carry no ad-
ditional information about θ.

• The order statistics are also sufficient in this model. More generally, if a
statistic is sufficient for a model P , then it is sufficient for any submodel
P ′ ⊂ P .

• Hence, since order statistics are sufficient for the model of i.i.d. observations
from an arbitrary continuous distribution, they remain sufficient for the uni-
form submodel.

2.3 Many Sufficient Statistics

Sufficiency is generally not unique: a given statistical model typically admits many
different sufficient statistics. This follows from the fact that sufficiency is preserved
under suitable transformations.
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Suppose T and T ′ are two statistics such that

T (X) = S
(
T ′(X)

)
for some measurable mapping S.

• When Neyman’s factorization criterion applies, if T is sufficient for the model,
then T ′ is also sufficient. Indeed, if the likelihood depends on the data only
through T (X), and T (X) itself can be recovered from T ′(X), then all informa-
tion about the parameter contained in T is also contained in T ′. This agrees
with the interpretation of sufficiency given in section 2.1.

• If S is bijective, then T is sufficient if and only if T ′ is sufficient. In this case,
conditioning on T or on T ′ provides exactly the same information, since each
statistic can be reconstructed from the other.

These principles are illustrated by several earlier examples. In Example 2.1 and

Example 2.2, the sum
n∑

i=1

Xi was identified as a sufficient statistic. Equivalently, one

could use the sample mean

Xn =
1

n

n∑
i=1

Xi,

since it is a one–to–one transformation of the sum. More generally, any statistic
from which the sum can be recovered is sufficient; for instance, the pair(

X1 +X2,
n∑

i=3

Xi

)
is also sufficient.

In Example 2.3, the vector of order statistics was shown to be sufficient. An equiv-
alent sufficient statistic is the empirical distribution function F̂n, since the order
statistics determine the jump locations of F̂n, and conversely the empirical distribu-
tion function uniquely determines the ordered sample values.

Finally, in Example 2.4, note that the sample maximum

max
i
Xi = X(n)

is a function of the order statistics, and hence inherits sufficiency whenever the full
vector of order statistics is sufficient.

Question: Which sufficient statistics provide greatest data reduction?

2.3.1 Minimal Sufficiency

Sufficient statistics summarize the data without loss of information about the un-
known parameter θ. Since sufficiency alone is not unique (for example, the identity
map T (X) = X is always sufficient), it is natural to ask whether one can reduce
the data as much as possible while still retaining all information about θ. This idea
leads to the notion of minimal sufficiency.
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Definition 2.2. A sufficient statistic T is called minimal sufficient if T is a
function of every other sufficient statistic T ′. More precisely, T is minimal sufficient
if

∃ a measurable map S such that T (x) = S
(
T ′(x)

)
for almost every x ∈ X .

Here, “almost every” means that there exists a set X ∗ ⊆ X such that Pθ(X ∗) = 1
for all θ ∈ Θ, and the above equality holds for all x ∈ X ∗.

The existence of such a map S is equivalent to the condition

T ′(x) = T ′(x̃) =⇒ T (x) = T (x̃) ∀x, x̃ ∈ X ∗. (2.2)

Thus, a minimal sufficient statistic cannot be refined further without losing infor-
mation about θ.

Condition (2.2) shows that minimal sufficiency depends only on how statistics iden-
tify data sets: whenever two data sets are indistinguishable under a sufficient statis-
tic T ′, they must also be indistinguishable under T . In this sense, T induces a
coarser classification of the data than any other sufficient statistic.

Partition viewpoint. Any statistic T induces a partition of the sample space,

X =
⋃
t

{x ∈ X : T (x) = t},

where two data sets are grouped together if they yield the same value of T . From
this perspective:

• Minimal sufficient statistics correspond to the coarsest possible partitions among
all sufficient statistics (up to null sets).

• Any two minimal sufficient statistics T and T ′ induce the same partition of X
(up to null sets), and hence satisfy (2.2) with ⇐⇒ .

• One-to-one transformations of a statistic do not affect sufficiency or minimal
sufficiency, since they leave the induced partition unchanged.

2.3.2 Criterion for Minimal Sufficiency

The definition of minimal sufficiency is abstract, as it quantifies over all sufficient
statistics. In dominated models, however, there is a powerful and practical charac-
terization that allows us both to verify minimal sufficiency and to construct minimal
sufficient statistics directly from the likelihood.

Theorem 2.2 (Criterion for minimal sufficiency). Let P = {Pθ : θ ∈ Θ} be domi-
nated by a σ–finite measure ν, with densities

pθ(x) =
dPθ

dν
(x).
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Define the support of the model by

supp(P) = {x ∈ X : ∃θ ∈ Θ such that pθ(x) > 0}.

Suppose that a statistic T satisfies the following property: for all x, x̃ ∈ supp(P),

T (x) = T (x̃) ⇐⇒ ∃ c(x, x̃) > 0 such that pθ(x) = pθ(x̃) · c(x, x̃) ∀θ ∈ Θ. (2.3)

Then T is minimal sufficient for P.

Interpretation. The right–hand side of (2.3) states that the likelihood functions
corresponding to x and x̃ are proportional as functions of θ. Thus, two data sets
receive the same value of T if and only if they induce the same likelihood up to a mul-
tiplicative constant. This criterion therefore identifies minimal sufficient statistics
as those that classify data sets exactly according to likelihood equivalence.

Comments

• Condition (2.3) provides a constructive way to identify minimal sufficient
statistics by analyzing when likelihood functions are proportional.

• The criterion depends only on likelihoods and does not require computing
conditional distributions.

• The original result is due to Lehmann and Scheffé (1950, Theorem 6.3).

Proof (Discrete case). We show that T is sufficient and minimal sufficient.

Step 1: T is sufficient. For each value t of T , choose a representative element

xt ∈ T−1({t}) = {x : T (x) = t},

with xt ∈ supp(P) whenever T−1({t}) ∩ supp(P) ̸= ∅.
For any x ∈ X , we have T (x) = T (xT (x)), so by assumption (2.3),

pθ(x) = pθ(xT (x)) c(x, xT (x)), θ ∈ Θ,

where we define c(x, xT (x)) = 0 if x /∈ supp(P). This representation expresses pθ(x)
as a product of a term depending on θ only through T (x) and a term independent
of θ. Hence, by Neyman’s factorization criterion, T is sufficient.

Step 2: T is minimal sufficient. Let T ′ be any other sufficient statistic and let
x, x̃ ∈ supp(P) satisfy T ′(x) = T ′(x̃). We must show that T (x) = T (x̃).

Since T ′ is sufficient, the factorization criterion yields

pθ(x) = g′θ(T
′(x))h′(x),

pθ(x̃) = g′θ(T
′(x̃))h′(x̃).
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Because T ′(x) = T ′(x̃), the g′θ terms coincide, and thus

pθ(x) = pθ(x̃) ·
h′(x)

h′(x̃)
∀θ ∈ Θ. (2.4)

Since x̃ ∈ supp(P), we have h′(x̃) > 0, so the ratio is well defined. By condition
(2.3), this proportionality implies T (x) = T (x̃).

Therefore, T is a function of every sufficient statistic T ′, and hence T is minimal
sufficient.

Example 2.5 (Gaussian model). Let X1, . . . , Xn be i.i.d. N (µ, σ2) with parameter
θ = (µ, σ2) ∈ Θ = R× (0,∞). Recall that the maximum likelihood estimators are

µ̂ = Xn, σ̂2 =
1

n

n∑
i=1

(Xi −Xn)
2.

Claim. The statistic (µ̂, σ̂2) is minimal sufficient.

Proof. The joint density of X = (X1, . . . , Xn) is

pθ(x) =

(
1√
2πσ2

)n

exp

{
− 1

2σ2

n∑
i=1

(xi − µ)2

}
.

Using the identity
n∑

i=1

(xi − µ)2 =
n∑

i=1

(xi − x̄n + x̄n − µ)2 =
n∑

i=1

(xi − x̄n)
2 + n(x̄n − µ)2,

we obtain
pθ(x) ∝ exp

{
− n

2σ2

[
(x̄n − µ)2 + σ̂2

x

]}
.

Let x, y ∈ Rn be two data sets. The ratio of likelihoods is

pθ(x)

pθ(y)
= exp

{
− n

2σ2

[
(x̄n − µ)2 − (ȳn − µ)2 + σ̂2

x − σ̂2
y

]}
= exp

{
− n

2σ2

[
(x̄2n − ȳ2n)− 2µ(x̄n − ȳn) + σ̂2

x − σ̂2
y

]}
.

This ratio is independent of θ = (µ, σ2) if and only if

x̄n = ȳn and σ̂2
x = σ̂2

y.

By the minimal sufficiency criterion of subsection 2.3.2, (µ̂, σ̂2) is minimal sufficient.

Example 2.6 (Uniform location model). Let X1, . . . , Xn be i.i.d. Uniform(θ, θ+1)
for θ ∈ R. Applying the minimal sufficiency criterion yields

T (x) =
(
min{x1, . . . , xn},max{x1, . . . , xn}

)
as a minimal sufficient statistic; see Casella and Berger (2002, Example 6.2.15) for
details.

This example is noteworthy because the model is 1–dimensional, yet the minimal
sufficient statistic is 2–dimensional. In fact, there are many low–dimensional models
for which the order statistics are minimal sufficient; see Lehmann and Casella (1998,
Example 1.6.15).
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Exponential families form a broad and important class of statistical models with
many desirable theoretical and computational properties. They provide a unifying
framework for a wide range of commonly used distributions and play a central role
in statistical inference.

A key reason for the popularity of exponential family models is their favorable
optimization structure. In many cases, parameter estimation reduces to maximizing
a concave log-likelihood (or equivalently, minimizing a convex objective function),
which leads to stable and efficient numerical algorithms.

Several widely used models arise naturally as members of exponential families. For
example, logistic regression for binary data is based on a specific parametric form
that links predictors to event probabilities through log-odds. This formulation is not
only interpretable but also ensures that estimation involves a convex optimization
problem. Similarly, the Poisson distribution is a standard choice for modeling count
data, partly due to its mathematical convenience and tractable likelihood.

More generally, exponential families provide a common structure underlying these
models. Many results that are traditionally derived on a case-by-case basis can be
obtained more systematically by working within this general framework. Through-
out this course, exponential families will serve as an important source of examples
and will be revisited in various contexts.

We now introduce the formal definition of exponential families and discuss their
main properties.

3.1 Definition

Definition 3.1. Let P = {Pθ : θ ∈ Θ} be a statistical model on (X ,A) that is
dominated by a σ–finite measure ν. The model P is called an exponential family
if there exist an integer k ∈ N and functions

B : Θ → R, η : Θ → Rk,

T : X → Rk, h : X → [0,∞),

such that each distribution Pθ admits a density pθ(x) =
dPθ

dν
(x) of the form

pθ(x) = exp{⟨η(θ), T (x)⟩ −B(θ)}h(x), x ∈ X (3.1)
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where

⟨η(θ), T (x)⟩ =
k∑

i=1

ηi(θ)Ti(x).

This representation expresses the log–density as a linear function of the statistic
T (x), with coefficients η(θ) depending on the parameter. In particular,

log pθ(x) = ⟨η(θ), T (x)⟩ −B(θ) + log h(x),

which simplifies likelihood-based inference by reducing it to linear and convex-
analytic operations.

The map η(θ) is called the natural parameter, and T is the sufficient statistic
of the family (by Neyman’s factorization criterion). The function B(θ) acts as a nor-
malizing term ensuring that pθ integrates to one, while h(x) modifies the dominating
measure ν.

The integer k is referred to as the dimension of the representation and is, in general,
not unique (because the dimension of sufficient statistics of a family aren’t). A
statistical model is a k–dimensional exponential family if all its densities admit a
representation of the form (3.1) with the same statistic T .

Example 3.1 (Binomial model). Let X ∼ Binomial(n, θ) with θ ∈ (0, 1). The
distribution of X admits a density with respect to the counting measure on X =
{0, 1, . . . , n} given by

pθ(x) =

(
n

x

)
θx(1− θ)n−x.

Writing the parameter–dependent part on the log scale yields

pθ(x) =

(
n

x

)
exp{x log θ + (n− x) log(1− θ)} ,

which is of exponential family form. This representation corresponds to a 2–dimensional
exponential family with sufficient statistic T (x) = (x, n−x) and natural parameters
η(θ) = (log θ, log(1− θ)).

The representation is, however, redundant since the components of T (x) satisfy the
linear relation x+ (n− x) = n. Using this relation, the density can be rewritten as

pθ(x) =

(
n

x

)
exp

{
x log

θ

1− θ
+ n log(1− θ)

}
.

This yields a 1–dimensional representation of the Binomial model, with sufficient
statistic T (x) = x and natural parameter

η(θ) = log
θ

1− θ
.

The quantity θ/(1− θ) is called the odds associated with the success probability θ.
More generally, for an event A with probability P (A) = θ, the odds are defined as
the ratio

P (A)

P (Ac)
=

θ

1− θ
.
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While probabilities take values in (0, 1), odds range over (0,∞). Taking logarithms
yields the log–odds

log
θ

1− θ
,

which form the natural parameter η(θ) of the Binomial exponential family in its one–
dimensional representation. This representation highlights the connection between
the Binomial model and generalized linear models, in particular logistic regression.

Example 3.2 (Multinomial model as an exponential family). Consider n indepen-
dent repetitions of a random experiment with s possible outcomes. Let Xi ≥ 0
denote the number of times outcome i is observed, and define

X = (X1, . . . , Xs),
s∑

i=1

Xi = n.

Assume that the probability of outcome i in a single trial is θi > 0, with
s∑

i=1

θi = 1.

Then
X ∼ Multinomial(n, θ1, . . . , θs),

with probability mass function

pθ(x1, . . . , xs) =
n!∏s
i=1 xi!

s∏
i=1

θxi
i .

Writing the density in exponential form yields

pθ(x1, . . . , xs) = exp

{
s∑

i=1

xi log(θi)

}
· n!∏s

i=1 xi!
,

which shows that the multinomial model is an exponential family with sufficient
statistic T (x) = (x1, . . . , xs). This representation, however, is redundant, since the
counts satisfy the linear constraint

∑s
i=1Xi = n.

To obtain a minimal representation, write

Xs = n−
s−1∑
i=1

Xi

and substitute into the exponent to obtain

pθ(x1, . . . , xs) = exp

{
s−1∑
i=1

xi log

(
θi
θs

)
+ n log(θs)

}
· n!∏s

i=1 xi!
.

This shows that the multinomial model forms an (s − 1)-dimensional exponential
family with sufficient statistic

T (x) = (x1, . . . , xs−1)
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and natural parameter vector

η(θ) =

(
log

(
θ1
θs

)
, . . . , log

(
θs−1

θs

))
.

The term n!∏s
i=1 xi!

plays the role of the base measure h(x) and does not depend on

the parameter θ.

Example 3.3 (Gaussian model). Let X ∼ N (µ, σ2) with unknown parameter θ =
(µ, σ2) ∈ R× (0,∞). The density on X = R is

pθ(x) =
1√
2πσ2

exp

{
− 1

2σ2
(x− µ)2

}
.

Expanding the quadratic term yields

pθ(x) =
1√
2πσ2

exp

{
− 1

2σ2
x2 +

µ

σ2
x− µ2

2σ2

}
.

The terms depending on the data x appear linearly as x and x2, which allows the
density to be written in exponential family form. Indeed,

pθ(x) = exp

{〈(
x

−x2

2

)
,

( µ
σ2

1
σ2

)〉
−B(θ)

}
,

where B(θ) = µ2

2σ2 +
1
2
log(2πσ2) is the log-normalizing constant.

Hence, the Gaussian model is a two-dimensional exponential family with

• sufficient statistic T (x) =
(
x, −x2

2

)
,

• natural parameter η(θ) =
(

µ
σ2 ,

1
σ2

)
.

In this representation the base measure h(x) is constant, corresponding to Lebesgue
measure.

Why is not the Gaussian model one-dimensional?
Although a single observationX uniquely determines the statistic T (X) =

(
X,−X2

2

)
,

the Gaussian model cannot be represented as a one-dimensional exponential family.
The reason is geometric: the map

x 7−→
(
x,−x2

2

)
traces out a nonlinear curve in R2. Consequently, there is no nontrivial linear func-
tional that recovers both components of T (X) from a single scalar statistic while
preserving the required inner-product structure of an exponential family.

This contrasts with the binomial case, where the corresponding embedding x 7→
(x, n− x) lies on an affine one-dimensional subspace, allowing a reduction to a one-
dimensional representation. For the Gaussian model, the quadratic dependence on
the data is essential and cannot be absorbed into a single sufficient statistic without
leaving the exponential family framework.
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Example 3.4 (Multivariate Gaussian model). Let X ∼ Nk(µ,Σ), where the pa-
rameter

θ = (µ,Σ) ∈ Rk × PD(k),

and PD(k) denotes the cone of symmetric positive definite k × k matrices. The
density of X with respect to Lebesgue measure on X = Rk is

pθ(x) =
1√

(2π)k det(Σ)
exp

{
−1

2
(x− µ)TΣ−1(x− µ)

}
.

Expanding the quadratic form and discarding terms that do not depend on x yields

pθ(x) ∝ exp

{
−1

2
xTΣ−1x+ µTΣ−1x

}
.

The linear term µTΣ−1x is an inner product in Rk between x and the vector Σ−1µ.
To express the quadratic term in inner-product form, write

xTΣ−1x =
k∑

i=1

k∑
j=1

xixj(Σ
−1)ij.

Introducing the outer product xxT , whose (i, j)-entry equals xixj, this can be rewrit-
ten as

xTΣ−1x =
∑
i,j

(Σ−1)ij(xx
T )ij = tr

(
Σ−1xxT

)
.

The trace induces an inner product on the vector space of symmetric k×k matrices,
defined by

⟨A,B⟩ := tr(AB), A,B ∈ Sym(k).

Since both Σ−1 and xxT are symmetric, the quadratic term is an inner product in
this space.

Combining both parts, the density can be written in exponential-family form as

pθ(x) ∝ exp
{〈

Σ−1µ, x
〉
+
〈
Σ−1, −1

2
xxT

〉}
.

Thus, the multivariate Gaussian model is an exponential family with

• sufficient statistic T (x) =
(
x,−1

2
xxT

)
,

• natural parameter η(θ) = (Σ−1µ, Σ−1) .

The dimension of this exponential family equals the dimension of the vector space
in which T (x) takes values. The first component x lies in Rk, contributing k di-
mensions. The second component lies in the space of symmetric k × k matrices,
whose dimension equals the number of free entries: k diagonal elements and k(k−1)

2

off-diagonal elements. Hence,

dimSym(k) = k +
k(k − 1)

2
=
k(k + 1)

2
.

Therefore, the multivariate Gaussian family forms an exponential family of dimen-
sion

k +
k(k + 1)

2
.
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3.2 Nonuniqueness of Sufficient Statistics and Nat-

ural Parameters

Exponential-family representations of a statistical model are not unique: one can
transform the sufficient statistic and the natural parameter without changing the
model.

Let T (x) be a sufficient statistic and η(θ) the corresponding natural parameter. For
any invertible matrix A ∈ Rk×k and vectors b, c ∈ Rk, define the affine transforma-
tions

T̃ (x) = AT (x) + b, η̃(θ) = A−Tη(θ) + c.

Then the inner product between the transformed parameter and statistic expands
as

⟨η̃(θ), T̃ (x)⟩ = ⟨A−Tη(θ) + c, AT (x) + b⟩
(∗)
= ⟨η(θ), T (x)⟩+ ⟨A−Tη(θ), b⟩+ ⟨c, AT (x)⟩+ ⟨c, b⟩

where in (∗) we have use that for any two vectors u,v their inner product is define
as

⟨u,v⟩ = uTv

so 〈
A−Tη(θ), AT (x)

〉
= (A−Tη(θ))TAT (x) = η(θ)T (A−T )TAT (x) = η(θ)TT (x)

= ⟨η(θ), T (x)⟩ .

This implies that the density can be rewritten as

pθ(x) = exp
{
⟨η̃(θ), T̃ (x)⟩ − B̃(θ)

}
· h(x) exp

{
− ⟨c, AT (x)⟩

}
,

with the new log-partition function

B̃(θ) = B(θ) + ⟨A−Tη(θ), b⟩+ ⟨c, b⟩.

In other words, an affine transformation of the sufficient statistic T (x) can be com-
pensated by a corresponding transformation of the natural parameter η(θ), possibly
adjusting the normalizing constant. Linear relations among the coordinates of T (x)
can thus be eliminated by choosing a suitable A and b, leading to a minimal repre-
sentation of the exponential family.

Definition 3.2 (Order of an Exponential Family). The order of the exponential
family is the dimension of the minimal sufficient statistic after all linear dependen-
cies among its coordinates have been removed. This dimension is unique for a given
family.

Remark (Invertibility and singular cases).
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• In univariate or multivariate Gaussian models, assuming Σ positive definite
(invertible) ensures the density exists in Rk. If a variance is zero, the dis-
tribution degenerates to a point mass; if a covariance matrix is singular, the
random vector takes values in a strict subspace of Rk. Such singular cases are
not part of the exponential-family representation as discussed here.

• Affine transformations provide a systematic way to expose linear dependencies
among coordinates of T (x). For example, if some linear combination of coor-
dinates is constant across all observations, one can redefine T via a suitable
matrix A to eliminate the redundant coordinate. This reduction ensures that
only the essential dimensions remain, giving the family its unique order.

3.3 Random Sampling

Let P = {Pθ : θ ∈ Θ} be a k–dimensional exponential family with densities

pθ(x) =
dPθ

dν
(x) = exp{⟨η(θ), T (x)⟩ −B(θ)}h(x), x ∈ X .

Let X1, . . . , Xn be i.i.d. random variables with distribution Pθ.

The joint distribution of the random vector X = (X1, . . . , Xn) then has density

pθ(x) =
n∏

i=1

pθ(xi) = exp

{〈
η(θ),

n∑
i=1

T (xi)
〉
− nB(θ)

}
·

n∏
i=1

h(xi), x ∈ X n.

Thus, the family of joint distributions of X is again a k–dimensional exponential
family. The natural parameter η(θ) remains unchanged, while the sufficient statistic
becomes

n∑
i=1

T (Xi).

In particular, independent sampling preserves the exponential family structure.

Note. The dimension of the sufficient statistic does not depend on the sample size
n.1

This property has important consequences. Even for very large samples, all relevant
statistical information is summarized by a single vector in Rk. As a result, statistical
analysis, geometric intuition, and asymptotic arguments for exponential families
can be carried out in a fixed finite-dimensional space, regardless of the number of
observations.

By contrast, for general statistical models, sufficient statistics may grow in dimension
with the sample size (for example, order statistics). Under mild regularity condi-
tions, the invariance of the dimension of sufficient statistics under i.i.d. sampling
essentially characterizes exponential families.

1This behavior is highly atypical outside the class of exponential families; see Hipp (1974).
Recall, however, the Uniform(0, θ) model as a counterexample without regularity.
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3.4 Minimal Sufficiency

For exponential families, minimal sufficiency can be characterized in a particularly
transparent way. The key reason is that likelihood ratios in exponential families
reduce to differences of linear forms in the sufficient statistic. As a result, the general
criterion for minimal sufficiency based on proportional likelihoods admits a simple
geometric interpretation in terms of the natural parameter space; see Corollary 6.16
in Lehmann and Casella (1998).

Corollary 3.1. Let P = {Pθ : θ ∈ Θ} be a k–dimensional exponential family with
natural parameter mapping η : Θ → Rk. If the set

η(Θ) = {η(θ) : θ ∈ Θ} ⊆ Rk

contains k + 1 points η(0), . . . , η(k) such that the vectors

η(j) − η(0), j = 1, . . . , k,

are linearly independent, then the sufficient statistic T is minimal sufficient.

This result follows directly from the characterization of minimal sufficiency in terms
of proportional likelihoods. In an exponential family, the ratio of two likelihoods
corresponding to parameter values θ and θ′ can be written as

exp
{〈
η(θ)− η(θ′), T (x)

〉
−
(
B(θ)−B(θ′)

)}
,

so equality of likelihood ratios across all parameter values is determined entirely by
linear constraints on T (x). If the set of possible difference vectors η(θ)−η(θ′) spans
Rk, then no nontrivial reduction of T can preserve these ratios, and T is therefore
minimal sufficient.

An equivalent geometric formulation of the condition in the corollary is the following.
The sufficient statistic T is minimal sufficient if and only if the affine hull of η(Θ)
has dimension k. The affine hull of a set A ⊆ Rk is defined as{

k∑
j=0

αjη
(j) : η(j) ∈ A, αj ∈ R,

k∑
j=0

αj = 1

}
.

In many standard examples, this condition is easily verified.

Univariate Gaussian family. Consider the normal distribution with unknown
mean µ ∈ R and variance σ2 > 0. The parameter space Θ = R × (0,∞) is the
open upper half–plane. The corresponding natural parameter space η(Θ) is also an
open subset of R2, hence its affine hull has dimension 2. Therefore, the canonical
sufficient statistic is minimal sufficient.

Multivariate Gaussian family. For the multivariate normal distribution with
mean vector µ ∈ Rk and covariance matrix Σ positive definite, the natural parameter
space is Rk × Sk

++, where Sk
++ denotes the cone of positive definite matrices. This

set is open and full–dimensional in the corresponding Euclidean space, implying
minimal sufficiency of the usual sufficient statistic.
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Binomial family and logistic regression. For the binomial model, the original
parameter θ lies in the open unit interval (0, 1). The natural parameter is given by
the log–odds transformation

η(θ) = log
θ

1− θ
,

which maps (0, 1) onto all of R. Consequently, η(Θ) = R, whose affine hull has
dimension 1. This explains both the minimal sufficiency of the binomial sufficient
statistic and the central role of the log–odds parameterization in logistic regression,
where linear predictors naturally take values in R.
In summary, for exponential families, minimal sufficiency is governed entirely by
the geometry of the natural parameter space. If η(Θ) is full–dimensional (or equiv-
alently, has an affine hull of dimension k), then the canonical sufficient statistic is
automatically minimal sufficient.

3.5 Canonical Form

By re–parametrizing an exponential family in terms of its natural parameters, the
model can be written in canonical form. Specifically, a k–dimensional exponential
family admits a representation

pη(x) = exp{⟨η, T (x)⟩ − A(η)}h(x), x ∈ X ,

where η ∈ Rk is the natural parameter and T (x) ∈ Rk is the sufficient statistic. We
write Pη for the distribution with density pη.

Passing to the canonical form amounts to abandoning the original parameterization
(e.g. means, variances, probabilities, rates) in favor of the natural parameters. For
instance, instead of indexing a Gaussian distribution by its mean and variance, or a
binomial distribution by a success probability, we index these distributions by inverse
variances, mean–variance ratios, or log–odds. This is purely a re–parametrization:
the underlying distributions do not change, only the coordinates used to describe
them.

3.5.1 Natural Parameter Space

The density pη(x) is well defined only for those values of η for which the normalizing
constant is finite. This leads to the definition of the natural parameter space

H =

{
η ∈ Rk :

∫
X
exp{⟨η, T (x)⟩}h(x) dν(x) <∞

}
.

For every η ∈ H, a valid probability density is obtained by setting

A(η) = log

∫
X
exp{⟨η, T (x)⟩}h(x) dν(x).

The function A(η) is called the cumulant generating function or log–Laplace
transform of the family.
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The role of H is fundamental. Any nonnegative function with finite integral can be
normalized to obtain a probability density, but if the integral diverges, no normal-
ization is possible. Thus, H is the largest set of natural parameters for which the
exponential representation yields a well-defined statistical model.

Examples

Gaussian family. For the univariate Gaussian distribution, a natural sufficient
statistic is T (x) = (x, x2). Only certain choices of η lead to integrable densities: the
coefficient multiplying x2 must be negative. This restriction corresponds exactly to
the requirement that the variance be positive. If the quadratic term had the wrong
sign, the exponential would not be integrable over R, and no probability density
could be defined.

Binomial family and logistic regression. For the binomial model with success
probability θ ∈ (0, 1), the natural parameter is the log–odds

η = log
θ

1− θ
,

which ranges over all of R. Thus, the natural parameter space is unconstrained, even
though the original parameter θ lies in a bounded interval. This re–parametrization
explains why logistic regression works with linear predictors: the natural parameter
lives on the entire real line, making linear combinations natural and unconstrained.

Multinomial and symmetry considerations. In multinomial models, it is
sometimes convenient to retain a redundant representation of the sufficient statistic
in order to preserve symmetry. While redundant coordinates may later be removed
to obtain a minimal representation, keeping them can simplify calculations and no-
tation without affecting the underlying statistical structure.

Exponential random graph models. The exponential family framework can
also be used constructively to define models. For example, when modeling random
graphs, the observation X is a graph, and one may choose a sufficient statistic T (X)
that counts features such as the number of edges and the number of triangles. Given
parameters η1, η2, the probability of observing a particular graph is proportional to

exp{η1T1(X) + η2T2(X)}.

Provided the graph space is finite, the normalizing constant A(η) always exists.
Varying η yields a flexible family of distributions that can encode complex network
structure beyond independent edge formation.
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Convexity and Likelihood Optimization

A key advantage of the canonical form emerges when studying likelihood functions.
In general statistical models, likelihoods may be highly non–convex and multimodal.
In contrast, for exponential families in canonical form, the log–likelihood is a concave
function of η over the natural parameter space H.

This explains a common empirical observation: for many standard models (bino-
mial, multinomial, Poisson, Gaussian, gamma), maximum likelihood estimators are
unique and easy to compute. Although this fact may appear model–specific when
working in the original parameters, it has a unified explanation in the canonical
parameterization.

Moment and Cumulant Generating Functions

Finally, note that without the logarithm, the integral defining A(η) corresponds to
a moment generating function. For a random variable X, the moment generating
function is E[etX ]; for a random vector, it becomes E[exp(⟨t,X⟩)]. Taking the loga-
rithm yields the cumulant generating function, whose derivatives generate moments
and cumulants of the sufficient statistic.

Thus, the canonical form not only simplifies likelihood theory and optimization, but
also provides a natural bridge between exponential families, convex analysis, and
moment theory.

3.5.2 Convexity Properties

One of the most powerful structural features of exponential families is their built–in
convexity. This convexity governs both the geometry of the parameter space and the
shape of likelihood functions, and it explains why maximum likelihood estimation
is particularly well behaved in these models.

Recall that in canonical form an exponential family has densities

pη(x) = exp{⟨η, T (x)⟩ − A(η)}h(x), η ∈ H,

where the natural parameter space H consists precisely of those η for which A(η) <
∞.

Theorem 3.1 (Convexity Properties).

(i) The natural parameter space H is a convex subset of Rk.

(ii) The cumulant generating function A(η) is convex on H. It is strictly convex
if Pη ̸= Pη′ for all η, η′ ∈ H with η ̸= η′.

(iii) For fixed data x, the log–likelihood function

ℓx(η) = log pη(x)

is concave on H. It is strictly concave if Pη ̸= Pη′ for all η, η
′ ∈ H with η ̸= η′.
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Comments:
Convexity is the mathematical reason why maximum likelihood estimation in expo-
nential families rarely exhibits pathologies such as multiple local optima. In contrast
to general statistical models, likelihood optimization here is a convex optimization
problem.

Recall the basic facts:

• Every local maximum of a concave function is a global maximum.

• A strictly concave function has at most one maximizer.

Consequently, in the full exponential family indexed by all η ∈ H, the maximum
likelihood estimator (if it exists) is unique.

Existence, however, is not guaranteed: a strictly concave function may fail to attain
its supremum (for example, the logarithm on (0,∞)). Nevertheless, uniqueness
follows automatically once existence is established.

If one restricts η to an arbitrary subset of H, convexity and concavity may be
destroyed. An important exception occurs when the restriction is a linear subspace
of H: in that case, the model remains an exponential family of lower dimension, and
the theorem continues to apply.

Proof. We begin with convexity of the natural parameter space and of the function
A. Let η, η′ ∈ H and α ∈ [0, 1]. By definition,

exp{A(αη + (1− α)η′)} =

∫
exp{⟨αη + (1− α)η′, T (x)⟩}h(x) dν(x)

=

∫
(exp{⟨η, T (x)⟩})α (exp{⟨η′, T (x)⟩})1−α

h(x) dν(x).

This expression is exactly of the form to which Hölder’s inequality applies. Using
Hölder’s inequality yields

exp{A(αη + (1− α)η′)} ≤
(∫

exp{⟨η, T (x)⟩}h(x) dν(x)
)α(∫

exp{⟨η′, T (x)⟩}h(x) dν(x)
)1−α

= exp{αA(η) + (1− α)A(η′)}.

Taking logarithms gives

A(αη + (1− α)η′) ≤ αA(η) + (1− α)A(η′). (3.2)

This inequality has two immediate consequences. First, if A(η) and A(η′) are finite,
then A(αη+(1−α)η′) is finite as well. Hence, H is convex. Second, inequality (3.2)
is precisely the definition of convexity of the function A.

Equality in Hölder’s inequality occurs if and only if the two functions inside the
integral are proportional. Here, this would require the existence of a constant c > 0
such that

exp{⟨η, T (x)⟩} = c · exp{⟨η′, T (x)⟩} for all x.
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After normalization, this implies Pη = Pη′ . Therefore, if distinct natural parameters
always correspond to distinct distributions, the inequality in (3.2) is strict for α ∈
(0, 1), and A is strictly convex, proving (ii).

Finally, for fixed data x,

ℓx(η) = log pη(x) = ⟨η, T (x)⟩ − A(η) + log h(x).

The term ⟨η, T (x)⟩ is linear in η, while −A(η) is concave because A is convex.
Adding a linear function does not affect concavity. Hence, ℓx(η) is concave on H,
and strictly concave whenever A is strictly convex, proving (iii).

The convexity of the natural parameter space and the cumulant generating function
provides a unified explanation for the uniqueness of maximum likelihood estimators
in exponential families such as the Gaussian, Poisson, binomial, and multinomial
models. What appears as a collection of model–specific calculations is, in fact, a
single geometric phenomenon.

Example 3.5 (Gaussian model and convexity of the cumulant function). LetX1, . . . , Xn

be i.i.d. random variables with

Xi ∼ N (µ, σ2),

where both the mean µ and the variance σ2 are unknown. We represent this model
as a full exponential family by introducing the natural parameters

η1 =
µ

σ2
, η2 =

1

σ2
.

With this parametrization, the log-likelihood function can be written in the canon-
ical exponential-family form

ℓx(η) = η1

n∑
i=1

xi + η2

(
−1

2

n∑
i=1

x2i

)
− A(η),

where the cumulant generating function (log-partition function) is given by

A(η) =
n

2

µ2

σ2
+
n

2
log(2πσ2) =

n

2

(
η21
η2

− log η2 + log(2π)

)
.

The gradient of A coincides with the vector of expectations of the sufficient statistics.
A direct calculation yields

∇A(η) =

 n
η1
η2

−n
2

(
η21
η22

+
1

η2

)
 =

(
nµ

−n
2

(
µ2 + σ2

)) =

 Eη

[
n∑

i=1

Xi

]
Eη

[
−1

2

n∑
i=1

X2
i

]
 .

Thus, as predicted by the general theory of exponential families, the gradient of the
cumulant function returns the expectations of the sufficient statistics.

65



FMS 3. Exponential Families

To verify the convexity of A directly, we compute its Hessian matrix:

∇2A(η) =


n

η2
− nη1

η22

− nη1
η22

n

(
η21
η32

+
1

2η22

)
 .

Since η2 > 0 (it is the inverse variance), the upper-left entry is positive. Moreover,
the determinant is

det
(
∇2A(η)

)
=

n2

2η32
> 0.

By Sylvester’s criterion, the Hessian is positive definite for all admissible η, and
hence A is strictly convex.

This explicit calculation illustrates the general convexity result for cumulant func-
tions in exponential families, which in theory follows from Hölder’s inequality but
in this Gaussian case can be verified directly by elementary calculus.

3.5.3 Analytic Properties

Theorem 3.2 (Analyticity of exponential-family integrals). Let η be a point in the
interior of the natural parameter space H. Let f : X → R be a measurable function
that is integrable with respect to Pη.

Then the mapping

η 7−→
∫
f(x) exp

{
⟨η, T (x)⟩

}
h(x) dν(x)

admits continuous partial derivatives of all orders. Moreover, all derivatives can be
computed by differentiating under the integral sign. In particular, the function is
analytic on the interior of H.

Remark. The expression above represents (up to normalization) the expectation of
the statistic f(X) when X is drawn from an exponential family distribution with
natural parameter η. The theorem therefore shows that expectations with respect
to exponential family models depend smoothly on the natural parameters, as long
as η lies in the interior of the parameter space.

Remark (Idea of the proof). The result follows from an application of Lebesgue’s
dominated convergence theorem to difference quotients arising in the definition of
partial derivatives. Since derivatives are limits of difference quotients, the key step is
to justify the interchange of differentiation and integration. The exponential struc-
ture of the density allows the difference quotients to be dominated by an integrable
function, ensuring the validity of this interchange. A detailed proof can be found in
Lehmann and Romano (2005, Theorem 2.7.1).

3.5.4 Cumulant Generating Transform

A central object in the theory of exponential families is the cumulant generating
function A(η). Beyond its role as a normalizing constant, A encodes the first- and
second-order moments of the sufficient statistic through differentiation.
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Corollary 3.2 (Derivatives of the cumulant function). Let {Pη : η ∈ H} be an
exponential family in canonical form with sufficient statistic T = (T1, . . . , Td) and
cumulant generating function A. For all η in the interior of H,

∂

∂ηj
A(η) = Eη[Tj(X)] ,

∂2

∂ηj∂ηk
A(η) = Covη[Tj(X), Tk(X)] .

Equivalently,
∇A(η) = Eη[T (X)], ∇2A(η) = Covη[T (X)].

Proof. By definition of the exponential family in canonical form, the density inte-
grates to one: ∫

X
exp{⟨η, T (x)⟩ − A(η)}h(x) dν(x) = 1, ∀ η ∈ H.

Although the right-hand side is constant, the left-hand side is a function of η. Since
η lies in the interior of H, we may differentiate under the integral sign.

Taking the partial derivative with respect to ηj yields∫
X
exp{⟨η, T (x)⟩ − A(η)}

(
Tj(x)−

∂

∂ηj
A(η)

)
h(x) dν(x) = 0.

Recognizing the integrand as an expectation under Pη proves the first identity.

Differentiating once more with respect to ηk and differentiating under the integral
sign, yields

0 =

∫
X
exp{⟨η, T (x)⟩ − A(η)}

(
Tk(x)−

∂

∂ηk
A(η)

)(
Tj(x)−

∂

∂ηj
A(η)

)
h(x) dν(x)

−
∫
X
exp{⟨η, T (x)⟩ − A(η)} ∂2

∂ηj∂ηk
A(η)h(x) dν(x).

Since the density integrates to one, the second integral equals ∂2

∂ηj∂ηk
A(η), and we

obtain∫
X
exp{⟨η, T (x)⟩ − A(η)}

(
Tj(x)−Eη[Tj(X)]

)(
Tk(x)−Eη[Tk(X)]

)
h(x) dν(x) =

∂2

∂ηj∂ηk
A(η).

Recognizing the left-hand side as a covariance under Pη, we conclude that

Covη[Tj(X), Tk(X)] =
∂2

∂ηj∂ηk
A(η).

Remark (Interpretation). The function A is called the cumulant generating function
because its derivatives generate cumulants of the sufficient statistic. In particular,
the gradient of A yields the mean vector, while the Hessian yields the covariance
matrix. This provides a direct and efficient way to compute moments in exponential
families by differentiation rather than integration.
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3.5.5 Random Vectors

Let

X =

X1
...
Xd


be a random vector, viewed equivalently as a vector of d real-valued random variables
or as a random element of Rd equipped with its Borel σ-algebra.

Definition 3.3 (Expectation of a random vector). The expectation (mean vector)
of X is defined componentwise by

E[X] =

E[X1]
...

E[Xd]

 ,

whenever all component expectations exist.

Definition 3.4 (Variance matrix). The variance matrix of X is the d× d matrix

Var[X] =
(
Cov(Xi, Xj)

)
1≤i,j≤d

,

whose diagonal entries are the variances of the coordinates of X and whose off-
diagonal entries are the pairwise variances.

Remark. Expectations of vector- or matrix-valued random quantities are always
understood entrywise. In particular, whenever E[X] or Var[X] is written, all relevant
moments are assumed to exist.

Remark (Positive semidefiniteness). The covariance matrix Var[X] is always positive
semidefinite.

In the context of exponential families, the sufficient statistic T (X) is a random vec-
tor. Applying the results of Section 3.5.4, the gradient and Hessian of the cumulant
generating function A admit a direct probabilistic interpretation:

∇A(η) = Eη[T (X)], D2A(η) = Varη[T (X)].

Thus, the first derivative of A yields the mean vector of the sufficient statistic, while
the second derivative yields its variance matrix.

3.6 Mean Parametrization

Let {Pη : η ∈ H′} be an exponential family in canonical form, where the natural
parameter space H′ ⊂ Rd is open and convex. The associated cumulant generating
function A : H′ → R is strictly convex on H′.

As a consequence, the gradient mapping

η 7−→ ∇A(η) = Eη[T (X)]
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is injective. Hence, each value of the natural parameter η corresponds to a unique
value of the expectation of the sufficient statistic. This establishes a one–to–one
correspondence between the natural parameter η and the mean parameter

θ := Eη[T (X)].

This alternative parametrization of the exponential family is called themean parametriza-
tion. While the natural parametrization is particularly well-suited for studying
convexity and optimization properties, the mean parametrization provides a direct
probabilistic interpretation in terms of expected sufficient statistics.

Example 3.6 (Gaussian model). Consider the Gaussian exponential family with
unknown mean µ and variance σ2, and natural parameters

η =

(
η1
η2

)
=

(
µ/σ2

1/σ2

)
.

The corresponding mean parameters are given by

∇A(η) = Eη[T (X)] =

(
µ

−1
2
(µ2 + σ2)

)
=


η1
η2

−1

2

(
η21
η22

+
1

η2

)
 .

This mapping is one–to–one, illustrating explicitly the equivalence between the nat-
ural and mean parametrizations in this model.

Remark. The injectivity of the gradient map follows from strict convexity of A: the
gradient of a strictly convex function is injective on any convex domain. Conse-
quently, distributions in an exponential family may be uniquely identified either by
their natural parameters or by the mean values of their sufficient statistics.

3.7 A Terminological Remark on Exponential Fam-

ilies

Before turning to estimation, we make a brief remark on terminology. An exponential
family is not a single probability distribution but a statistical model, that is, a
collection of probability distributions indexed by a parameter. Typical examples
include the Gaussian distributions with varying mean and variance, the Poisson
distributions with varying rate parameter, or the binomial distributions with varying
success probability.

In the literature—particularly in machine learning—it is common to encounter
phrases such as “the Poisson distribution is in the exponential family.” Such for-
mulations should be interpreted with care. More precisely, one should say that a
family of Poisson distributions, indexed by their rate parameter, forms or constitutes
an exponential family when written in canonical form.
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Throughout these notes, we will therefore avoid referring to individual distributions
as belonging to “the” exponential family. Instead, we emphasize that exponen-
tial families are collections of distributions that admit a common representation in
exponential-family form.

We now proceed to the problem of statistical estimation for exponential family
models.
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4. Unbiased Estimation

This chapter is devoted to estimators that are unbiased, that is, estimators whose ex-
pectation equals the target parameter.We will develop a classical optimality theory,
including criteria for comparing and improving unbiased estimators.

The material follows the classical theory of point estimation, as presented for exam-
ple in Lehmann and Casella (1998, Chapter 2).

4.1 Unbiased Estimators

Setting We consider the following framework:

• Observation: X, taking values in a sample space X .

• Statistical model: P = {Pθ : θ ∈ Θ}.

• Parameter of interest: γ(θ) ∈ R, a real-valued function of θ.

Definition 4.1. An estimator T = T (X) is called unbiased for γ(θ) if

Eθ[T ] = γ(θ) for all θ ∈ Θ,

where the expectation is taken with respect to X ∼ Pθ.

If an unbiased estimator exists for γ(θ), the parameter γ(θ) is called U–estimable.

Motivation and Intuition
Unbiased estimators are attractive because, on average, they return the correct
value of the target parameter. That is, repeated applications of the estimator will
not systematically overestimate or underestimate the quantity of interest.

In terms of mean squared error (MSE),

MSE(T ) =
(
Bias(T )

)2
+ Varθ(T ),

unbiased estimators have zero bias, so minimizing MSE reduces to minimizing vari-
ance. Therefore, when restricting attention to unbiased estimators, the natural
question is:

Does there exist an unbiased estimator with minimal variance?
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Discussion

The notion of unbiasedness depends on the underlying model P and the parameter
of interest γ(θ). For example:

• X may be a single observation, a vector of independent draws, or even a matrix
of observations.

• γ(θ) could be a component of a multivariate parameter, such as the mean of
a Gaussian distribution.

Unbiased estimators are often preferred when constructing confidence intervals, be-
cause the usual ± margin-of-error construction is centered around the estimator.
A biased estimator would systematically shift this interval, potentially distorting
coverage probabilities.

Finally, note that not every parameter admits an unbiased estimator. Restrict-
ing attention to unbiased estimators removes pathological cases (such as constant
estimators that trivially minimize MSE but are useless for estimating a varying pa-
rameter), allowing the meaningful study of optimal unbiased estimators, i.e., those
with minimal variance among all unbiased estimators.

4.2 UMVUE

Definition 4.2. Let T be an unbiased estimator of γ(θ). If for any other unbiased
estimator T ′ of γ(θ), it holds that

Varθ[T ] ≤ Varθ[T
′] ∀θ ∈ Θ,

then T is called UMVUE (Uniform Minimum Variance Unbiased Estimator) of
γ(θ).

That is, among all unbiased estimators of γ(θ), the estimator T achieves the smallest
variance uniformly over the entire parameter space.

Proposition 4.1 (Uniqueness of the UMVUE). Let T be a UMVUE of γ(θ) such
that

Varθ(T ) <∞, ∀θ ∈ Θ.

Then T is unique in the following sense: if T ′ is another UMVUE of γ(θ), then

Pθ(T = T ′) = 1, ∀θ ∈ Θ.

Proof. Assume that T ′ is another UMVUE of γ(θ). Since both T and T ′ are unbi-
ased, their average

T ∗ :=
1

2
(T + T ′)

is also an unbiased estimator of γ(θ).
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Because T is a UMVUE, its variance cannot exceed that of any other unbiased
estimator. In particular,

Varθ(T ) ≤ Varθ(T
∗), ∀θ ∈ Θ.

A direct computation yields

Varθ(T
∗) =

1

4
Varθ(T ) +

1

4
Varθ(T

′) +
1

2
Covθ(T, T

′).

Since both T and T ′ are UMVUEs, they must have the same variance for every θ.
Applying the Cauchy–Schwarz inequality,

Covθ(T, T
′) ≤

√
Varθ(T )Varθ(T ′),

we obtain
Varθ(T

∗) ≤ Varθ(T ).

Combining this with the earlier inequality shows that equality must hold throughout.
In particular, equality in the Cauchy–Schwarz inequality implies

Corrθ(T, T
′) = 1,

and therefore there exist constants a, b ∈ R such that

Pθ(T
′ = aT + b) = 1, ∀θ ∈ Θ.

Because T and T ′ are unbiased for the same target, Eθ[T ] = Eθ[T
′] implies b = 0.

Moreover, equality of variances yields

Varθ(T
′) = a2Varθ(T ) = Varθ(T ),

so a = 1. Hence,
Pθ(T = T ′) = 1, ∀θ ∈ Θ,

which proves uniqueness.

Example 4.1 (Binomial model). Let X ∼ Binomial(n, θ), where n is known and
θ ∈ (0, 1).

For any estimator T = T (X), its expectation is given by

Eθ[T ] =
n∑

x=0

T (x)

(
n

x

)
θx(1− θ)n−x.

Since the binomial probability mass function is a polynomial in θ of degree at most
n, the expectation Eθ[T ] is itself a polynomial in θ of degree at most n. Moreover,
by choosing the values T (0), . . . , T (n) appropriately, any polynomial of degree at
most n can be represented in this way.

Consequently, the parameters γ(θ) that are unbiasedly estimable in the binomial
model are precisely the polynomials in θ of degree at most n. Thus, non-polynomial
functions such as γ(θ) =

√
θ are not unbiasedly estimable.

As a simple example, the parameter γ(θ) = θ is unbiasedly estimable. The estimator

θ̂ =
X

n

is unbiased for θ and, in fact, is the UMVUE of θ in the binomial model; see Lehmann
and Casella (1998, Example 2.3.1).
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Example 4.2 (Gaussian model). Let X1, . . . , Xn be i.i.d. N (µ, σ2), with θ =
(µ, σ2) ∈ Θ = R× (0,∞).

In this model, several UMVUEs can be identified explicitly. A later theorem shows
that the

• Sample mean

Xn =
1

n

n∑
i=1

Xi

is the UMVUE of µ;

• Sample variance

s2 =
1

n− 1

n∑
i=1

(Xi −Xn)
2

is the UMVUE of σ2.

If the target parameter is changed from σ2 to σ, unbiasedness is no longer preserved
by taking square roots: s =

√
s2 is biased for σ. Nevertheless, there exists an

unbiased estimator of σ, given by

21/2
Γ
(
n−1
2

)
Γ
(
n
2

) ·

√√√√ n∑
i=1

(Xi −Xn)2,

which is the UMVUE of σ.

Note. In this Gaussian example, the maximum likelihood estimator

σ̂2 =
1

n

n∑
i=1

(Xi −Xn)
2

has smaller mean square error than the UMVUE s2, despite being biased. More
generally, among estimators of the form

1

a

n∑
i=1

(Xi −Xn)
2,

the choice a = n+1 minimizes the mean square error. This highlights that UMVUE
optimality depends on the unbiasedness criterion and does not necessarily align with
MSE optimality.

4.2.1 Behrens–Fisher Problem

Proposition 4.2 (Behrens–Fisher Problem). Consider two independent samples
X1, . . . , Xn and Y1, . . . , Ym, where

Xi
i.i.d.∼ N (µ, σ2), Yj

i.i.d.∼ N (µ, τ 2),

with unknown parameter θ = (µ, σ2, τ 2). Although unbiased estimators of the com-
mon mean µ exist, there is no UMVUE of µ.
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Proof. Suppose, for contradiction, that there exists a UMVUE µ̂∗ for µ in the full
model.

To analyze optimality, consider a submodel in which the variance ratio

τ 2

σ2
= a

is fixed and known, with a > 0. In this submodel, the optimal way to combine
information from the two samples is determined by the relative variances. It can be
shown that the UMVUE of µ in this submodel is

µ̂a =

n∑
i=1

Xi +
1
a

m∑
j=1

Yj

n+ 1
a
m

.

This estimator assigns more weight to the sample with smaller variance and is un-
biased for µ.

Importantly, µ̂a remains an unbiased estimator of µ even in the full model with
arbitrary (µ, σ2, τ 2). Since µ̂∗ is assumed to be a UMVUE in the full model, it must
also be a UMVUE within every submodel. By the uniqueness of UMVUEs, this
implies

µ̂∗ = µ̂a Lebesgue–almost everywhere.1

However, the estimator µ̂a depends explicitly on the value of a. Since a > 0 was
arbitrary, the above almost sure equality would have to hold simultaneously for all
a > 0, which is impossible. This contradiction shows that no UMVUE for µ exists
in the Behrens–Fisher problem.

The underlying intuition is that an optimal combination of the sample means must
weight them according to their relative variances. If the variance ratio were known,
the optimal weighting would be clear. When the ratio is unknown, no single unbiased
estimator can uniformly dominate all variance–specific combinations, preventing the
existence of a UMVUE.

4.2.2 L2–Orthogonality

A useful way to understand optimal unbiased estimation is through the geometry
of L2 spaces. Unbiased estimators of a fixed target γ(θ) form an affine space, and
differences of such estimators lie in a linear space of estimators with mean zero.
Since variance is simply the squared L2-norm, the problem of finding a UMVUE
becomes a problem of orthogonal projection. The following theorem formalizes this
idea.

Theorem 4.1 (Characterization via L2-orthogonality). Let T be an unbiased esti-
mator of γ(θ) with Varθ[T ] <∞ for all θ ∈ Θ. For each θ ∈ Θ, define

U(θ) = {U : Eθ′ [U ] = 0 ∀θ′ ∈ Θ, Varθ[U ] <∞} .

Then T is a UMVUE of γ(θ) if and only if

Covθ[T, U ] = Eθ[T · U ] = 0 ∀θ ∈ Θ, ∀U ∈ U(θ).
1Null sets of any multivariate normal distribution coincide with sets of Lebesgue measure zero.
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The condition above has a natural geometric interpretation. For U ∈ U(θ), we have
Eθ[U ] = 0, and therefore

Covθ[T, U ] = Eθ[(T − Eθ[T ])U ] = Eθ[T · U ].

Thus the covariance plays the role of an inner product in L2(Pθ). The theorem states
that a UMVUE is precisely an unbiased estimator that is orthogonal, at every θ, to
the subspace of unbiased estimators of zero. As in Euclidean geometry, orthogonality
characterizes the point of minimal distance, here corresponding to minimal variance.

Remark (Uniqueness of the UMVUE). The orthogonality characterization immedi-
ately implies uniqueness. If both T and T ′ are UMVUEs of γ(θ), then T−T ′ ∈ U(θ),
and hence

Varθ[T − T ′] = Covθ[T − T ′, T − T ′]

= Covθ[T, T − T ′]− Covθ[T
′, T − T ′] = 0.

Consequently, Pθ(T = T ′) = 1 for all θ ∈ Θ.

Proof.

=⇒) Assume that T satisfies the orthogonality condition. Let T ′ be any other
unbiased estimator of γ(θ), so that Eθ[T − T ′] = 0 for all θ ∈ Θ.

Fix θ ∈ Θ. If Varθ[T
′] = ∞, then trivially Varθ[T ] ≤ Varθ[T

′]. Otherwise,
suppose Varθ[T

′] < ∞. Since both T and T ′ have finite variance under Pθ,
their difference satisfies

Varθ[T − T ′] = Varθ[T ] + Varθ[T
′]− 2Covθ[T, T

′] <∞,

and hence T − T ′ ∈ U(θ).
By orthogonality,

0 = Covθ[T, T − T ′] = Varθ[T ]− Covθ[T, T
′].

Therefore,
Varθ[T ] = Covθ[T, T

′] ≤
√
Varθ[T ]Varθ[T ′]

by the Cauchy–Schwarz inequality. Dividing by
√
Varθ[T ] yields Varθ[T ] ≤

Varθ[T
′]. Since T ′ was arbitrary, T is a UMVUE.

⇐=) Suppose T is a UMVUE and let U ∈ U(θ). For any a ∈ R, the estimator
T + aU is unbiased for γ(θ). Optimality of T implies that the function a 7→
Varθ[T + aU ] is minimized at a = 0, which forces Covθ[T, U ] = 0.

This characterization is often useful in practice. In some models, such as the
binomial family, one can directly verify the orthogonality condition to identify a
UMVUE. Conversely, the failure of such an orthogonality relation may be used to
show that no UMVUE exists. In this sense, the theorem provides both a constructive
and a diagnostic tool in the theory of unbiased estimation.
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Some Preparation on Conditioning

Conditioning provides a powerful and often simpler alternative to direct L2-orthogonality
arguments when constructing good estimators. Beyond its interpretation as an av-
eraging or integration operation, conditional expectation can be understood as the
optimal prediction of one random variable based on the information contained in
another. This viewpoint naturally leads to variance decompositions and explains
why conditioning typically reduces variability.

Throughout this section, let Y and Z be random variables such that Var[Y ] <∞.

Lemma 4.1 (Basic identities for conditioning). The following properties hold:

i) Law of total expectation (tower rule):

E[Y ] = E[E[Y | Z]].

ii) Law of total variance:

Var[Y ] = Var[E[Y | Z]] + E[Var[Y | Z]].

iii) Degeneracy conditions:

Var[E[Y | Z]] = 0 ⇐⇒ E[Y | Z] is a.s. constant,

and
E[Var[Y | Z]] = 0 ⇐⇒ Y = E[Y | Z] a.s.

These identities reveal how the variability of Y decomposes into two distinct compo-
nents. The term Var[E[Y | Z]] measures the variability explained by the information
in Z, while E[Var[Y | Z]] captures the remaining randomness after conditioning. In
particular, conditioning can never increase variance.

Proof.

i) The first identity is the law of total expectation.

ii) Observe that

Var[E[Y | Z]] = E
[
(E[Y | Z])2

]
− (E[E[Y | Z]])2

= E
[
(E[Y | Z])2

]
− (E[Y ])2 ,

while

E[Var[Y | Z]] = E
[
E[Y 2 | Z]− (E[Y | Z])2

]
= E[Y 2]− E

[
(E[Y | Z])2

]
.

Adding these two expressions yields

Var[E[Y | Z]] + E[Var[Y | Z]] = E[Y 2]− (E[Y ])2 = Var[Y ].
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iii) Note that

E
[
(Y − E[Y | Z])2

]
= E[Y 2]− 2E[Y E[Y | Z]] + E

[
(E[Y | Z])2

]
= E[Y 2]− 2E[E[Y E[Y | Z] | Z]] + E

[
(E[Y | Z])2

]
= E[Y 2]− E

[
(E[Y | Z])2

]
= E[Var[Y | Z]].

Thus E[Var[Y | Z]] = 0 if and only if Y = E[Y | Z] almost surely. Similarly,
Var[E[Y | Z]] = 0 holds if and only if E[Y | Z] is almost surely constant.

From a geometric perspective, E[Y | Z] is the best approximation to Y among all
functions of Z in the L2-sense. That is, it minimizes

E
[
(Y − g(Z))2

]
over all measurable functions g. This variance-minimization property explains why
conditioning is such an effective tool in estimation theory: replacing a statistic by
its conditional expectation given additional information can only reduce variance.

4.2.3 Rao–Blackwell Theorem

A central principle in estimation theory is that conditioning reduces variance. The
Rao–Blackwell theorem formalizes this idea and shows how an arbitrary unbiased
estimator can be systematically improved by conditioning on a sufficient statistic.
This result provides one of the main practical tools for constructing optimal unbiased
estimators.

Theorem 4.2 (Rao–Blackwell). Let T be an unbiased estimator of γ(θ) with Varθ[T ] <
∞ for all θ ∈ Θ. Suppose that S is a sufficient statistic for θ. Define

T ∗ := E∗[T | S] ≡ Eθ[T | S].

Then T ∗ is an unbiased estimator of γ(θ) and satisfies

Varθ[T
∗] ≤ Varθ[T ] ∀θ ∈ Θ.

Moreover,
Varθ[T

∗] < Varθ[T ] unless T = T ∗ a.s. under Pθ.

Remark. The logic of the theorem has two complementary components. First, con-
ditioning on any statistic can only decrease variance, since

Varθ[T ] = Varθ[Eθ[T | S]] + Eθ[Varθ[T | S]],

and the second term is nonnegative. Second, sufficiency of S ensures that the condi-
tional expectation E∗ [T |S] ≡ Eθ[T | S] does not depend on the unknown parameter
θ, so that T ∗ is a well-defined statistic, i.e. a function of the data alone.
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Proof. Unbiasedness follows from the law of total expectation:

Eθ[T
∗] = Eθ[E∗[T | S]] = Eθ[Eθ[T | S]] = Eθ[T ] = γ(θ), ∀θ ∈ Θ.

To compare variances, apply the law of total variance by part (ii) of Lemma 4.1:

Varθ[T ] = Varθ[T
∗] + Eθ[Var∗[T | S]︸ ︷︷ ︸

≥0

] ≥ Varθ[T
∗].

Equality holds if and only if Eθ[Var∗[T | S]] = 0, which by (iii) of Lemma 4.1 occurs
precisely when T = Eθ[T | S] almost surely.

The Rao–Blackwell theorem thus provides a universal variance-improvement pro-
cedure: starting from any unbiased estimator, conditioning on a sufficient statistic
yields a new estimator that is at least as good, and typically strictly better. This
result will serve as the foundation for constructing uniformly minimum variance
unbiased estimators in subsequent sections.

4.2.4 Complete Statistics

Completeness is an additional structural property of statistics that plays a central
role in identifying estimators that cannot be further improved by conditioning. As
with sufficiency, completeness is always defined relative to a fixed statistical model.

Notation. For a model P = {Pθ : θ ∈ Θ} and random variables X and Y , we write

X = Y [P–a.e.]

if Pθ(X = Y ) = 1 for all θ ∈ Θ. That is, the equality holds almost surely under
every distribution in the model.

Definition 4.3 (Complete statistic). A statistic S is said to be complete for the
model P = {Pθ : θ ∈ Θ} if for every measurable function h,

Eθ[h(S)] = 0 ∀θ ∈ Θ =⇒ h(S) = 0 [P–a.e.].

Thus, completeness requires that the only function of S whose expectation vanishes
under all distributions in the model is the trivial one. In particular, while a random
variable may have expectation zero under many different distributions, completeness
rules out such nontrivial cancellations when the random variable is a function of a
complete statistic.

The importance of completeness becomes apparent in conjunction with the Rao–
Blackwell theorem. Conditioning an unbiased estimator on a sufficient statistic can
only reduce variance; however, unless the sufficient statistic is complete, further
variance reduction may still be possible. Complete sufficient statistics are precisely
those for which this process cannot be continued, leading to estimators that are
optimal among all unbiased estimators.
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As a structural result, known as Bahadur’s theorem,

complete and sufficient =⇒ minimal sufficient.

The converse does not hold in general: a minimal sufficient statistic need not be
complete.

Several examples of complete statistics will be discussed in the following sections.

4.2.5 Lehmann–Scheffé Theorem

The Lehmann–Scheffé theorem formalizes the idea that conditioning on a statistic
that is both sufficient and complete does not merely improve an unbiased estimator,
but actually produces the unique optimal one.

Theorem 4.3 (Lehmann–Scheffé). In the model P = {Pθ : θ ∈ Θ}, let T be an
unbiased estimator of γ(θ) with Varθ(T ) <∞ for all θ ∈ Θ. If S is a sufficient and
complete statistic, then

T ∗ := E∗[T | S]

is the UMVUE of γ(θ).

Motivation and intuition.
Conditioning on a sufficient statistic S (via Rao–Blackwell) always improves variance
among unbiased estimators. However, conditioning alone does not guarantee opti-
mality: if we condition on a merely sufficient (or even minimal sufficient) statistic,
different unbiased estimators may still lead to different conditional expectations.

Completeness is the additional assumption that rules this out. It says that any
function of S whose expectation is zero for all θ must be the zero function. This
forces all unbiased estimators that are functions of S to coincide almost surely,
leaving only a single candidate. That candidate must therefore be the uniformly
minimum variance unbiased estimator.

Proof. As in the proof of the Rao–Blackwell Theorem 4.2, the estimator T ∗ is unbi-
ased because

Eθ[T
∗] = Eθ[E∗[T | S]] = Eθ[Eθ[T | S]] = Eθ[T ] = γ(θ).

Now let T ′ be any other unbiased estimator of γ(θ). By sufficiency of S, using
Rao–Blackwell yields an improved unbiased estimator

T ′′ := E∗[T
′ | S],

which is a function of S.

Both T ∗ and T ′′ are functions of S and satisfy

Eθ[T
∗ − T ′′] = γ(θ)− γ(θ) = 0 for all θ ∈ Θ.
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Hence, T ∗ − T ′′ is a function of S with expectation zero for all θ. By completeness
of S, this implies

T ∗ = T ′′ [P-a.e.].

Therefore, every unbiased estimator, after conditioning on S, collapses to the same
estimator T ∗. This estimator is thus the P-almost surely unique UMVUE of γ(θ).

Note. If an unbiased estimator T is already a function of the complete and sufficient
statistic S, then it is automatically the UMVUE, since

T = E∗[T | S].

Example 4.3 (Binomial model). Let X ∼ Binomial(n, θ) with θ ∈ (0, 1). Since the
entire sample reduces to the total number of successes, X is (trivially) a sufficient
statistic.

To verify completeness, let h be any function such that

Eθ[h(X)] = 0 for all θ ∈ (0, 1).

Then

Eθ[h(X)] =
n∑

x=0

h(x)

(
n

x

)
θx(1− θ)n−x,

which is a polynomial in θ of degree at most n. If this polynomial vanishes for all
θ ∈ (0, 1), then it must be the zero polynomial, and hence all of its coefficients are
zero.

In particular, the constant term satisfies

h(0)

(
n

0

)
= h(0) = 0.

Proceeding inductively, one concludes that h(x) = 0 for all x = 0, . . . , n. Therefore,
X is a complete statistic.

We conclude that X is both sufficient and complete.

Now consider estimation. Since Eθ[X] = nθ, the estimator

θ̂ =
1

n
X

is unbiased for θ. As a function of the complete and sufficient statistic X, it follows
from the Lehmann–Scheffé theorem that θ̂ is the UMVUE of θ.

Similarly, to estimate θ2, note that

Eθ

[
X(X − 1)

n(n− 1)

]
= θ2.

Thus,

θ̂2 =
X(X − 1)

n(n− 1)

is an unbiased estimator and, being a function of the complete and sufficient statistic
X, is the UMVUE of θ2.
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Example 4.4 (Uniform distributions). Let X1, . . . , Xn be i.i.d. Uniform(0, θ) with
θ > 0. The parameter θ is the unknown upper endpoint of the support.

As seen earlier, the statistic

T (X) = max{X1, . . . , Xn}

is sufficient. Intuitively, all information about the endpoint θ is contained in the
largest observation.

To determine the distribution of T , we compute its distribution function. For 0 ≤
t ≤ θ,

Pθ(T ≤ t) = Pθ(Xi ≤ t ∀i) =
(
t

θ

)n

,

since the Xi are i.i.d. Uniform(0, θ). Differentiating yields the density 2

pTθ (t) =
ntn−1

θn
1[0,θ](t).

Claim. The estimator n+1
n
T is the UMVUE of θ.

Proof. We first show unbiasedness. Using the density of T ,

Eθ[T ] =

∫ θ

0

t · nt
n−1

θn
dt =

n

n+ 1
θ,

and hence n+1
n
T is unbiased for θ.

To apply the Lehmann–Scheffé theorem, it remains to verify that T is complete. Let
h : R → R satisfy

Eθ[h(T )] = 0 for all θ > 0.

Then

Eθ[h(T )] =

∫ θ

0

h(t)
ntn−1

θn
dt = 0 ∀ θ > 0

⇐⇒
∫ θ

0

h(t)tn−1 dt = 0 ∀ θ > 0.

Since the integral of h(t)tn−1 over every interval [0, θ] vanishes, it follows that

h(t)tn−11[0,∞)(t) = 0 Lebesgue-a.e.3

Consequently, h(T ) = 0 Pθ-a.s. for all θ > 0, and T is complete.

Since T is both sufficient and complete, the Lehmann–Scheffé theorem implies that
n+1
n
T is the UMVUE of θ.

2Equivalently, 1
θT ∼ Beta(n, 1).

3If a locally integrable function integrates to zero over all intervals [0, θ], then it must vanish
almost everywhere; see, e.g., Shorack (2017), p. 44.
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4.3 Completeness in Exponential Families

A large and important class of models in which completeness arises almost auto-
matically is given by exponential families. In this setting, completeness is closely
related to uniqueness properties of Laplace and characteristic transforms; see, for
instance, Lehmann and Romano (2005, Theorem 4.3.1).4

Theorem 4.4. Let P = {Pθ : θ ∈ Θ} be an exponential family with natural pa-
rameter η(θ) and sufficient statistic T (X). That is, each Pθ admits a density (with
respect to a σ–finite measure ν) of the form

pθ(x) = exp{⟨η(θ), T (x)⟩ −B(θ)}h(x).

If the set {η(θ) : θ ∈ Θ} has non–empty interior, then T is complete.

Interpretation. The theorem states that, for a full exponential family, sufficiency
already implies completeness. The condition that the natural parameter space has
non–empty interior means that the model is not artificially restricted to a lower–
dimensional subset of the natural parameter space.

Together with the Lehmann–Scheffé theorem, this result immediately yields UMVUEs
in many classical models, including the binomial model (Example 4.3). In contrast,
the uniform model (Example 4.4) is not an exponential family, but still admits a
complete sufficient statistic via a separate argument.

Why varying support rules out exponential families. In an exponential
family, the density is strictly positive wherever h(x) > 0, and the function h does not
depend on θ. Consequently, all distributions in the family share the same support.
Models in which the support depends on θ, such as the Uniform(0, θ) family, cannot
be exponential families.

Role of the interior condition. If the natural parameter space {η(θ)} contains
a full–dimensional open set, then completeness follows. For example, in the normal
family with unknown mean µ ∈ R and variance σ2 > 0, the natural parameters(

µ

σ2
,
1

σ2

)
range over an open subset of R2, and the corresponding sufficient statistics are
complete.

However, if the model is restricted, completeness may fail. For instance, if one con-
siders only normal distributions satisfying a constraint that links mean and variance
(e.g. µ = σ2), then the natural parameters lie on a lower–dimensional subset of R2.
In this case, the parameter space has empty interior, and the theorem no longer
applies.

4The proof reduces the problem to uniqueness of characteristic functions.
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Remark. Completeness is a property of all measurable functions of the statistic.
Even if a statistic takes values only in (0,∞), this alone does not imply complete-
ness, since arbitrary functions of the statistic may change signs. Completeness
requires that every function with zero expectation for all parameter values must
vanish almost surely.

Although the result may appear abstract, it is ultimately a consequence of familiar
uniqueness principles for Laplace and characteristic transforms.

Example 4.5 (Estimating a Gaussian probability). Let X1, . . . , Xn be i.i.d. N (µ, 1)
with unknown mean µ and known variance, and assume n ≥ 2.

Parameter of interest. For a fixed x ∈ R, we aim to estimate

γ(µ) := Pµ(X1 ≤ x) = Φ(x− µ),

where Φ denotes the distribution function of N (0, 1).

Unbiased estimation. Since probabilities are expectations of indicator functions,
an unbiased (but inefficient) estimator is immediately available:

T (X1, . . . , Xn) = 1(−∞,x](X1), Eµ[T ] = γ(µ).

Towards a UMVUE. The normal location model with known variance is a one–
parameter exponential family. Its sufficient statistic Xn is also complete (cf. sec-
tion 4.3). Hence, by the Lehmann–Scheffé theorem, the UMVUE of γ(µ) is obtained
by conditioning T on Xn:

T ∗(x̄n) = E∗
[
T (X) | Xn = x̄n

]
= P∗(X1 ≤ x | Xn = x̄n)

= P∗(X1 −Xn ≤ x− x̄n | Xn = x̄n).

Evaluation. The pair (X1 −Xn, Xn) is jointly Gaussian, being a linear transfor-
mation of (X1, . . . , Xn). A direct computation shows that

Cov(X1 −Xn, Xn) = 0,

and hence X1 −Xn and Xn are independent. Therefore,

T ∗(x̄n) = P(X1 −Xn ≤ x− x̄n).

Since X1 −Xn ∼ N
(
0, 1− 1

n

)
, we obtain

P

X1 −Xn√
1− 1

n

≤ x− x̄n√
1− 1

n

 = Φ

(x− x̄n)
1√
1− 1

n

 .
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Conclusion. The UMVUE of γ(µ) = Pµ(X1 ≤ x) is

T ∗(Xn) = Φ

(x−Xn)
1√
1− 1

n

 .

4.4 Nonparametric Unbiased Estimation

Let X1, . . . , Xn be i.i.d. random variables taking values in R with distribution
function (d.f.) F .

Motivation and Model
So far we have mostly discussed parametric models, where we assume a specific
distributional shape but unknown finite-dimensional parameters. For example:

• Xi ∼ Normal(µ, σ2) with unknown µ and σ2,

• Xi ∼ Poisson(λ) with unknown rate λ.

In contrast, nonparametric models are infinite-dimensional: we assume less about
the shape of the distribution. For instance, we might only assume that F has a
density, is smooth, or log-concave, without specifying a particular parametric family.

Here we consider a general nonparametric model. Let F belong to a class F of
distribution functions with the following properties:

• F is convex : any convex combination of distributions in F also belongs to F ,

• All F ∈ F are absolutely continuous (i.e., they have a density f with respect
to Lebesgue measure),

• F contains all uniform distributions.

This is a very large class of distributions: all have densities, but otherwise the
assumptions are minimal.

Order Statistics

We know from general theory that for i.i.d. samples, the order of the data points
contains no additional information. Therefore, the order statistics

T (X1, . . . , Xn) = (X(1), . . . , X(n))

are sufficient statistics. Here, X(1) is the smallest observation, X(2) the second
smallest, and so on up to X(n).

Interestingly, in this nonparametric model, the order statistics are not just suffi-
cient—they are also complete.
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Theorem 4.5. The order statistics

T (X1, . . . , Xn) = (X(1), . . . , X(n))

are complete for the class F .

Proof. To show completeness, we must prove that if h(T ) satisfies

EF [h(T )] = 0 for all F ∈ F ,

then h(T ) = 0 almost surely for all F ∈ F .

Step 1: Consider mixture distributions. Let F1, . . . , Fn ∈ F with densities
f1, . . . , fn and weights α1, . . . , αn > 0. Form the mixture

F =
1∑n

i=1 αi

n∑
i=1

αiFi,

which belongs to F by convexity. Its density is

f =
1∑n

i=1 αi

n∑
i=1

αifi.

Step 2: Express expectation as a polynomial. By assumption, EF [h(T )] = 0,
i.e., ∫

h(T (x1, . . . , xn))
n∏

j=1

f(xj) dx = 0.

Substituting the mixture density gives∫
h(T (x1, . . . , xn))

n∏
j=1

( n∑
i=1

αifi(xj)
)
dx = 0.

This is a polynomial in α1, . . . , αn. Since it vanishes for all αi > 0, all coefficients
must be zero.

Step 3: Focus on the coefficient of
∏

i αi. This coefficient is

∑
π∈Sn

∫
h(T (x1, . . . , xn))

n∏
i=1

fi(xπ(i)) dx.

Reindexing the integration variables using the permutation π gives

n!

∫
h(T (x1, . . . , xn))

n∏
i=1

fi(xi) dx = 0.
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Step 4: Reduce to uniform distributions. Choose fi(x) =
1

bi−ai
1[ai,bi](x), i.e.,

Fi ∼ Uniform(ai, bi). Then

0 =

∫ b1

a1

· · ·
∫ bn

an

h(T (x1, . . . , xn)) dx1 . . . dxn.

Step 5: Conclude by rectangles. Since this holds for all rectangles [a1, b1] ×
· · · × [an, bn], a standard result from integration theory implies

h(T ) ≡ 0 almost everywhere.

Because all F ∈ F are absolutely continuous, we conclude

PF (h(T ) = 0) = 1 for all F ∈ F .

Discussion. This shows that in this very general nonparametric model, the order
statistics are both sufficient and complete. By the Lehmann–Scheffé theorem, any
unbiased estimator of a parameter can be improved (or obtained) by conditioning
on the order statistics. The completeness property here relies on the richness of F
and the convexity/mixture argument.

4.4.1 U–Statistics

In statistics, we often want to estimate parameters that are functions of several
observations at a time, not just of single data points. This leads naturally to the no-
tion of U–statistics, which generalize many familiar estimators such as the sample
mean or variance.

A U–statistic is built from a kernel function h that acts on m data points at a time:

h : Xm → R, for X ⊆ R.

We usually assume that h is symmetric, meaning that permuting its arguments does
not change its value:

h(xπ(1), . . . , xπ(m)) = h(x1, . . . , xm) ∀π ∈ Sm, ∀x ∈ X .

If h is not symmetric, we can symmetrize it by averaging over all permutations:

h̃(x1, . . . , xm) =
1

m!

∑
π∈Sm

h(xπ(1), . . . , xπ(m)).

Definition 4.4. For n ≥ m, the U–statistic of order m with kernel h is

Un(x1, . . . , xn) =
1(
n
m

) ∑
1≤i1<i2<···<im≤n

h(xi1 , . . . , xim).

Intuitively, Un computes h on every subset of size m of the data and averages the
results.

87



FMS 4. Unbiased Estimation

Intuition Think of your dataset as a vector in Rn. A U–statistic of order m
examines all possible subsets of size m, applies a function h to each, and averages
the outputs. This approach captures interactions among m points and leads to
unbiased estimators for parameters that are expectations of such functions.

4.4.2 U–Statistics and UMVUE

We now connect U–statistics to optimal unbiased estimation. Suppose we want to
estimate a parameter that is the expectation of a kernel function h applied to m
i.i.d. observations.

Theorem 4.6. Let F be a class of distributions satisfying:

• F is convex,

• F contains only absolutely continuous distributions,

• F contains all uniform distributions.

If X1, . . . , Xn are i.i.d. with d.f. F ∈ F and EF [h(X1, . . . , Xm)
2] <∞ for all F ∈ F ,

then the U–statistic Un is the UMVUE of

γ(F ) = EF [h(X1, . . . , Xm)].

Proof.

i) Unbiasedness: By linearity of expectation,

EF [Un(X1, . . . , Xn)] =
1(
n
m

) ∑
1≤i1<···<im≤n

EF [h(Xi1 , . . . , Xim)] = γ(F ),

because each term in the sum has expectation γ(F ) and there are exactly
(
n
m

)
terms.

ii) Optimality via Lehmann–Scheffé: Un is symmetric in its arguments, so
it is a function of the order statistics X(1), . . . , X(n). Since order statistics are
complete and sufficient for F , the Lehmann–Scheffé theorem guarantees that
Un is UMVUE.

Examples

• Sample mean: If γ(F ) = EF [X1], take m = 1 and h(x1) = x1. Then

Un(X) = Xn =
1

n

n∑
i=1

Xi.
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• Squared mean: For γ(F ) = (EF [X1])
2, use m = 2 and h(x1, x2) = x1x2.

Then

Un(X) =
1(
n
2

) ∑
1≤i<j≤n

XiXj,

which is an unbiased estimator of (E[X1])
2 because E[XiXj] = (E[X1])

2 for
independent Xi, Xj.

• Variance: For γ(F ) = VarF [X1], noting that VarF [X1] = EF [X1(X1 −X2)]
and symmetrizing x1(x1 − x2) yields this kernel

h(x1, x2) =
1

2
(x1 − x2)

2, m = 2.

The corresponding U–statistic

Un(X) =
1(
n
2

) ∑
1≤i<j≤n

(Xi −Xj)
2

2

is the unbiased sample variance.

Takeaways U–statistics provide a systematic way to construct unbiased estima-
tors of parameters that are expectations of functions of multiple observations. The
kernel h encodes which combinations of observations are relevant, and the averag-
ing over subsets ensures unbiasedness. In large nonparametric models, U–statistics
often produce the best possible unbiased estimators, capturing quantities like the
mean, variance, or higher-order moments in a unified framework.
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5. Cramér-Rao Lower Bound

This chapter presents a lower bound on the variance of an estimator, which offers
a different perspective on optimality in the context of unbiased estimation. While
previous chapters focused on characterizing optimal estimators—such as those found
through complete statistics or conditioning—this “lower bound” approach provides
a complementary perspective by identifying fundamental barriers to estimation ac-
curacy.

The core idea is to establish a threshold that any estimator (under specific assump-
tions like unbiasedness) must respect; if an estimator’s variance matches this lower
bound, it is proven to be optimal as no better performance is possible. This bound
also illustrates how estimation accuracy is impacted by the presence of nuisance pa-
rameters (i.e., parameters that are unknown but not of direct interest). For further
reading, consider, e.g., Wellner (2018, chap. 3).

Remark. The study of fundamental barriers is common in statistical literature. For
instance, in minimax estimation, one seeks to prove lower bounds on the minimax
risk. Proving a lower bound and subsequently exhibiting an estimator that achieves
it (a matching upper bound) is a standard method to establish optimality. In this
course, we focus on the simplest instance: the Cramér-Rao lower bound for unbiased
estimation.

Our starting point is the fundamental question:

How well can one estimate a parameter?

Setup

• X ∼ Pθ where θ ∈ Θ ⊆ Rk. We assume Θ is an open subset to allow for
differentiation with respect to the parameters.

• Densities: pθ(x) =
dPθ

dν
(x), x ∈ X .We assume the model is smoothly parametrized

so that these densities are differentiable.

• Target Parameter: γ(θ) ∈ Rr for a differentiable map γ : Θ → Rr.

• The Jacobian of γ is the r × k matrix:

γ̇(θ) =

(
∂γi(θ)

∂θj

)
ij

.
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Definition 5.1 (Bias). Suppose we have an estimator T : X → Rr such that
Eθ[|T |] <∞ for all θ ∈ Θ. The bias of the estimator is defined as

b(θ) = Eθ[T ]− γ(θ).

Question: How small can Varθ[T ] be in relationship to its bias?

Specifically, for unbiased estimators, this question asks for the minimum achievable
Mean Square Error (MSE).

5.1 Score Function and Fisher Information

Definition 6.1. Assuming existence of the derivatives and expectations, we define

i. Score function

ℓ̇θ(x) = ∇θ log pθ(x) =


∂

∂θ1
log pθ(x)
...

∂
∂θk

log pθ(x)

 .

ii. Fisher Information

I(θ) = Varθ[ℓ̇θ(X)].

In the sequel we derive a lower bound on Varθ[T ] , the Cramér–Rao bound or also
information inequality, in which the Fisher information will play a key role.

5.2 Cramér–Rao Bound

If r = k = 1, the Cramér–Rao (CR) bound will take the form

Varθ[T ] ≥

(
γ̇(θ) + ḃ(θ)

)2
I(θ)

, θ ∈ Θ.

If T is unbiased, then

Varθ[T ] ≥
(γ̇(θ))2

I(θ)
, θ ∈ Θ. (5.1)

If r = 1 and k > 1, the bound in (5.1) generalizes to

Varθ[T ] ≥ γ̇(θ)I−1(θ)γ̇(θ)⊤.

If r ≥ 2 , a lower bound on the r × r covariance matrix Varθ[T ] may be given in
terms of the Löwner (or positive semidefinite) ordering:

A ⪰ B ⇐⇒ A−B ⪰ 0 ⇐⇒ y⊤(A−B)y ⩾ 0 ∀y ∈ Rr.

92



FMS 5. Cramér-Rao Lower Bound

Assumptions:

(M1) Θ is an open subset of Rk;

(M2) ∃B ⊂ X with ν(B) = 0 s.t. ∀x /∈ B : θ 7→ pθ(x) is differentiable;

(M3) A := {x : pθ(x) = 0} does not depend on θ;1

(M4) I(θ) is finite and positive definite for all θ ∈ Θ;

(M5) The functions θ 7→
∫
pθ(x)dv(x) and θ 7→

∫
Ti(x)pθ(x)dv(x) , 1 ≤ i ≤ r , can

be differentiated (wrt. θ ) under the integral sign. (Of course,
∫
pθ(x)dv(x) ≡

1.)

Theorem 5.1 (Cramér–Rao bound / Information inequality). If (M1)-(M5) holds,
then

Varθ[T (X)] ⪰
(
γ̇(θ) + ḃ(θ)

)
I−1(θ)

(
γ̇(θ) + ḃ(θ)

)⊤
, θ ∈ Θ.

Proof.

Varθ

[(
T (X)

ℓ̇θ(X)

)]
=

(
Varθ[T (X)] Covθ[T (X), ℓ̇θ(X)]

Covθ[T (X), ℓ̇θ(X)] Varθ[ℓ̇θ(X)]

)
By definition, Varθ[ℓ̇θ(X)] = I(θ) . Under our assumptions:

Fact: Eθ[ℓ̇θ(X)] = 0 (5.2)

Indeed, for j = 1, . . . , k:

Eθ[ℓ̇θ,j(X)] =

∫ (
∂

∂θj

log pθ(x)

)
pθ(x) dν(x)

=

∫
∂

∂θj

pθ(x) dν(x)
(M5)
=

∂

∂θj

∫
pθ(x) dν(x)

=
∂

∂θj

1 = 0.

It also holds that Covθθθ[T (X), ℓ̇θθθ(X)] = γ̇(θθθ) + ḃ(θθθ) as seen from

Covθ
[
Ti(X), ℓ̇θ,j(X)

] (5.2)
= Eθ

[
Ti(X)ℓ̇θ,j(X)

]
=

∫
Ti(x)

( ∂

∂θj

log pθ(x)
)
pθ(x) dν(x)

=

∫
∂

∂θj

Ti(x)pθ(x) dν(x)

(M5)
=

∂

∂θj

Eθ

[
Ti(X)

]
=
(
γ̇(θ) + ḃ(θ)

)
ij
.

1This is essentially the complement of the support of Pθ , where the support is the smallest
closed set C with Pθ(C) = 1 .
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Therefore,

Varθ

[(
T (X)

ℓ̇θ(X)

)]
=

(
Varθ[T (X)] γ̇(θ) + ḃ(θ)(
γ̇(θ) + ḃ(θ)

)⊤
I(θ)

)
.

Since this covariance matrix is positive semidefinite and I(θ) is invertible, it follows
that the Schur complement (see Definition 5.2) of the Fisher information is equal to

Varθ[T (X)]− (γ̇(θ) + ḃ(θ))I−1(θ)(γ̇(θ) + ḃ(θ))⊤ ⪰ 0,

and positive semidefinite, which completes the proof.

Schur Complement

Consider a partitioned matrix

A =

( k m
k A11 A12

m A21 A22

)
in which the m×m block A22 is invertible.

Definition 5.2 (Schur complement). The Schur complement of A22 in A is

A11.2 := A11 − A12A
−1
22 A21.

Lemma 5.1. If A ⪰ 0 and in particular A symmetric, then A11.2 ⪰ 0 . And if
A ≻ 0 , then A11.2 ≻ 0.2

Proof. By symmetry of A,

(
I −A12A

−1
22

0 I

)T

=

(
I 0

−A−1
22 A21 I

)
,

and, thus,

(
I −A12A

−1
22

0 I

)(
A11 A12

A21 A22

)(
I −A12A

−1
22

0 I

)⊤

=

(
A11.2 0
0 A22

)
. (5.3)

For any y ∈ Rk , let z =

(
I −A12A

−1
22

0 I

)⊤(
y
0

)
∈ Rk+m . Then

2Notation: ⪰ 0 means positive semidefinite, and ≻ 0 means positive definite.
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0 ⩽ z⊤Az

=
(
y⊤ 0

)(I −A12A
−1
22

0 I

)(
A11 A12

A21 A22

)(
I −A12A

−1
22

0 I

)⊤(
y
0

)
=
(
y⊤ 0

)(A11.2 0
0 A22

)(
y
0

)
= y⊤A11.2y,

for all y ∈ Rk , and thus A11.2 ⪰ 0 .

If A ≻ 0, then z⊤Az > 0 for all z ̸= 0 . Since z ̸= 0 implies y ̸= 0 and hence
y⊤A11.2y > 0 for all y ̸= 0 , which shows A11.2 ≻ 0 .

Inverting a Partitioned Matrix

Lemma 5.2. Assuming all inverses exists:

A−1 =

(
A11 A12

A21 A22

)−1

=

(
(A11.2)

−1 −A−1
11.2A12A

−1
22

−A−1
22 A21A

−1
11.2 (A22.1)

−1

)
,

where A−1
11,2A12A

−1
22 = A−1

11 A12A
−1
22,1 .

Proof. Check A · A−1 = I or invert (5.3) and rearrange the pieces.

5.3 More on Fisher Information

5.3.1 Fisher Information and Curvature of the Log–likelihood
Function

Under (M1)–(M5),

I(θ) := Varθ
[
ℓ̇θ(X)

]
= Eθ

[
ℓ̇θ(X)ℓ̇θ(X)⊤

]
because Eθ[ℓ̇θ(X)] = 0 .

If in addition it holds that (M6)∫
pθ(x)dν(x) can be differentiated twice under the integral sign,

then,

I(θ) = −Eθ

[
ℓ̈θ(X)

]
where ℓ̈θ(x) =

(
∂2

∂θi∂θj
log pθ(x)

)
ij
is the Hessian of the log–likelihood function.

NB: The Fisher information captures expected curvature of the log–likelihood func-
tion!
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Proof. We have that

∂2

∂θi∂θj

log pθ(x) =
1

pθ(x)

∂2

∂θi∂θj

pθ(x)−
1

pθ(x)2

(
∂

∂θi

pθ(x)

)(
∂

∂θj

pθ(x)

)
=

1

pθ(x)

∂2

∂θi∂θj

pθ(x)−
(

∂

∂θi

log pθ(x)

)(
∂

∂θj

log pθ(x)

)
.

Take expectations,

Eθ

[
∂2

∂θi∂θj

log pθ(X)

]
=

∫
∂2

∂θi∂θj

pθ(x)dν(x)− Eθ

[(
∂

∂θi

log pθ(X)

)(
∂

∂θj

log pθ(X)

)]
= 0−

(
Eθ

[
ℓ̇θ(X)ℓ̇θ(X)⊤

])
ij
.

5.3.2 Fisher Information and Random Samples

Proposition 5.1. Suppose X = (X1, ..., Xn) with X1, ..., Xn
i.i.d.∼ Pθ, θ ∈ Θ . Let

In(θ) = Varθ[ℓ̇θ(X)] be the Fisher information. Then under (M1)–(M5):

In(θ) = nI1(θ).

Proof. By the assumed independence, it holds that

ℓ̇θ(X) = ∇θ

n∑
i=1

log pθ(Xi) =
n∑

i=1

ℓ̇θ(Xi).

Taking variances gives

In(θ) = Varθ
[
ℓ̇θ(X)

]
=

n∑
i=1

Varθ
[
ℓ̇θ(Xi)

]
= nI1(θ) .

5.4 Examples

Example 5.1 (Gaussian model). Let X1, . . . , Xn be i.i.d. N (µ, σ2), θ = (µ, σ2) ∈
R× (0,∞) . Some calculus gives

I1(µ, σ
2) =

(
1
σ2 0
0 1

2σ4

)
and I−1

1 (µ, σ2) =

(
σ2 0
0 2σ4

)
.
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CR bound for unbiased estimation of µ :

Varθ[T ] ≥
σ2

n
,

achieved by T (X) = Xn .

CR bound for unbiased estimation of σ2:

Varθ[T ] ≥
2σ4

n
,

not achieved because the UMVUE is the sample variance s2 with

Varθ[s
2] =

2σ4

n− 1
.

But note that bound is achieved asymptotically for n→ ∞ .

Example 5.2 (Reparametrization of Gaussian model). In Example 5.1, I1(µ, σ
2) is

diagonal, which need not stay true if we reparametrize.

Let
ν = Eµ,σ2 [X2

1 ].

Then (
µ
σ2

)
=

(
µ

ν − µ2

)
.

and [check!]

I1(µ, ν) =

(
µ2+ν

(µ2−ν)2
−µ

(µ2−ν)2
−µ

(µ2−ν)2
1

2(µ2−ν)2

)
,

I−1
1 (µ, ν) =

(
ν − µ2 2µ(ν − µ2)

2µ(ν − µ2) 2(ν2 − µ4)

)
.

Since ν −µ2 = σ2 , the sample mean Xn still achieves the CR bound obtained from
this parametrization (as it should. . . ).

Moreover, ν̂ = 1
n

∑n
i=1X

2
i , with Var(µ,ν)[ν̂] =

1
n
Var(µ,ν)[X

2
1 ] , can be shown to achieve

the CR bound for unbiased estimation of ν .

Example 5.3 (Exponential family in natural parametrization). Consider an obser-
vation X that follows a distribution Pη from an exponential family in canonical form
with density

pη(x) = exp{⟨η, T (x)⟩ − A(η)}h(x), x ∈ X .

Then ℓ̇η(x) = T (x)−∇ηA(η) and
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I(η) = Varη[ℓ̇η(X)] = Varη[T (X)]

= D2A(η) = −Eη[ℓ̈η(X)].

Consider estimating the vector of mean parameters γ(η) = Eη[T (X)] . Then γ̇(η) =
D2A(η) and the CR bound takes the form:

γ̇(η)I−1(η)γ̇(η)⊤ = D2A(η) (D2A(η))
−1D2A(η)

= D2A(η)

= Varη[T (X)].

We observe that T achieves CR bound for unbiased estimation of γ(η) = Eη[T (X)].

This provides a second proof that T is UMVUE (besides using the theorem of
Lehmann-Scheffé).

Example 5.4 (Gamma model). Let X1, . . . , Xn be i.i.d. Gamma (α, β), θ =
(α, β) ∈ (0,∞)2. The Lebesgue density is

pθ(x) =
βα

Γ(α)
xα−1e−βx1(0,∞)(x)

= exp

{〈(
α− 1
−β

)
,

(
log x
x

)〉

− (log Γ(α)− α log β)}1(0,∞)(x).

The Fisher information can be shown to be

I1(α, β) =

(
ψ(1)(α) − 1

β

− 1
β

α
β2

)
,

with inverse

I−1
1 (α, β) =

1

αψ(1)(α)− 1

(
α β
β β2ψ(1)(α)

)
,

where ψ(1)(α) = d2

dα2 log Γ(α) .

Then

In(α, β) = nI1(α, β) and In(α, β)
−1 =

1

n
I1(α, β)

−1

.

Remark.
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• Cramér–Rao bound need not be achieved by UMVUE.

• Bound is attained for mean parameters of exponential families.

• Under a differentiability assumption, achievement of Cramér–Rao bound re-
quires an exponential family (and consideration of their mean parameters).

• We will later see that MLE achieves Cramér-Rao bound asymptotically.

• Differentiability requirements can be weakened using the concept of differen-
tiability in quadratic mean; see, e.g., van der Vaart (1998, sec. 7.2) for further
reading if you are interested.

5.5 Nuisance Parameters

In many statistical problems, the parameter vector θ contains components of pri-
mary interest, alongside other components that are unknown but of secondary in-
terest. These secondary parameters are often required to fully specify the model
but are not the direct target of the estimation. We refer to these as nuisance
parameters.

Example 5.5 (Speed of Light). Consider measuring the speed of light (a physical
constant) using a device with unknown accuracy. We might model the measurements
using a normal distribution N(µ, σ2).

• The mean µ represents the speed of light. This is the parameter of interest.

• The variance σ2 represents the measurement error spread. This is unknown,
since we did not collect data specifically to learn about the device’s accuracy.
Thus, σ2 is a nuisance parameter.

A fundamental question arises:

What is the ”price” we pay in terms of estimation accuracy for not knowing the
nuisance parameter?

We can answer this using the Cramér-Rao bound.

5.5.1 Partitioned Information

Suppose the model is given by

P = {Pθ : θ = (θ1,θ2) ∈ Θ1 ×Θ2},

where θ1 is the parameter of interest and θ2 is the nuisance parameter. The Fisher
information matrix can be naturally partitioned into four blocks:

I(θ) =

(
I11(θ) I12(θ)
I21(θ) I22(θ)

)
.
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Here, I11 corresponds to partial derivatives with respect to θ1, I22 to θ2, and the
off-diagonal blocks represent cross-covariances.

Consider the estimation of the target parameter

γ(θ) = θ1 =
(
I 0

)(θ1

θ2

)
.

The Jacobian of this mapping is the projection matrix:

γ̇(θ) =
(
I 0

)
,

where I is the identity matrix corresponding to the dimension of θ1.

The Cramér-Rao (CR) bound at θ0 for an unbiased estimator of θ1 is given by the
top-left block of the inverse information matrix:

CR Bound = γ̇(θ0)I
−1(θ0)γ̇(θ0)

⊤

=
(
I 0

)
I−1(θ0)

(
I
0

)
=
(
I−1(θ0)

)
11
.

Using the formula for the inverse of a block matrix, this quantity is the inverse of
the Schur complement:

(
I−1(θ0)

)
11

=
(
I11(θ0)− I12(θ0)I22(θ0)

−1I21(θ0)
)−1

.

We define the effective information for θ1 in the presence of unknown θ2 as:

I11.2(θ0) := I11(θ0)− I12(θ0)I22(θ0)
−1I21(θ0).

Thus, the CR bound is I11.2(θ0)
−1.

5.5.2 Comparison: Known vs. Unknown Nuisance Param-
eters

To understand the cost of ignorance, consider a submodel where the nuisance pa-
rameter is known to be θ2 = θ20:

P(θ20) = {Pθ : θ = (θ1,θ20),θ1 ∈ Θ1}.

In this scenario, estimating θ1 relies only on the partial derivatives with respect to
θ1. The Fisher information for this submodel is simply the top-left block I11(θ0).
Consequently, the CR bound becomes I11(θ0)

−1.

We can now compare the information available in both scenarios:

• With θ2 known: Information is I11(θ0).
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• With θ2 unknown: Information is I11.2(θ0) = I11(θ0)− I12I
−1
22 I21.

Since I(θ) is a covariance matrix, it is symmetric and positive semi–definite.
The term being subtracted, I12I

−1
22 I21, is of the form ABA⊤ with B positive

definite, meaning the subtraction term is positive semi–definite. Therefore:

I11(θ0) ⪰ I11.2(θ0).

Remark (The Information Inequality). In general, not knowing the nuisance
parameter θ2 strictly reduces the information available for estimating θ1 (and
thus increases the variance bound), unless:

I12(θ0) = 0.

If the Fisher information matrix is block diagonal, the parameters are orthogo-
nal. in this “lucky” case, there is no price to pay for not knowing the nuisance
parameter. For example, when estimating the mean µ of a normal distribu-
tion, the sample mean X is the optimal estimator regardless of whether the
variance σ2 is known or unknown.

5.6 Reparametrization

Consider a statistical model P = {Pθ : θ ∈ θ} with Fisher information I(θ0) at
θ0 ∈ θ.

In practice, different software or researchers may parametrize the same distribution
differently (e.g., using variance versus precision, or rate versus scale). Suppose we
reparametrize the model using a diffeomorphism3 that maps each new parameter
λ ∈ Λ to a point θ(λ) ∈ θ.

Proposition 5.2. The Fisher information of the reparametrized model P = {Pθ(λ) :
λ ∈ λ} at the point λ0 with θ(λ0) = θ0 is equal to

I(λ0) = Dλθ(λ)
⊤
∣∣∣
λ=λ0

· I(θ0) ·Dλθ(λ)
∣∣∣
λ=λ0

,

where Dλθ(λ) denotes the Jacobian matrix of the map λ 7→ θ(λ).

Proof. By the chain rule, the reparametrized model has the score function:

ℓ̇λ(X) ≡ ∇λ log pθ(λ)(X) = ∇θ log pθ(X)
∣∣∣
θ=θ(λ)

·Dλθ(λ) = ℓ̇θ(λ)(X) ·Dλθ(λ).

Hence, the Fisher information transforms as a quadratic form:

I(λ) ≡ Varλ[ℓ̇λ(X)] = Dλθ(λ)
⊤I(θ(λ))Dλθ(λ).

3A differentiable map with a differentiable inverse.
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Remark. The transformation of the Fisher information follows the logic of the chain
rule. If one researcher parametrizes in terms of θ and another in terms of λ, the
information matrices are related simply by picking up the Jacobian of the change
of parametrization. This changes the numerical values of the matrix entries (e.g.,
information about the standard deviation looks different than information about the
variance), but it respects the geometry of the problem.

Example 5.6 (Gamma Distribution Ambiguity). Why does this matter? Consider
the Gamma distribution. Some software packages parametrize it using a rate param-
eter β (density ∝ e−βx), while others use a scale parameter 1/β (density ∝ e−x/β).
This is a diffeomorphic change of variables. While the definitions differ, the chain
rule ensures we can always convert the Fisher information from one coordinate sys-
tem to the other.

Despite the information matrix changing forms, the fundamental limit on estimation
accuracy remains constant.

Proposition 5.3. The Cramér–Rao bound is invariant under reparametrization.

Proof. In the original model P = {Pθ : θ ∈ θ}, the CR bound for estimating θ at
the distribution given by θ = θ0 is I(θ0)

−1.

In the reparametrized model P = {Pθ(λ) : λ ∈ λ}, the considered distribution
is Pθ0 = Pθ(λ0) for λ0 := θ−1(θ0). In the new parametrization, we estimate the
function γ(λ) = θ(λ).

By Proposition 5.2, the CR bound for estimating this function is:

Dλθ(λ) · I(λ)−1 ·Dλθ(λ)
⊤
∣∣∣
λ=λ0

= Dλθ(λ)
∣∣∣
λ=λ0

·
(
Dλθ(λ)

⊤
∣∣∣
λ=λ0

· I(θ0) ·Dλθ(λ)
∣∣∣
λ=λ0

)−1

Dλθ(λ)
⊤
∣∣∣
λ=λ0

= Dλθ(λ) ·
(
Dλθ(λ)

−1 · I(θ0)
−1 · (Dλθ(λ)

⊤)−1
)
·Dλθ(λ)

⊤

= I(θ0)
−1.

Note. Intuitively, this invariance must hold. We are estimating the same character-
istic of the same data-generating distribution Pθ0 . Whether we label the distribution
using θ or λ is merely a naming convention.

For example, if the true data follows a Gaussian distribution with mean 5 and vari-
ance 7, the minimum variance for estimating the mean is a fixed number. Renaming
the parameters does not change the difficulty of the statistical problem. The chain
rule terms in the derivative of the target parameter γ(λ) exactly cancel out the
chain rule terms from the Fisher information transformation.
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6. Equivariant Estimation

Sometimes, there is no optimal unbiased estimator. In such cases, instead of insist-
ing on unbiasedness and seeking the estimator with the minimum Mean Squared
Error (MSE), we look for alternative criteria. Specifically, we look for invariance
properties.

In this chapter, we treat optimal estimation when restricting ourselves to equiv-
ariant estimators. In brief, an equivariant estimator has the (desirable) property
that an estimate computed from transformed data coincides with an appropriate
transformation of the estimate computed from the original data.

Note. Unbiasedness is not always a “super fruitful” recipe. There are settings that
are more naturally dealt with by other considerations. Here, natural invariances
(equivariance) replace unbiasedness as the primary guide.

We will explore this concept in the context of a very specific invariant property:
Location Models. In this setting, the natural invariances we respect are shifts in
location.

For reading on location models, see Lehmann and Casella (1998, sec. 3.1). For ad-
ditional reading on more general settings (beyond simple shifts), consider Lehmann
and Casella (1998, secs. 3.2–3.4), and Lehmann and Romano (2005, sec. 6.2).

6.1 Location Models

In this section, we focus on estimating the location (the center) of a distribution
while remaining invariant with respect to shifts.

Consider an observation vector X = (X1, . . . , Xn) taking values in Rn.

Definition 6.1 (Location Model). The location model is defined by the structural
equation:

Xi = θ + ϵi, i = 1, . . . , n, (6.1)

where:

• θ ∈ Θ = R is the unknown parameter (the location).

• ϵ1, . . . , ϵn are i.i.d. error terms with a known distribution P0.

We write Pθ for the distribution of Xi (and Pθ for the joint distribution of X).
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Note (Intuition: Signal plus Noise). This setup is analogous to the “Speed of Light”
example.

• θ represents the constant physical quantity we wish to locate (the signal).

• ϵi represents the chance measurement error (the noise) that typically fluctuates
around zero.

Crucially, in a location model, the only unknown is the location θ. The shape of the
distribution (the density of the errors) is known. Mentally, you can visualize a fixed
density curve sliding along the real line; we know exactly what the curve looks like,
we just do not know where its peak (or center) is positioned.

Example 6.1. We list three standard examples of location models. Note that in
all cases, the shape of the distribution is fixed, and only the center shifts.

• Normal: Taking P0 = N (0, 1), the location model is {N (θ, 1) : θ ∈ R}.

• Uniform: Fix an interval length a > 0 and take P0 = Uniform(−a/2, a/2).
Then the location model is

{Uniform(θ − a/2, θ + a/2) : θ ∈ R}.

• Cauchy: Taking P0 = Cauchy gives the model in which Pθ has density

pθ(x) = p0(x− θ) =
1

π [1 + (x− θ)2]
, x ∈ R.

Note (Symmetry and Positive Data). You may notice that the examples above
(Normal, Uniform, Cauchy) are all symmetric around θ.

One might ask: What if the quantity we are measuring must be positive? For ex-
ample, if we are measuring the weight of an animal, an additive error model like
X = θ+ ϵ is usually inappropriate. An error of 1 kg means something very different
when weighing an elephant versus weighing a mouse. In such cases, errors tend to
be multiplicative rather than additive.

However, location models remain relevant because we can simply take the loga-
rithm of the data. If the physics suggests a multiplicative structure, working on
the log–scale converts it to an additive structure:

log(Weight) = log(True Value) + log(Error).

This returns us to the location model framework, where the Central Limit Theorem
often justifies assuming normality on the log–scale (Log–Normal models).
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6.1.1 Changing units

Additive change of units
Suppose we change units for our observations in an additive way (e.g., Celsius to
Kelvin), giving transformed observations:

X ′
i = Xi + c for c ∈ R.

Example 6.2 (Temperature: Kelvin vs. Celsius). Consider analyzing temperature
data. Suppose a physicist friend sends you a data–set where the units are in Kelvin.
You compute an estimate of the temperature (e.g., the sample mean) based on these
Kelvin measurements.

Now, imagine a second analyst receives the same data but prefers the Celsius (centi-
grade) scale.

1. They first transform the raw data by subtracting the constant 273.15 (an
additive shift).

2. Then, they perform the statistical estimation (e.g., taking the average) on the
transformed data.

Intuitively, the results should be consistent. The estimate derived by the second
analyst should simply be the first analyst’s estimate minus 273.15.

Note (Commutativity). This concept is the essence of equivariance. We require
the following diagram to commute:

• Path A: Estimate on raw data → Transform the result.

• Path B: Transform the raw data → Estimate on transformed data.

If these two paths yield the same result, the estimator respects the natural invari-
ances of the problem. While the sample mean satisfies this property for additive
shifts, not all estimators do. In this chapter, we restrict our search to estimators
that satisfy this logical consistency.

Invariance of the Location Model
The location model is invariant under additive transformations. This means that
if we shift the data, we remain within the same family of distributions; we simply
move to a different parameter value.

Mathematically, for any shift c ∈ R, the transformed observations X ′
1, . . . , X

′
n are

still i.i.d. with marginal distribution Pθ′ for some θ′ ∈ R. Specifically:

X ′
i = Xi + c = (θ + c) + ϵi ∼ Pθ′ ,

where the new parameter is θ′ = θ + c.

Note. There is an induced action on the parameter space. By transforming the
data (X → X + c), we induce a corresponding transformation on the parameter
(θ → θ + c). The set of all distributions P = {Pθ : θ ∈ R} remains unchanged as a
whole; the distributions are just permuted.
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6.2 Location Equivariance

We now formalize the requirement that our estimator should respect the symmetries
of the location model.

Notation. For a vector x = (x1, . . . , xn) ∈ Rn and a scalar c ∈ R, we write x + c
to denote the vector where c is added to every component:

x+ c := (x1 + c, . . . , xn + c).

Definition 6.2 (Location Equivariance). An estimator T : Rn → R is called loca-
tion equivariant if for all x ∈ Rn and all c ∈ R:

T (x+ c) = T (x) + c.

Note (The Commutative Property). Intuitively, this definition implies that the
diagram commutes. It should not matter whether you:

1. Transform the data first (x+ c) and then estimate; or

2. Estimate first (T (x)) and then transform the result (+c).

If this holds, the estimator “respects” the shift.

Example 6.3. Many common statistics satisfy this property.

• Sample Mean: T (X) = Xn.

• Sample Median: T (X) = med(X).

• The Maximum: T (X) = X(n) = max(X1, . . . , Xn).

• Single Observation: T (X) = Xn (simply taking the last observation).

Note (Equivariance vs. Invariance). It is crucial to distinguish between equivariance
and invariance.

• Equivariance: The output transforms suitably with the input (e.g., input
+c =⇒ output +c).

• Invariance: The output does not change when the input transforms (e.g.,
input +c =⇒ output unchanged).

Example 6.4 (Estimating Variance). Consider the sample variance S2. If we shift
the data by c, the spread of the data does not change. Therefore:

S2(x+ c) = S2(x).

The sample variance is location invariant, not equivariant. This makes sense: we
do not want our estimate of the spread to change just because we switched from
Kelvin to Celsius (an additive shift). However, for estimating the location θ, we
specifically require equivariance.

Note (Scale Transformations). One could also consider scaling transformations
(e.g., Fahrenheit to Celsius involves both a shift and a scale factor). While we
could define scale equivariance (where T (ax) = aT (x)), in this chapter we restrict
our attention strictly to location shifts.

106



FMS 6. Equivariant Estimation

6.3 Judging Estimators by Their Risk

Consider a model {Pθ : θ ∈ Θ} and a parameter γ : Θ → Γ.

Going beyond MSE, we may evaluate estimators of γ(θ) using the notions of loss
and risk.

Motivation: Why move beyond MSE?
In previous chapters, we focused on unbiased estimators and sought the one with the
minimum variance (MSE). Now, we are asking a similar question for equivariant
estimators: is there a “best” one within this class?

To answer this, we must generalize how we measure quality. MSE is just one specific
way to penalize errors (squaring them). However, depending on the scientific or
business context, the “cost” of an error might be different. For example, is an error
of +10 equally as bad as −10? Is a small error negligible, or does it still incur a
cost?

Definition 6.3 (Risk Function). The risk of an estimator T of the parameter γ(θ)
is the expected loss:

R(θ, T ) = Eθ

[
L(θ, T (X))

]
,

where L : Θ× Γ → [0,∞) is a loss function.

The loss function L(θ, a) quantifies the “price” paid when the true state of nature
is θ and the estimate is a. It must satisfy:

L(θ, γ(θ)) = 0 for all θ.

(i.e., if you estimate the target perfectly, you pay nothing).

Example 6.5.

• Squared Error Loss: This leads to the Mean Squared Error (MSE) risk.

L(θ, a) = (a− γ(θ))2 =⇒ R(θ, T ) = Eθ[(T (X)− γ(θ))2].

Comment: We often use this because it is mathematically convenient (differ-
entiable, easy to work with), not necessarily because it perfectly reflects the
real–world cost of errors.

• Absolute Error Loss: This leads to the Mean Absolute Error risk.

L(θ, a) = |a− γ(θ)| =⇒ R(θ, T ) = Eθ

[
|T (X)− γ(θ)|

]
.

Comment: This is less sensitive to outliers than the squared error but harder
to differentiate.
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Who chooses the Loss Function?
Ideally, the loss function should come from the domain expert (the physicist, the
business analyst), not the statistician. They know the actual cost of making a
mistake. For example, in a Kaggle competition, you must optimize for the specific
scoring metric provided (the loss function).

However, in practice, clients often do not know their specific loss function, so statis-
ticians frequently default to MSE because “who doesn’t love a square?” It is con-
venient and generally reasonable. But be aware: the choice of loss function dictates
which estimator is optimal.

6.3.1 Location Invariant Loss Functions

Since we are enforcing equivariance on our estimators (shifting the input shifts the
output), we should also require our loss function to respect this symmetry.

Motivation: Consider the temperature example again. Suppose your estimate a
is in Kelvin, and the true value θ is also in Kelvin. You incur some loss L(θ, a).

If your colleague converts everything to Centigrade (shifting both the estimate and
the true value by c), the “price” of the error should not change. Being off by 1
degree costs the same whether that degree is Kelvin or Centigrade. Therefore, we
require:

L(θ + c, a+ c) = L(θ, a).

Definition 6.4 (Location Invariant Loss). A loss function L : R × R → [0,∞) is
location invariant if

L(θ + c, a+ c) = L(θ, a)

for all θ, a, c ∈ R.
This condition holds precisely when the loss depends only on the difference between
the estimate and the parameter:

L(θ, a) = ρ(θ − a),

where ρ is a function such that ρ(0) = 0.

Example 6.6.

• Squared Error: L(θ, a) = (θ − a)2. Here ρ(u) = u2.

• Absolute Error: L(θ, a) = |θ − a|. Here ρ(u) = |u|.

Risk of Equivariant Estimators A remarkable property emerges when we com-
bine an equivariant estimator with an invariant loss function: the risk becomes
constant. It no longer depends on the true parameter θ.

Lemma 6.1 (Constant Risk). Let T be an equivariant estimator of θ in the location
model. If the loss L is location invariant, then the risk R(θ, T ) does not depend on
θ. That is,

R(θ, T ) = R(0, T ) ∀θ ∈ Θ = R.
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Proof. The proof follows by utilizing the invariance of the loss and the equivariance
of the estimator to shift the problem to θ = 0.

By definition, the risk is the expected loss under Pθ:

R(θ, T ) = Eθ

[
L(θ, T (X))

]
.

Since the loss L is location invariant, we can shift both arguments by −θ (effectively
setting the first argument to 0):

L(θ, T (X)) = L(θ − θ, T (X)− θ) = L(0, T (X)− θ).

Since the estimator T is location equivariant, shifting the output by −θ is equivalent
to shifting the input by −θ:

T (X)− θ = T (X − θ).

Substituting this back into the expectation:

R(θ, T ) = Eθ

[
L
(
0, T (X − θ)

)]
.

Finally, consider the distribution of the random variable Y = X−θ. IfX ∼ Pθ (i.e.,
Xi = θ + ϵi), then X − θ is simply the error term ϵ, which follows the distribution
P0. Therefore, taking the expectation of f(X − θ) under Pθ is the same as taking
the expectation of f(X) under P0:

Eθ

[
L
(
0, T (X − θ)

)]
= E0

[
L(0, T (X))

]
= R(0, T ).

6.3.2 Minimum Risk Equivariant (MRE) Estimators

In general statistical problems, comparing two estimators is difficult. Often, one es-
timator is better for certain parameter values (e.g., low temperatures) while another
is better for others (e.g., high temperatures). Unless we specify a prior (Bayesian
approach), we cannot say which is strictly “better.”

However, for equivariant estimators with invariant loss, the risk is constant
across all θ. This reduces the comparison to a single number: the risk at θ = 0.
Since real numbers are ordered, we can now meaningfully search for a global “best”
estimator in this class.

Definition 6.5 (Minimum Risk Equivariant (MRE)). An equivariant estimator T
is Minimum Risk Equivariant (MRE) for a location invariant loss function L
if, for any other equivariant estimator T ′, it holds that:

R(θ, T ) ≤ R(θ, T ′) for all θ ∈ Θ = R.

Since the risk of an equivariant estimator is constant according to Lemma 6.1, the
condition above is equivalent to checking the risk at a single point (conventionally
θ = 0):

R(0, T ) ≤ R(0, T ′).

Example 6.7 (Squared Error Loss). For the squared error loss L(θ, a) = (θ − a)2,
minimizing the risk reduces to minimizing the second moment under P0:

R(0, T ) = E0

[
(T (X)− 0)2

]
= E0

[
T (X)2

]
.
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Optimization Strategy Finding the MRE estimator is a constrained optimiza-
tion problem: minimize R(0, T ) subject to the constraint that T is equivariant.

To solve this, we will convert the constrained problem into an unconstrained one.
The strategy is to find a way to represent or parametrize the set of all equivariant
estimators. Once we have a general form, we can optimize over the parameters of
that form.

6.3.3 Location Invariance and Maximal Invariants

Motivation: Group Actions and Equivalence To systematically represent
equivariant estimators, we first look at invariants. Our data sets live in Rn. The
group action encoding our transformations is the addition of a real number c to the
vector.

The action of c ∈ R on vectors x ∈ Rn yields an equivalence relation:

x ∼ x′ ⇐⇒ ∃c ∈ R : x = x′ + c.

Intuitively, two data sets are equivalent if one is simply a shifted version of the other
(like two columns in a spreadsheet differing by a constant).

Definition 6.6 (Location Invariant Statistic). A statistic u : Rn → U is (location)
invariant if

x ∼ x′ =⇒ u(x) = u(x′).

If the reverse implication also holds, i.e.,

u(x) = u(x′) ⇐⇒ x ∼ x′,

then u is maximal (location) invariant.

Intuition: Partitions An invariant statistic takes the same value for all equiv-
alent inputs. A maximal invariant distinguishes between every distinct equivalence
class. It provides a “fine partition” of the sample space: its values tell you exactly
which orbit (equivalence class) the data belongs to.

Proposition 6.1. If u is maximal invariant, then any other statistic u′ will be
invariant if and only if it is a function of u, i.e., u′(x) = v(u(x)) for some map v
and all x.

Proof. First, if u′(x) = v(u(x)) for all x ∈ Rn, then for any equivalent x′ ∼ x:

u′(x′) = v(u(x′)) = v(u(x)) = u′(x),

which shows that u′ is invariant.

Conversely, assume that u′ is invariant. If u(x) = u(x′), then by the definition of
maximal invariance, x ∼ x′ (i.e., x = x′ + c). Since u′ is invariant, this implies
u′(x) = u′(x′). Thus, u′ is constant on the sets where u is constant, so we can define
v such that u′(x) = v(u(x)).
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Differences give a maximal invariant

Motivation: Constructing the Invariant
How do we find a maximal invariant in our location model? We need a statistic that
eliminates the shift c but preserves all relative information. Differences between
coordinates are the natural candidate.

Example 6.8. The statistic Y : Rn → Rn given by the differences with respect to
the last coordinate:

Y (x) = x− xn = (x1 − xn, . . . , xn−1 − xn, 0)

is clearly invariant. If we shift x by c, both xi and xn increase by c, so their difference
remains constant.

In fact, Y is maximal invariant because

Y (x) = Y (x′) =⇒ x− xn = x′ − x′n =⇒ x = x′ + (xn − x′n).

Since xn − x′n is just a scalar, x and x′ differ only by a constant shift.

We can generalize this result using any equivariant estimator.

Lemma 6.2. For any equivariant estimator T , the difference x− T (x) is maximal
invariant.

Proof. First, we check invariance. Let c ∈ R.

(x+ c)− T (x+ c) = (x+ c)− [T (x) + c] = x− T (x).

Thus, the statistic is invariant.

To show it is maximal invariant, assume x−T (x) = x′−T (x′). Rearranging terms
gives:

x = x′ + T (x)− T (x′)︸ ︷︷ ︸
c

.

Since T (x) and T (x′) are scalars, their difference c is a scalar. Thus, x = x′ + c,
which means x ∼ x′.

6.3.4 Representation of Location Equivariant Estimators

Motivation: The Affine Structure
We now have a powerful way to generate all possible equivariant estimators. The
structure is analogous to solving a non–homogeneous linear equation (or a differ-
ential equation): the general solution is the sum of a particular solution (a base
equivariant estimator T0) and the general solution to the homogeneous equation
(an invariant term).

Since the difference between any two equivariant estimators is invariant, we can rep-
resent any T by starting with a fixed T0 and adding an arbitrary invariant function.

111



FMS 6. Equivariant Estimation

Lemma 6.3 (Representation of equivariant estimators). Let T0 be a fixed equivariant
estimator, and let u be a maximal invariant statistic. For every other equivariant
estimator T , there exists a function v such that

T (x) = T0(x) + v(u(x)), x ∈ Rn. (6.2)

Proof. The proof relies on the property that differences of equivariant estimators
are invariant.

1. The difference is invariant: Let D(x) = T (x) − T0(x). We check if D is
invariant under the shift x → x+ c:

D(x+ c) = T (x+ c)− T0(x+ c).

Since both T and T0 are equivariant (i.e., T (x + c) = T (x) + c), the shifts
cancel out:

D(x+ c) = (T (x) + c)− (T0(x) + c) = T (x)− T0(x) = D(x).

Thus, the difference T − T0 is an invariant statistic.

2. Representation via Maximal Invariant: Since u is amaximal invariant,
by Proposition 6.1, any invariant statistic can be written as a function of u.
Therefore, there exists a function v such that:

D(x) = v(u(x)).

Rearranging terms yields (6.2).

Example 6.9 (Using a specific base estimator). Let’s apply this to a concrete case.

1. Base Estimator: Choose the simple projection to the last coordinate, T0(x) =
xn.

2. Maximal Invariant: Use the difference vector Y (x) = x− xn (from Exam-
ple 6.8).

Then, according to Lemma 6.3, any equivariant estimator T can be written as:

T (x) = T0(x) + v(Y (x)) = xn + v(x− xn).

Alternatively, we can derive this directly using equivariance:

T (x) = T (x− xn + xn) = T (Y (x) + xn).

By equivariance, T (Y (x) + xn) = T (Y (x)) + xn. In this form, the function v is
simply the estimator T itself applied to the invariant differences.
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6.4 Construction of MRE Estimators

Motivation: Decomposing the Risk
We have established that any equivariant estimator can be written as T (X) =
T0(X) + v(Y ), where Y is a maximal invariant. Finding the best estimator is
therefore equivalent to finding the best function v.

How do we find this optimal v?

We use the law of iterated expectations (the “Tower Rule”). The total risk is the
expectation of the conditional risk given Y :

R(0, T ) = E0

[
L(0, T (X))

]
= E0

[
E0

[
L(0, T0(X) + v(Y )) | Y

]]
.

Since the outer expectation sums over all possible values of Y , we can minimize the
total risk by minimizing the inner term point-wise for every specific value y. Effec-
tively, for each observed difference vector y, we find the constant c that minimizes
the loss, and set v(y) = c.

Formal Construction For X = (X1, ..., Xn) from the location model, we define
the specific maximal invariant (as discussed in Example 6.9):1

Y = Y (X) = X −Xn.

Theorem 6.1. Suppose T0 is an equivariant estimator with finite risk R(0, T0) <∞
under a location invariant loss L. For any y ∈ Rn (where implicitly yn = 0), define
the function v∗ by:

v∗(y) = argmin
c∈R

E0

[
L
(
0, T0(X) + c

)
| Y = y

]
. (6.3)

If v∗ is well-defined, then the estimator

T ∗(X) := T0(X) + v∗(Y )

is a Minimum Risk Equivariant (MRE) estimator of θ.

Proof. The proof follows directly from the properties of conditional expectation and
the definition of the minimum.

Let T be any other equivariant estimator. By Lemma 6.3, we can write T (X) =
T0(X) + v(Y ) for some function v. The risk at θ = 0 is:

R(0, T ) = E0

[
L
(
0, T0(X) + v(Y )

)]
= E0

[
E0

[
L
(
0, T0(X) + v(Y )

)
| Y
]]

(Tower Rule).

1Instead of Y we could consider any other maximal invariant.

113



FMS 6. Equivariant Estimation

Inside the inner expectation, we condition on Y , so v(Y ) acts as a constant c. By
definition, v∗(Y ) chooses the constant that minimizes this specific inner expectation.
Therefore, for every y:

E0

[
L
(
0, T0(X) + v(y)

)
| Y = y

]
⩾ E0

[
L
(
0, T0(X) + v∗(y)

)
| Y = y

]
.

Taking the expectation over Y preserves this inequality:

E0

[
E0

[
L
(
0, T0(X) + v(Y )

)
| Y
]]

⩾ E0

[
E0

[
L
(
0, T0(X) + v∗(Y )

)
| Y
]]
.

This simplifies to:
R(0, T ) ⩾ R(0, T ∗).

Thus, T ∗ minimizes the risk among all equivariant estimators.

6.4.1 Existence and Uniqueness

Motivation: Minimizing the Risk We have reduced the problem of finding the
MRE estimator to solving an optimization problem for each value y of the maximal
invariant:

min
c∈R

E0

[
L(0, T0(X) + c) | Y = y

]
.

Does a solution always exist? Is it unique?

Since the loss function is location invariant, it depends only on the difference θ− a.
We can write L(θ, a) = ρ(θ − a) with ρ(0) = 0. The properties of the function ρ
(convexity, monotonicity) will determine whether the optimization problem is well-
behaved.

Proposition 6.2. Suppose there exists an equivariant estimator T0 with finite risk
R(0, T0).

1. If ρ is convex and not monotone, then an MRE estimator exists.

2. If ρ is strictly convex and not monotone, then the MRE estimator is a.e.-
unique.2

Proof. The conditional risk function we need to minimize is:

f(c) = E0

[
L
(
0, T0(X) + c

)
| Y = y

]
= E0

[
ρ
(
− T0(X)− c

)
| Y = y

]
.

By the linearity and monotonicity of expectation:

• If ρ is convex, then f(c) is convex (since a linear combination of convex func-
tions is convex).

• If ρ is not monotone, then f(c) is not monotone.

2Here, “a.e.” (almost everywhere) refers to all distributions in the model, similar to the definition
for UMVUEs. See also Lehmann and Casella (1998, Theorem 1.7.15).
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A convex, non-monotone function on R must have a global minimum (think of a
parabola or a “U” shape). Thus, a minimizer v∗(y) exists for every y, making v∗

well–defined. By Theorem 6.1, an MRE estimator exists.

If ρ is strictly convex, then f(c) is strictly convex, which implies the minimizer is
unique. Thus, v∗(y) is uniquely determined for almost all y.

Example 6.10 (Gaussian Location Model). Let X1, ..., Xn be i.i.d. N (θ, σ2
0) with

σ2
0 known. We consider the squared error loss L(θ, a) = (θ − a)2, so ρ(u) = u2.

Candidate Estimator The sample mean Xn is a natural candidate. We know:

• It is the MLE and UMVUE.

• It is equivariant (shifting data shifts the mean).

• It has constant risk (variance):

R(0, Xn) = E0

[(
Xn

)2]
= Var0[Xn] =

σ2
0

n
,

where the equality with the variance holds because E0

[
Xn

]
= 0.

Is it the MRE estimator?

Claim. Xn is the unique MRE estimator (unique up to Lebesgue null sets).

Proof. We apply Theorem 6.1 using T0(X) = Xn as our base estimator. We need
to find:

v∗(y) = argmin
c∈R

E0

[
(Xn + c)2 | Y = y

]
.

Step 1: Independence. The maximal invariant is Y = (X1 − Xn, . . . , Xn−1 −
Xn, 0). The joint vector (Xn,Y ) is multivariate normal because it consists of linear
combinations of independent normal variables Xi.

For joint normals, independence is equivalent to zero covariance. Let’s check:

Cov0[Xn, Xi −Xn] = Cov0[Xn, Xi]− Cov0[Xn, Xn].

We know that Cov0[Xn, Xi] =
σ2
0

n
for any i (by symmetry). Thus, the difference is

zero.

Since Xn is uncorrelated with every component of Y , it is independent of Y .

Step 2: Optimization. Because of independence, the conditional expectation
equals the unconditional expectation:

v∗(y) = argmin
c∈R

E0

[
(Xn + c)2

]
.

This is the standard problem of minimizing the second moment about a point c.
The minimum of E[(Z + c)2] occurs at c = −E[Z].
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Here, E0[Xn] = 0 (since the data is centered at 0). Therefore, the optimal shift is:

c∗ = −E0[Xn] = 0.

Conclusion: The optimal adjustment function is v∗(y) = 0. The MRE estimator
is:

T ∗(X) = T0(X) + 0 = Xn.

6.4.2 Squared and absolute error loss

Theorem 6.1 is, in a way, the “end of the story” for the general theory – unless we
bring in concrete loss functions. The optimization problem defined by v∗(y) changes
depending on the choice of L.

We now apply the general result to two specific, standard loss functions. The prob-
lem reduces to finding the constant c that is “closest” to the random variable T0(X)
(conditional on Y ) under different metrics.

Squared Error Loss For squared error loss L(θ, a) = (θ− a)2, we are looking for
the constant that minimizes the expected squared deviation. Theorem 6.1 considers:

v∗(y) = argmin
c

E0

[
L(0, T0(X) + c) | Y = y

]
Substituting the specific loss function:

v∗(y) = argmin
c

E0

[
(T0(X) + c)2 | Y = y

]
.

From basic probability theory (or our earlier discussions), we know that the quantity
E[(Z−k)2] is minimized when k = E[Z]. Here, we are effectively minimizing expected
square distance with respect to −c. Thus, the optimal c is the negative of the
expectation:

v∗(y) = −E0[T0(X) | Y = y].

The MRE estimator is, thus, the base estimator adjusted by its conditional expec-
tation:

T ∗(X) = T0(X)− E0[T0(X) | Y ]. (6.4)

Absolute Error Loss If we change to absolute error loss L(θ, a) = |θ− a|, the
optimization problem becomes minimizing the mean absolute deviation:

min
c

E0

[
|T0(X) + c| | Y = y

]
.

Recall from earlier lectures that the constant minimizing the mean absolute error
E[|Z − k|] is the median of the distribution of Z.

Applying this to our conditional setup, we obtain the MRE estimator by subtracting
the conditional median:

T ∗(X) = T0(X)−median0[T0(X) | Y ]. (6.5)

This explicitly shows how changing the loss function changes the optimal estimator
– different loss functions emphasize different types of errors, and the MRE estimator
adapts accordingly.
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6.5 Pitman Estimator

We refer back to the model specification in Definition 6.1, with Xi = θ+ ϵi for addi-
tive error ϵi. When we specifically adopt squared error loss, the MRE estimator
has a specific form and name: the Pitman estimator.

Theorem 6.2 (Pitman Estimator). Consider squared error loss L(θ, a) = (θ− a)2,
and suppose there exists an equivariant estimator with finite risk. Let ϵ1, . . . , ϵn have
joint density p0 with respect to Lebesgue measure on Rn. Then the MRE estimator
is given by

T ∗(X) =

∫
R z p0(X1 − z, . . . , Xn − z) dz∫
R p0(X1 − z, . . . , Xn − z) dz

.

In this form, the MRE estimator is known as the Pitman estimator.

Proof. We use the construction from section 6.4 (specifically Theorem 6.1) applied
to squared error loss. As derived in (6.4), using the base estimator T0(X) = Xn,
the MRE estimator is:3

T ∗(X) = Xn − E0[Xn | Y],

where Y = (X1−Xn, . . . , Xn−1−Xn) is the maximal invariant. Note that implicitly
Yn = Xn −Xn = 0, but the randomness is driven by ϵ1, . . . , ϵn.

Step 1: Density Transformation. Consider the transformation from errors to
the invariant/base statistics:

g : (ϵ1, . . . , ϵn) 7→ (Y1, . . . , Yn−1, ϵn).

The Jacobian matrix of this transformation is upper triangular with 1s on the di-
agonal (since Yi = Xi − Xn = ϵi − ϵn), so the Jacobian determinant is 1. The
joint density of (Y1, ..., Yn−1, ϵn) is simply the original density p0 evaluated at the
pre–images:

f(y1, . . . , yn−1, ϵn) = p0(g
−1(y1, . . . , yn−1, ϵn)) ·

1

| det(ġ(g−1(y1, . . . , yn−1, ϵn)))|
= p0(y1 + ϵn, . . . , yn−1 + ϵn, ϵn).

Step 2: Conditional Expectation. The conditional density of Xn (which equals
ϵn under θ = 0) given Y is the joint density divided by the marginal density of Y:

f(ϵn | Y ) =
p0(Y1 + ϵn, . . . , Yn−1 + ϵn, ϵn)∫
R p0(Y1 + u, . . . , Yn−1 + u, u) du

.

Now we compute the expectation E0[Xn | Y ]:

E0[Xn | Y ] = E0 [ϵn|Y ] =

∫
R
ϵn f(ϵn | Y) dϵn =

∫
u p0(Y1 + u, . . . , Yn−1 + u, u) du∫
p0(Y1 + u, . . . , Yn−1 + u, u) du

.

3Here, E0 [|Xn| | Y ] < ∞ by the assumed existence of an equivariant estimator with finite risk;
compare Lehmann and Casella (1998, Problem 3.1.21).
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Step 3: Substitution. We start with the expression for the conditional expec-
tation derived above. We first substitute the definition of the maximal invariant
components, Yi = Xi − Xn, back into the density arguments. Note that the last
argument u can be written as Xn −Xn + u:

p0(X1 −Xn + u, . . . , Xn−1 −Xn + u,Xn −Xn + u).

Next, we perform a change of variables to simplify the arguments. Let z = Xn − u.
This implies:

u = Xn − z and du = −dz.

The limits of integration (−∞,∞) for u correspond to (∞,−∞) for z. The negative
sign from the differential du flips the limits back to (−∞,∞).

Now, we transform the arguments inside the density function using this substitution:

Xi −Xn + u = Xi −Xn + (Xn − z) = Xi − z.

This holds for all coordinates i = 1, . . . , n (including the last one).

We also substitute u = Xn−z into the linear term in the numerator. The expression
becomes:

E0[Xn | Y ] =

∫
(Xn − z) p0(X1 − z, . . . , Xn − z) dz∫

p0(X1 − z, . . . , Xn − z) dz
.

Using linearity, the numerator splits: Xn · (denominator)−
∫
zp0(. . . )dz. Thus:

E0[Xn | Y ] =
Xn

∫
p0(X1 − z, . . . , Xn − z) dz −

∫
z p0(X1 − z, . . . , Xn − z) dz∫

p0(X1 − z, . . . , Xn − z) dz

= Xn −
∫
z p0(X1 − z, . . . , Xn − z) dz∫
p0(X1 − z, . . . , Xn − z) dz

.

Finally, substituting this back into T ∗(X)

T ∗(X) = Xn − E0[Xn | Y ] =

∫
z p0(X1 − z, . . . , Xn − z) dz∫
p0(X1 − z, . . . , Xn − z) dz

.

yields the Pitman estimator.

Example 6.11 (Uniform Model). Let X1, . . . , Xn be i.i.d. Uniform (θ − 1
2
, θ + 1

2
),

θ ∈ R. It is known that no UMVUE exists for this model (Lehmann and Casella
1998, Ex. 2.1.9). However, we can find the optimal equivariant estimator.

The joint density under θ = 0 is:

p0(x1, . . . , xn) = 1{|x1|< 1
2
,...,|xn|< 1

2
}.

To apply the Pitman formula, we evaluate this density at shifted points Xi−z. The
condition for the density to be non-zero is:

|Xi − z| < 1

2
∀i.
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Rearranging this inequality for z:

z − 1

2
< Xi < z +

1

2
⇐⇒ Xi −

1

2
< z < Xi +

1

2
.

For this to hold for all i, z must be greater than the largest lower bound and smaller
than the smallest upper bound. LetX(1) = min(Xi) andX(n) = max(Xi). The range
of integration is:

X(n) −
1

2
< z < X(1) +

1

2
.

Computing the Estimator: The Pitman estimator is the ratio of two integrals
over this interval [a, b], where a = X(n) − 1/2 and b = X(1) + 1/2.

• Denominator:
∫ b

a
1 dz = b− a.

• Numerator:
∫ b

a
z dz =

[
z2

2

]b
a
= 1

2
(b2 − a2) = 1

2
(b− a)(b+ a).

The ratio is:

T ∗(X) =
1
2
(b− a)(b+ a)

b− a
=
a+ b

2
.

Substituting a and b back:

(X(n) − 1/2) + (X(1) + 1/2)

2
=
X(1) +X(n)

2
.

Thus, the Pitman estimator is the mid-range of the data.

6.6 MRE and Unbiasedness

In the previous section, we saw that for location models like the Uniform distribution,
a UMVUE may not exist, yet the Pitman estimator provides a unique optimal
solution. This raises a natural question: what is the relationship between this MRE
estimator and unbiasedness?

Proposition 6.3. Fix squared error loss L(θ, a) = (θ− a)2 and suppose there exists
an equivariant estimator of finite risk. Then:

(i) The bias of any equivariant estimator is constant.

(ii) The MRE estimator is unbiased.

(iii) If an equivariant estimator T is unbiased and T (X) is independent of X −
T (X), then T is the MRE estimator.

Proof.
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(i) The bias of an estimator T is b(θ) = Eθ[T (X)] − θ. Using the equivariance
property T (x+ c) = T (x) + c, we can write:

Eθ[T (X)]− θ = Eθ[T (X)− θ] = Eθ[T (X − θ)].

When X ∼ Pθ, the shifted variable X − θ is distributed according to P0 (the
error distribution). Thus:

Eθ[T (X − θ)] = E0[T (X)].

This expectation depends only on the fixed distribution P0 and is therefore
constant for all θ ∈ R.

(ii) Suppose the MRE estimator T ∗ has a non–zero bias b = E0[T
∗] ̸= 0. We

can construct a new estimator T ′(X) = T ∗(X) − b. This estimator is still
equivariant (shifting by a constant does not break equivariance).

Consider the risk at θ = 0 (which is the constant risk for equivariant estima-
tors). The risk of T ′ is:

R(0, T ′) = E0[(T
∗ − b)2] = Var0[T

∗].

The risk of the original estimator T ∗ is its second moment:

R(0, T ∗) = E0[(T
∗)2] = Var0[T

∗] + (E0[T
∗])2 = Var0[T

∗] + b2.

Since b ̸= 0, we have b2 > 0, which implies R(0, T ′) < R(0, T ∗). This contra-
dicts the assumption that T ∗ minimizes the risk. Therefore, the bias b must
be zero.

(iii) From the construction in Theorem 6.1 (and the squared error derivation),
we know that the MRE estimator is unique (a.e.) and is given by adjusting
any equivariant estimator T by its conditional expectation given a maximal
invariant.

The vector of residuals U = X − T (X) is a maximal invariant. Thus, the
MRE estimator T ∗ is:

T ∗(X) = T (X)− E0[T (X) | X − T (X)].

Therefore, T is the MRE estimator if and only if the adjustment term is zero:

E0

[
T (X) | X − T (X)

]
= 0. (6.6)

If T (X) is independent of X − T (X), the conditional expectation becomes
the unconditional expectation:

E0[T (X) | X − T (X)] = E0[T (X)].

Since T is unbiased, E0[T (X)] = 0. Thus, condition (6.6) is satisfied, and T
is the MRE estimator.
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6.7 General In–/Equivariance

Setting:
We generalize the location model to general group actions. The setting consists of:

• X: observation (data).

• X : sample space.

• P = {Pθ | θ ∈ Θ}: model with Pθ ̸= Pθ′ if θ ̸= θ′ (identifiability).

• G: a group acting on X .

Definition 6.7 (Invariant Model). The model P is invariant under G if for all
g ∈ G:

1. If X ∼ Pθ for θ ∈ Θ, then the transformed data gX ∼ Pθ′ for some θ′ ∈ Θ.
We denote this induced parameter as θ′ := ḡθ.

2. The mapping on the parameter space is surjective: {ḡθ | θ ∈ Θ} = Θ.

Fact It follows that:

• The induced map ḡ : Θ → Θ is bijective.

• The collection of induced maps Ḡ = {ḡ | g ∈ G} forms a group acting on the
parameter space.

Definition 6.8. An estimator T : X → Θ is equivariant if it preserves the group
action structure:

T (gx) = ḡT (x) ∀g ∈ G, ∀x ∈ X .
A loss function L(·, ·) is invariant if the loss remains unchanged when both the
truth and the estimate are transformed:

L(ḡθ, ḡa) = L(θ, a) ∀a, θ ∈ Θ, ḡ ∈ Ḡ.

Examples:

• Location–scale model: The group action on x ∈ Rn is given by affine
transformations:

x 7→ ax+ c for c ∈ R, a > 0.

Here, the group acts by both shifting (location) and scaling (variance). See
Lehmann and Casella (1998, Sec. 3.3).

• Linear regression: See Lehmann and Casella (1998, Sec. 3.4).

Note. Linear regression assumes the expectation vector lies in a linear sub-
space. This subspace is invariant under various coordinate transformations.
The standard F–test, which is used globally for hypothesis testing in regres-
sion (e.g., testing if coefficients are zero or if two groups share the same slope),
can be derived and justified as the optimal invariant procedure under the rel-
evant group of transformations.
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Outlook: Decision Theory
This concludes our discussion on uniformly optimal procedures (like UMVUE and
MRE). In many general settings, no single estimator is uniformly best for all θ. The
next chapters will focus on Decision Theory, where we summarize performance
via:

• Average performance: Bayes estimators (averaging over a prior).

• Worst–case performance: Minimax estimators.
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7. Decision Theory

Decision theory provides a common framework to discuss different statistical tasks
(estimation, testing, confidence sets, etc.). We will adopt this framework to intro-
duce the concepts of Bayes and Minimax optimality.

Previously, we restricted ourselves to specific families of estimators (e.g., unbiased
or equivariant estimators) and sought uniform optimality. Uniform optimality
requires that an estimator T ∗ dominates all others for every possible parameter
value:

R(θ, T ∗) ⩽ R(θ, T ) ∀θ ∈ Θ.

As we have discussed, finding such an estimator without strong restrictions is often
impossible.

Now, we shift our perspective. Instead of restricting the class of estimators, we
change how we measure “goodness.” We will evaluate procedures based on an ag-
gregated risk:

• Average Risk (Bayes): Weighting the risk across different θ values (using
a prior).

• Worst–case Risk (Minimax): Looking at the maximum risk over all θ.

7.1 Decision Rules

Setup We begin with the standard statistical setup:

• X: The observation (data), which could be a vector, matrix, image, etc.

• X : The sample space (the set of all possible outcomes).

• P = {Pθ : θ ∈ Θ}: The statistical model, where θ is the unknown parameter.

Actions In decision theory, we formally define what we “do” with the data as
an action. Our goal is to unify different statistical tasks (estimation, testing, etc.)
under this common terminology.

Let A denote the action space, the set of all possible actions available to the
statistician.
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Example 7.1. This language allows us to unify various statistical tasks:

i. Point Estimation: The action is to return a value (an estimate) for the
parameter.

A = Θ (or A ⊆ Rr).

For example, if we are estimating the speed of light, the action is simply
providing a number.

ii. Hypothesis Testing: The goal is to decide between two competing hypothe-
ses which partition the parameter space:

H0 : θ ∈ Θ0 vs. H1 : θ ∈ Θ1,

where Θ0,Θ1 ⊆ Θ and Θ0 ∩Θ1 = ∅.

Possible action spaces include:

• Deterministic Tests: A = {0, 1}, where usually 0 denotes “Fail to
reject H0” (Accept) and 1 denotes “Reject H0”.

• Randomized Tests: A = [0, 1]. Here, the action a ∈ A represents the
probability to reject H0. If the procedure returns 0.7, you flip a biased
coin that lands heads with probability 0.7 to make the final decision.

iii. Confidence Sets: The action is to select a subset of the parameter space.

A = {C ⊆ Θ : C is a valid set}.

For interval estimation of a parameter γ(θ) ∈ R, the action space is the set of
all intervals (ℓ, u) with −∞ ≤ ℓ ≤ u ≤ ∞.

Once we have defined the available actions, we need a rule for choosing one based
on the observation.

Definition 7.1. A decision rule (or statistical procedure) is a measurable mapping
from the sample space to the action space:

d : X → A.

In the context of estimation, d(X) is what we previously called an estimator T (X).
In testing, d(X) is the test function.

7.1.1 Risk of a Decision Rule

To evaluate decision rules, we must quantify the cost of making a specific decision
when the state of nature is θ.
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Loss Function A loss function L : Θ×A → [0,∞) quantifies the “loss” or “price”
of taking an action a ∈ A when nature is in state θ ∈ Θ.

Definition 7.2. The risk of a decision rule d is the expected loss:

R(θ, d) = Eθ[L(θ, d(X))], θ ∈ Θ.

As in earlier chapters, Eθ indicates that the expectation is taken with respect to the
random observation X ∼ Pθ.

Optimality?

How do we choose the best rule? There are two main approaches:

Approach I: Uniform Optimality Find a rule d∗ that minimizes the risk for
every parameter value simultaneously:

R(θ, d∗) ≤ R(θ, d) ∀d,∀θ ∈ Θ.

• This corresponds to finding uniformly optimal rules within a restricted class.

• Examples: UMVUE (Unbiasedness restriction), MRE (Equivariance restric-
tion).

Approach II: One-number Summary of Risk Since uniform optimality is
often impossible without restrictions, we can instead summarize the risk function
R(·, d) into a single scalar value and minimize that.

• Average-case optimality (Bayes): We minimize the weighted average of
the risk (weighted by a prior).

• Worst-case optimality (Minimax): We minimize the maximum possible
risk.

Example 7.2 (continued).

i. Estimation of a parameter γ(θ) ∈ Rr: Consider the squared error loss:

L(θ, a) = ∥γ(θ)− a∥2.

The risk is the Mean Squared Error (MSE):

R(θ, d) = Eθ[∥γ(θ)− d(X)∥2].

ii. Hypothesis Testing (Non-randomized): Let A = {0, 1}. We test H0 :
θ ∈ Θ0 vs H1 : θ ∈ Θ1. We can define the “Neyman-Pearson” loss function as:

L(θ, a) =


1, if θ ∈ Θ0 and a = 1 (“Type I error”),

c, if θ ∈ Θ1 and a = 0 (“Type II error”),

0, otherwise.

Here, c > 0 is a constant that weights the relative severity of the errors.
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Note. The constant c allows us to model asymmetric costs. For example, in
a clinical trial, approving a harmful drug (Type I error) might be considered
more “grave” than failing to approve a beneficial one (Type II error), or vice
versa depending on the context.

The risk function becomes the probability of making an error, weighted by the
cost:

R(θ, d) =


Pθ

(
d(X) = 1

)
, if θ ∈ Θ0,

c Pθ

(
d(X) = 0

)
, if θ ∈ Θ1,

0, if θ /∈ Θ\(Θ0 ∪Θ1).

(The last case is typically not of interest as the hypotheses usually partition
the parameter space).

7.1.2 Admissibility

We now introduce a property that essentially formalizes the idea of “don’t be
stupid.” If there exists a decision rule that performs as well as yours in every scenario
and strictly better in at least one, there is no justification for keeping your current
rule.

Definition 7.3. A decision rule d′ is said to be strictly better (or dominates) a
decision rule d if:

1. R(θ, d′) ≤ R(θ, d) for all θ ∈ Θ;

2. There exists at least one θ ∈ Θ such that R(θ, d′) < R(θ, d).

A decision rule d is admissible if no other rule d′ is strictly better than d.

If there exists a rule d′ that is strictly better than d, then d is inadmissible.

Admissible rules are those that lie on the “Pareto frontier” of risk. If you plot the
risk functions of two admissible estimators, their curves will typically cross; neither
is uniformly better than the other. An inadmissible estimator’s risk curve lies strictly
above another estimator’s curve (or touches it but goes higher elsewhere).

Example 7.3 (Gaussian mean). Let X1, . . . , Xn be i.i.d. observations from the
statistical model P = {N (µ, σ2) : θ = (µ, σ2) ∈ R × (0,∞)}. We consider the
estimation of γ(θ) = µ under squared error loss.

a) Inadmissibility of the “Partial” Mean: Suppose someone is lazy and uses
only the first m observations (m < n) to estimate the mean:

Xm =
1

m

m∑
i=1

Xi.

This is clearly inadmissible. Comparing it to the full sample mean Xn:

R(θ,Xm) = Varθ[Xm] =
σ2

m
>
σ2

n
= R(θ,Xn) ∀θ.

The risk of Xn is strictly lower for all θ, so Xm is dominated.
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b) Admissibility of the Sample Mean (1D vs 3D):

• In 1 dimension, the standard sample mean Xn is admissible. (We will
prove this later).

• Stein’s Paradox: Surprisingly, if we estimate a vector of means µ ∈ Rp

for p ≥ 3 (e.g., estimating blood pressure averages for 3 different metrics
simultaneously) under the combined squared error loss, the sample mean
vector is inadmissible. It is dominated by “shrinkage estimators” (like
the James–Stein estimator).

c) Admissibility of Constant Estimators: Consider a trivial estimator that
ignores the data and always predicts a constant T (X) = µ0 (e.g., “17”).

Is this admissible? Yes.

Reasoning: If the true state of nature happens to be θ = (µ0, σ
2), the estimator

is perfect:
R((µ0, σ

2), T ) = E[(µ0 − µ0)
2] = 0.

For another rule T ′ to be strictly better, it must never have higher risk than T .
This means T ′ must also have risk 0 at θ = (µ0, σ

2). Since risk is variance plus
bias squared, a risk of 0 implies T ′ must essentially equal µ0 with probability
1. Therefore, T ′ cannot be different from T , so T cannot be dominated.

7.2 Bayes Rules

To move beyond the constraints of uniform optimality, we introduce the concept of
“average risk.” To compute an average, we must specify how to weight the different
parameter values. This weighting is provided by a prior distribution.

Let Π be a probability measure on the parameter space Θ. We refer to Π as the
prior distribution.

Definition 7.4. The Bayes risk of a decision rule d (with respect to the prior
distribution Π) is the weighted average of its risk function:

r(Π, d) =

∫
Θ

R(θ, d) dΠ(θ).

Definition 7.5. A decision rule d is called a Bayes rule (with respect to Π) if it
minimizes the Bayes risk:

r(Π, d) = inf
d′
r(Π, d′).

Essentially, a Bayes rule achieves the “smallest average risk.”

Densities and Posterior Risk

In most practical applications, we work with models where distributions have den-
sities (e.g., with respect to Lebesgue measure).
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Setup Assume the following densities exist:

• Sampling density: pθ(x) = dPθ(x)
dν

, corresponding to the data–generating
distribution Pθ.

• Prior density: π(θ) = dΠ(θ)
dµ

, corresponding to the prior Π.

Posterior Distribution Using Bayes’ theorem, the posterior density of θ given
the observation X = x is:

π(θ|x) = pθ(x)π(θ)∫
Θ
pθ(x)π(θ) dθ

=
pθ(x)π(θ)

m(x)
,

where m(x) is the marginal density of X (sometimes called the prior predictive
density).

Posterior Risk This framework allows us to define a new type of risk. Instead of
averaging over the data X (as in the frequentist risk R(θ, d)), we condition on the
observed data x and average over the parameter θ.

Definition 7.6. Under the prior Π and having observed X = x, the posterior risk
of taking a specific action a ∈ A is the expected loss with respect to the posterior
distribution:

ℓ(x, a) := E
[
L(θ, a) |X = x

]
=

∫
Θ

L(θ, a)π(θ|x) dθ.

Consider the distinction between the two risks:

• Frequentist Risk R(θ, d): Fixes θ (state of nature) and averages over random
X.

• Posterior Risk ℓ(x, a): Fixes x (observed data) and action a, and averages
over random θ.

7.2.1 Construction of Bayes Rules

We now turn to the practical construction of Bayes rules. The following theorem
provides a constructive method: to minimize the average risk (Bayes risk), one
simply needs to minimize the posterior risk for every observed x.

Theorem 7.1. Let ℓ(x, a) be the posterior risk defined in the previous section. As-
sume there exists a rule d0 with finite risk. Then, the decision rule d defined as the
minimizer of the posterior risk,

d(x) := argmin
a∈A

ℓ(x, a), x ∈ X ,

is a Bayes rule.
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Going forward, we will make the mild assumption that the above construction is
well–defined for any prior distribution (i.e., the posterior risk admits a minimizer).

Remark. If S is a sufficient statistic, then by the Factorization Theorem (Neyman’s
criterion), we can write pθ(x) = gθ(S(x))h(x). Substituting this into the posterior
risk definition:

ℓ(x, a) =

∫
Θ

L(θ, a)π(θ|x) dµ(θ)

=

∫
Θ

L(θ, a)
pθ(x)π(θ)

pπ(x)
dµ(θ)

=
h(x)

pπ(x)

∫
Θ

L(θ, a)gθ(S(x))π(θ) dµ(θ).

Since the term h(x)
pπ(x)

does not depend on the action a, minimizing ℓ(x, a) is equivalent

to minimizing the integral term, which depends on data only through S(x). Thus,
the constructed Bayes rule depends only on the sufficient statistic S.

Proof. The proof relies on Fubini’s theorem to swap the order of integration. We
want to show that our constructed rule d has a Bayes risk r(Π, d) that is no larger
than that of any other rule d′.

For any decision rule d′ with finite risk:

r(Π, d′) =

∫
Θ

R(θ, d′)π(θ) dµ(θ)

=

∫
Θ

[∫
X
L(θ, d′(x))pθ(x) dν(x)

]
π(θ) dµ(θ)

Fubini
=

∫
X

∫
Θ

L(θ, d′(x)) pθ(x)π(θ)︸ ︷︷ ︸
=π(θ|x)pπ(x)

dµ(θ)

 dν(x)

=

∫
X

[∫
Θ

L(θ, d′(x))π(θ|x) dµ(θ)
]
pπ(x) dν(x)

=

∫
X
ℓ(x, d′(x))pπ(x) dν(x).

Since d(x) is defined as the minimizer of ℓ(x, a) for every x, we have ℓ(x, d(x)) ≤
ℓ(x, d′(x)) pointwise. Therefore:

r(Π, d′) =

∫
X
ℓ(x, d′(x))pπ(x) dν(x) ⩾

∫
X
ℓ(x, d(x))pπ(x) dν(x) = r(Π, d).

Example 7.4. The form of the Bayes rule depends entirely on the chosen loss
function.

i. Squared Error Loss (Estimation of γ(θ) ∈ R):

L(θ, a) = (γ(θ)− a)2

129



FMS 7. Decision Theory

The Bayes rule minimizes the posterior expected squared error:

d(x) = argmin
a∈A

E
[
(γ(θ)− a)2 |X = x

]
.

As shown in introductory statistics, this is minimized by the expectation:

d(x) = E[γ(θ) |X = x] −→ Posterior Mean.

ii. Absolute Error Loss (Estimation of γ(θ) ∈ R):

L(θ, a) = |γ(θ)− a|

The Bayes rule minimizes the posterior expected absolute deviation:

d(x) = argmin
a∈A

E[|γ(θ)− a| |X = x] −→ Posterior Median.

iii. 0/1 “Hit or Miss” Loss (Estimation of γ(θ) = θ ∈ R): Consider a loss that
penalizes being further than distance c from the truth:

L(θ, a) = 1{|θ−a|>c} for some given c > 0.

The posterior risk is the probability of the error being large:

ℓ(x, a) = Π(|θ − a| > c |X = x) = 1− Π(|θ − a| ≤ c |X = x).

Minimizing this risk is equivalent to maximizing the probability of being within
the interval [a− c, a+ c]. If we consider the limit as c ↓ 0:

1− ℓ(x, a)

2c
=

Π(|θ − a| ≤ c |X = x)

2c
≈ π(a|x).

Hence, for small c, the constructed Bayes rule maximizes the posterior density:

dMAP(x) = argmax
θ
π(θ|x) = argmax

θ
pθ(x)π(θ).

This is known as the Maximum A Posteriori (MAP) estimator.

Remark. If the prior is uniform, π(θ) = const (which strictly requires Θ to
be bounded to integrate to 1), then maximizing the posterior is equivalent to
maximizing the likelihood. In this specific case, MAP = MLE.

7.3 Minimax Decision Rules

Another major perspective in decision theory is focusing on the “worst–case” sce-
nario. While Bayes rules optimize for the average case (given a prior), minimax
rules optimize for the worst possible state of nature.

Definition 7.7. A decision rule d is minimax if

sup
θ∈Θ

R(θ, d) = inf
d′

sup
θ∈Θ

R(θ, d′).

In other words, the worst–case risk of d is the minimal worst–case risk achievable
by any rule.
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Remark (Not relevant for this course). In asymptotic statistics (where n → ∞),
strict minimaxity is often hard to derive. You may encounter the following relax-
ations in research literature:

• A sequence of rules dn is asymptotically minimax if

sup
θ
Rn(θ, dn) ∼ inf

d′
sup
θ
Rn(θ, d

′).

(Here an ∼ bn denotes an/bn → 1).

• A sequence achieves the minimax rate if

sup
θ
Rn(θ, dn) ≍ inf

d′
sup
θ
Rn(θ, d

′).

(Here ≍ denotes that the ratio is bounded away from 0 and ∞).

Example 7.5 (Gaussian Mean). If X1, . . . , Xn ∼ N (µ, 1), then the sample mean
Xn is the minimax estimator of µ under squared error loss. (We will prove this
later).

Example 7.6 (Binomial Proportion: Counter–Intuitive Result). LetX ∼ Bin(n, p).
We wish to estimate p ∈ (0, 1) under squared error loss.

Consider the natural estimator d(X) = X
n
(which is the MLE and UMVUE). Its risk

is:

R(p, d) = Ep

[(
X

n
− p

)2
]
= Varp

[
X

n

]
=
p(1− p)

n
.

The worst-case risk occurs at p = 1/2:

sup
p∈(0,1)

R(p, d) =
1

n
· 1
4
=

1

4n
.

Surprisingly, d(X) = X
n
is not minimax under squared error loss. We can construct

a rule with a lower worst-case risk.

Demonstration: A Randomized Estimator of a Binomial probability
To see why X/n is not minimax, we can construct a randomized rule that achieves
a smaller maximum risk.

Consider two base estimators:

1. d(X) = X
n
: Risk is maximal at p = 1/2.

2. d′(X) ≡ 1
2
: A constant estimator. Risk is

R(p, d′) = Ep

[(
1

2
− p

)2
]
=

(
p− 1

2

)2

.

This risk is zero at p = 1/2 and maximal at p ∈ {0, 1}.
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We can create a trade–off by mixing these two. Define a randomized rule dr that
chooses d with probability 1 − ϵ and d′ with probability ϵ. Formally, let U ∼
Uniform(0, 1) independent of X:

dr(X,U) =
X

n
1(0,1−ϵ](U) +

1

2
1(1−ϵ,1)(U).

The risk of this randomized rule is the convex combination of the individual risks:

R(p, dr) = EX,U

[(
dr(X,U)− p

)2]
= (1− ϵ)R(p, d) + ϵR(p, d′)

= (1− ϵ)
p(1− p)

n
+ ϵ

(
p− 1

2

)2

.

By choosing ϵ = 1
n+1

, the risk becomes constant (flat) across all p:

R(p, dr) =
1

4(n+ 1)
.

Since 1
4(n+1)

< 1
4n
, this randomized rule has a strictly lower worst-case risk than

X/n. Therefore, X/n cannot be minimax.

Remark. We used a randomized rule here for intuition. Later, we will derive a
deterministic minimax estimator for the Binomial model (the Hodges–Lehmann es-
timator) which relates closely to this logic.

7.4 Decision Rules With Constant Risk

Finding minimax rules directly can be difficult. However, there is a powerful strategy
that leverages Bayes rules. If we can find a Bayes rule whose risk function turns out
to be constant (flat) across all parameters, we can conclude it is minimax.

Lemma 7.1. Suppose a decision rule d has constant risk, i.e., R(θ, d) ≡ R(d) for
all θ ∈ Θ. Then:

(i) If d is admissible, then d is minimax.

(ii) If d is Bayes (with respect to some prior Π), then d is minimax.

Proof.

(i) Let d′ be any other decision rule. Since d is admissible, d′ cannot be strictly
better than d. This implies that either d′ has higher risk for some θ, or it has
equal risk everywhere. In either case:

sup
θ
R(θ, d′) ≥ R(d) = sup

θ
R(θ, d).

Thus, d minimizes the worst–case risk.
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(ii) This is the more practical condition. Let d be Bayes for prior Π. For any rule
d′:

sup
θ
R(θ, d′) ≥

∫
Θ

R(θ, d′) dΠ(θ) = r(Π, d′) (Max ≥ Average)

≥ r(Π, d) (Since d is Bayes)

=

∫
Θ

R(d) dΠ(θ) = R(d) (Risk is constant)

= sup
θ
R(θ, d).

Therefore, d is minimax.

Example 7.7 (Binomial Model Minimax Estimator). Consider X ∼ Bin(n, θ). We
wish to estimate θ ∈ [0, 1] under squared error loss L(θ, a) = (θ − a)2.

We previously saw that the MLE X/n is not minimax. We will construct a minimax
estimator by finding a Bayes rule with constant risk.

The Bayes Rule Family Consider the Conjugate Prior Π = Beta(α, β). The
Bayes estimator (posterior mean) is:

θ̂α,β(X) =
X + α

n+ α + β
.

The Risk Function Using the bias–variance decomposition:

R(θ, θ̂α,β) = Eθ

[(
θ̂α,β(X)− θ

)2]
= Varθ[θ̂α,β(X)] + (Biasθ[θ̂α,β(X)])2

= Varθ

[
X

n+ α + β

]
+

(
E

[
X + α

n+ α + β

]
− θ

)2

=
nθ(1− θ)

(n+ α + β)2
+

(
nθ + α

n+ α + β
− θ

)2

.

Simplifying the bias term:

nθ + α− θ(n+ α + β)

n+ α + β
=
α− θ(α + β)

n+ α + β
.

Grouping terms by powers of θ, the risk becomes:

R(θ, θ̂α,β) =
[(α + β)2 − n]θ2 + [n− 2α(α + β)]θ + α2

(n+ α + β)2
.

Enforcing Constant Risk For the risk to be constant (independent of θ), the
coefficients of θ2 and θ must be zero:

1. Coefficient of θ2: (α + β)2 − n = 0 =⇒ α + β =
√
n.

2. Coefficient of θ: n− 2α(α + β) = 0 =⇒ n− 2α
√
n = 0 =⇒ α =

√
n/2.

Since α + β =
√
n, it follows that β =

√
n/2.
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Conclusion The estimator corresponding to prior parameters α = β =
√
n
2

is:

θ̂√n/2,
√
n/2(X) =

X +
√
n/2

n+
√
n

.

This estimator is Bayes and has constant risk. Therefore, by Lemma 7.1, it is
minimax.

The constant risk value is:

R(θ̂minimax) =
α2

(n+ α + β)2
=

n/4

(n+
√
n)2

=
1

4(
√
n+ 1)2

.

This is strictly smaller than the worst–case risk of the MLE (1/4n).

7.5 Least Favorable Distributions

In Example 7.7, we derived the Bayes rule θ̂α,β(X) for the Binomial model. We found

that for the specific choice α = β =
√
n
2
, the risk of the Bayes rule was constant. By

Lemma 7.1, this implied that the estimator was minimax.

To apply this strategy generally for determining minimax estimators, we must ask:

For which prior distribution is the Bayes rule likely to be minimax?

A minimax decision rule attempts to minimize the risk in the worst–case scenario.
Intuitively, we might expect the minimax rule to be the Bayes rule corresponding
to the “worst possible” prior distribution—the one that makes the average risk as
high as possible. We characterize this distribution as being least favorable.

Notation. We use dΠ to denote a Bayes rule constructed under a given prior dis-
tribution Π.

Definition 7.8. A prior distribution Π is least favorable if

r(Π, dΠ) ≥ r(Π′, dΠ′) for all prior distributions Π′.

In other words, the least favorable prior maximizes the minimal achievable Bayes
risk.

Example 7.8 (Binomial Model). Let X ∼ Binomial(n, θ) with θ ∈ [0, 1]. The prior

Beta
(√

n
2
,
√
n
2

)
is least favorable under squared error loss. This prior puts significant

mass where estimation is “hardest” in an average sense to maximize the Bayes risk.

The connection between minimaxity and least favorable priors is formalized in the
following lemma.

Lemma 7.2. Let dΠ be a (unique) Bayes rule for prior Π. If

r(Π, dΠ) = sup
θ∈Θ

R(θ, dΠ),

then:
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1. dΠ is (unique) minimax.

2. Π is a least favorable prior.

Note. The assumption r(Π, dΠ) = supθ R(θ, dΠ) is weaker than requiring constant
risk. For example, Π could be a discrete distribution that puts all its mass on the
specific values of θ where the risk R(θ, dΠ) is maximal.

Proof. 1. Minimaxity of dΠ
This follows the same argument as Lemma 7.1 (ii). For any competitor rule d′:

sup
θ
R(θ, d′) ⩾

∫
Θ

R(θ, d′) dΠ(θ) = r(Π, d′)

dΠ Bayes

⩾ r(Π, dΠ)

= sup
θ
R(θ, dΠ) (by assumption).

Thus, dΠ has the smallest worst–case risk. If dΠ is the unique Bayes rule, strict
inequality holds for d′ ̸= dΠ (on a set of positive measure), implying uniqueness.

2. Π is Least Favorable
Let Π̃ be any other prior distribution, and let dΠ̃ be its corresponding Bayes rule.

By definition of the Bayes risk for Π̃:

r(Π̃, dΠ̃) = inf
d′
r(Π̃, d′) ≤ r(Π̃, dΠ).

Now, expand the risk of dΠ under Π̃:

r(Π̃, dΠ) =

∫
Θ

R(θ, dΠ) dΠ̃(θ).

Since the average of a function cannot exceed its supremum, we have:∫
Θ

R(θ, dΠ) dΠ̃(θ) ⩽ sup
θ
R(θ, dΠ).

Using the assumption that supθ R(θ, dΠ) = r(Π, dΠ), we combine the inequalities:

r(Π̃, dΠ̃) ≤ r(Π̃, dΠ) ≤ sup
θ
R(θ, dΠ) = r(Π, dΠ).

Therefore, r(Π, dΠ) ≥ r(Π̃, dΠ̃), proving that Π is least favorable.

Remark.

• Non-uniqueness of Priors: A least favorable distribution is not unique
in general. In the Binomial example, the Bayes estimator (posterior mean)
depends only on the first n+ 1 moments of θ under Π.

dΠ(x) = E[θ|x] =
∫
θx+1(1− θ)n−x dΠ(θ)∫
θx(1− θ)n−x dΠ(θ)

.

Different priors sharing these moments will yield the same estimator and same
constant risk, thus qualifying as least favorable.
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• Dependence on Loss Function: Minimax rules are highly sensitive to the
chosen loss function.

– Under Squared Error Loss L(θ, a) = (θ− a)2, the standard MLE X
n
is

not minimax.

– However, consider the weighted loss function:

L(θ, a) =
(θ − a)2

θ(1− θ)
.

This loss penalizes errors near the boundaries (where variance is usually
low) more heavily. Under this specific loss, the risk of X

n
becomes con-

stant. Since X
n
is Bayes for the Uniform prior (Beta(1,1)), it implies that

X
n
is a minimax estimator for this weighted loss.

7.6 Extended Bayes

A least favorable distribution does not always exist.

Consider estimating the mean θ of a normal distribution N (θ, 1) where θ ∈ R.
Intuitively, no value of θ is harder to estimate than another, so a least favorable
prior should be uniform over R. However, a uniform distribution on the entire real
line is improper (unbounded measure).

To handle such cases, we generalize the concept of a least favorable distribution to
a sequence of prior distributions.

Definition 7.9. A decision rule d is extended Bayes if there exists a sequence of
prior distributions (Πm)

∞
m=1 such that

lim
m→∞

(
r(Πm, d)− inf

d′
r(Πm, d

′)
)
= 0.

In simple terms, d acts like a limit of Bayes rules; the gap between its performance
and the optimal Bayes performance vanishes along the sequence.

Remark. Extended Bayes rules are connected to least favorable sequences of prior
distributions. Let (Πm)

∞
m=1 be a sequence of priors with minimal average risks

rΠm = infd′ r(Πm, d
′). Then, (Πm)

∞
m=1 is a least favorable sequence of priors if

lim
m→∞

rΠm =: r <∞ and

r ≥ r(Π′, dΠ′)

for any prior Π′.

Lemma 7.3. Suppose a decision rule d has constant risk R(d). If d is extended
Bayes, then d is minimax.

Proof. By the definition of extended Bayes, for any ϵ > 0, there exists an m such
that:

r(Πm, d) ≤ inf
d′
r(Πm, d

′) + ϵ.
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Let d′ be any competitor rule. Since d has constant risk, its average risk under any
prior is just that constant value: r(Πm, d) = R(d).

Using the fact that the average risk of d′ is bounded by its worst-case risk (r(Πm, d
′) ≤

supθ R(θ, d
′)), we have:

R(d) = sup
θ
R(θ, d) = r(Πm, d) ≤ r(Πm, d

′) + ϵ

≤ sup
θ
R(θ, d′) + ϵ.

Since this holds for any ϵ > 0, letting ϵ→ 0 yieldsR(d) = sup
θ
R(θ, d) ≤ supθ R(θ, d

′).

Thus, d is minimax.

Example 7.9 (Multivariate Gaussian Means). Let X1, . . . ,Xn be i.i.d. random
vectors in Rp, distributed as Np(θ, σ

2I) with σ2 > 0 known.

So here we have multivariate observations X i = (Xi1, . . . , Xip)
T where all Xij are

independent with E [Xij] = θj and Var [Xij] = σ2.

We wish to estimate the vector θ under the squared Euclidean error loss:

L(θ, a) = ∥θ − a∥2 =
p∑

j=1

(θj − aj)
2.

Claim: The sample mean vector Xn is minimax.

Step 1: Verify Constant Risk

The risk of Xn is the sum of the variances of its components:

R(θ,Xn) = EX∼Pθ

[
p∑

j=1

(Xj,n − θj)
2

]
=

p∑
j=1

Var(Xj,n) =

p∑
j=1

σ2

n
=
pσ2

n
.

This risk is independent of θ, so it is constant.

Step 2: Show it is Extended Bayes

We construct a sequence of priors Πm = Np(0, τ
2
mI) where τ

2
m → ∞. These priors

become “flatter” and approach a uniform distribution over Rp.

The Bayes rule for Πm is the posterior mean (a shrinkage estimator):

dΠm(X) = EX∼Pθ
[θ|X1, . . . ,Xn] =

n/σ2

n/σ2 + 1/τ 2m
Xn.

The Bayes risk (minimum average risk) for Πm is the sum of the posterior variances.
Since the posterior covariance matrix is diagonal with entries (n/σ2 + 1/τ 2m)

−1, the

Bayes risk is, using that VarΠm [θj|X1, . . . ,Xn] =
(

n
σ2 +

1
τ2m

)−1

does not depend on

the data
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r(Πm, dΠm) = Eθ∼Πm

[
R(θ, dΠm(X1, . . . ,Xn))

]
= Eθ∼Πm

[
EX∼Pθ

[
∥dΠm(X1, . . . ,Xn)− θ∥2

]]
(Fubini)
= EX∼PΠ

[
Eθ∼Πm(·|X)

[
∥dΠm(X1, . . . ,Xn)− θ∥2

∣∣X1, . . . ,Xn

]]
= EX∼PΠ

[
Eθ∼Πm(·|X)

[
∥θ − E[ θ |X1, . . . ,Xn]∥2

∣∣X1, . . . ,Xn

]]
= EX∼PΠ

[
p · 1

n
σ2 +

1
τ2m

]
= p · 1

n
σ2 +

1
τ2m

As m→ ∞ (so τm → ∞), the term 1/τ 2m → 0. Thus:

lim
m→∞

r(Πm, dΠm) = p
σ2

n
.

Since the minimum Bayes risk converges to the constant risk of Xn, the sample
mean is extended Bayes.

r(Πm, Xn) = Eθ∼Πm

[
R(θ,Xn)

]
= Eθ∼Πm

[
EX∼Pθ

[
∥Xn − θ∥2

]]
= Eθ∼Πm

[
p
σ2

n

]
= p

σ2

n
.

By Lemma 7.3, Xn is minimax.

Example 7.10 (Gaussian Model with unknown variance). Suppose X1, . . . , Xn ∼
N (µ, σ2) where both µ ∈ R and σ2 ∈ (0,∞) are unknown. If we estimate µ under
standard squared error loss (µ− a)2:

• The risk of Xn is σ2/n.

• Since σ2 can be arbitrarily large, supµ,σ R((µ, σ), Xn) = ∞.

• In fact, the minimax risk for this problem is infinite; no estimator has a finite
worst-case risk over the unbounded variance space.

Solutions:

(i) Bounded Variance: Assume σ2 ≤ M . The minimax analysis becomes fea-
sible.

(ii) Scaled Loss Function: Is squared error loss reasonable? Change the loss
function to penalize errors relative to the noise level:

L((µ, σ), a) =
(µ− a)2

σ2
.

Under this loss, the risk of Xn is 1/n (constant). It can be shown that Xn is
minimax for this specific loss.
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7.7 Admissibility

We have previously discussed strict requirements for estimators, such as being Min-
imax (best worst-case risk) or Bayes (best average risk). Admissibility is a “bare
minimum” requirement: an estimator is admissible if no other estimator is uniformly
strictly better.

This section connects these concepts, providing tools to prove that an estimator is
admissible by showing it is Unique Bayes, Unique Minimax, or Extended Bayes.

7.7.1 Admissibility of Unique Bayes and Minimax Rules

It is often easier to prove that a rule is Unique Bayes or Unique Minimax than to
prove admissibility directly. Lemma 7.4 provides the bridge.

Lemma 7.4.

(i) If d is unique minimax, then d is admissible.

(ii) If d is unique Bayes, then d is admissible.

Remark. Lemma 7.2 gives conditions for a rule to be unique minimax. See the
exercises for conditions regarding unique Bayes rules.

Proof. The proof relies on contradiction. Suppose d is not admissible. Then there
exists a rule d′ that is strictly better than d. This means:

R(θ, d′) ≤ R(θ, d) ∀θ ∈ Θ,

with strict inequality for at least one θ.

(i) Minimax Case: If R(θ, d′) ≤ R(θ, d) for all θ, then the worst-case risks
satisfy:

sup
θ
R(θ, d′) ≤ sup

θ
R(θ, d).

Since d is unique minimax, no other rule d′ can match its worst-case risk unless
d′ = d almost everywhere. If d′ were strictly better, it would either have a
lower max risk (contradicting d’s optimality) or equal max risk (contradicting
d’s uniqueness).

(ii) Bayes Case: Similarly, integrating the risk inequality with respect to the
prior Π:

r(Π, d′) =

∫
R(θ, d′) dΠ(θ) ≤

∫
R(θ, d) dΠ(θ) = r(Π, d).

Since d is unique Bayes, it is the unique minimizer of the Bayes risk. Therefore,
d′ cannot satisfy this inequality unless d′ = d almost surely. Thus, no strictly
better rule d′ can exist.
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7.7.2 Admissibility of Bayes Rules

We can relax the “uniqueness” requirement if we introduce continuity assumptions
on the risk function and the prior.

Theorem 7.2. Consider a model {Pθ : θ ∈ Θ} with an open parameter space
Θ ⊂ Rk. Suppose that:

(i) All decision rules d have a continuous risk function θ 7→ R(θ, d).

(ii) Π is a prior distribution with Π(U) > 0 for all open subsets U ⊆ Θ. (The
prior has “full support”).

If dΠ is a Bayes rule for prior Π with finite Bayes risk r(Π, dΠ) < ∞, then dΠ is
admissible.

Note. The continuity assumption (i) holds for exponential families and squared
error loss.

Proof. Assume for the sake of contradiction that d′ is strictly better than dΠ. This
implies:

1. R(θ, d′) ≤ R(θ, dΠ) for all θ.

2. There exists some θ0 ∈ Θ such that R(θ0, d
′) < R(θ0, dΠ).

Let η = R(θ0, dΠ)−R(θ0, d
′) > 0 be the risk gap at θ0.

By the continuity of the risk functions, this gap must persist in a neighborhood
around θ0. There exists an ϵ > 0 such that for all θ with ∥θ − θ0∥ < ϵ:

R(θ, d′) ≤ R(θ, dΠ)−
η

2
.

Now, consider the Bayes risk of d′:

r(Π, d′) =

∫
Θ

R(θ, d′) dΠ(θ)

=

∫
∥θ−θ0∥<ϵ

R(θ, d′) dΠ(θ) +

∫
∥θ−θ0∥≥ϵ

R(θ, d′) dΠ(θ).

Substituting the bounds:

• Inside the ϵ-ball: R(θ, d′) ≤ R(θ, dΠ)− η/2.

• Outside the ϵ-ball: R(θ, d′) ≤ R(θ, dΠ).

r(Π, d′) ⩽
∫
∥θ−θ0∥<ϵ

(
R(θ, dΠ)−

η

2

)
dΠ(θ) +

∫
∥θ−θ0∥≥ϵ

R(θ, dΠ) dΠ(θ)

=

∫
Θ

R(θ, dΠ) dΠ(θ)−
∫
∥θ−θ0∥<ϵ

η

2
dΠ(θ)

= r(Π, dΠ)−
η

2
· Π
(
{θ : ∥θ − θ0∥ < ϵ}

)
.

By assumption (ii), the prior mass of the open ϵ-ball is strictly positive. Therefore:

r(Π, d′) < r(Π, dΠ).

This contradicts the fact that dΠ is Bayes (minimizes the Bayes risk). Thus, dΠ
must be admissible.
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Admissibility of Extended Bayes Rules

We can further relax the requirement to extended Bayes rules. However, we need a
condition to ensure the prior mass on open sets does not vanish “too fast” relative
to the convergence of the risk gap.

Theorem 7.3. Consider a model {Pθ : θ ∈ Θ} with open parameter space Θ ⊂ Rk.
Suppose that:

(i) All decision rules d′ have continuous risk functions θ 7→ R(θ, d′).

(ii) d is extended Bayes with respect to a sequence of priors (Πm)
∞
m=1 such that for

all open subsets U ⊆ Θ:

lim
m→∞

r(Πm, d)− infd′ r(Πm, d
′)

Πm(U)
= 0.

Then d is admissible.

Proof. Assume there exists a rule d̃ that is strictly better than d. By the same
continuity argument as Theorem 7.2, there exists an η > 0 and an open subset
U ⊆ Θ such that the risk gap on U is at least η. This implies:

r(Πm, d̃) ≤ r(Πm, d)− η · Πm(U) ∀m ≥ 1.

Rearranging this inequality:

r(Πm, d)− r(Πm, d̃) ≥ η · Πm(U).

Dividing by Πm(U) (assuming it is non-zero):

r(Πm, d)− r(Πm, d̃)

Πm(U)
≥ η.

Since the optimal Bayes risk infd′ r(Πm, d
′) is certainly less than or equal to r(Πm, d̃),

we have:
r(Πm, d)− infd′ r(Πm, d

′)

Πm(U)
≥ r(Πm, d)− r(Πm, d̃)

Πm(U)
≥ η.

This contradicts assumption (ii), which states that this ratio must converge to 0.
Therefore, d is admissible.

7.8 Sample and Shrinkage Estimators

Consider a single observation X ∼ N (θ, 1) with known variance. (Note: You can
think of having X1, . . . , Xn i.i.d. normal and reducing to the sufficient and complete
statistic X ≡ Xn by the Rao-Blackwell Theorem).

We wish to estimate the mean θ ∈ R under squared error loss L(θ, a) = (θ − a)2.

141



FMS 7. Decision Theory

Proposition 7.1. The affine estimator da,b(X) = aX+b with a, b ∈ R is admissible
if and only if:

i) 0 ≤ a < 1, or

ii) a = 1 and b = 0 (so da,b(X) = X).

Remark (Shrinkage Estimators). In case i) where a ∈ [0, 1), the estimator can be
rewritten as:

da,b(X) = aX + b = aX + (1− a)
b

1− a
.

This is a convex combination of the data X and a constant θ0 =
b

1−a
. This is known

as a shrinkage estimator because it “shrinks” the observation towards the value
θ0.

Proof. First, we derive the risk function for any affine estimator da,b(X).

R(θ, da,b) = Varθ[aX + b] + (biasθ(aX + b))2

= a2 · Var[X] + (aθ + b− θ)2

= a2 + (b− θ(1− a))2.

1. Inadmissibility (Necessity)

We show that if the conditions are not met, the estimator is dominated.

• Case a > 1: The risk is R(θ, da,b) ≥ a2 > 1. Since the standard estimator X
(where a = 1, b = 0) has constant risk 1, X strictly dominates da,b.

• Case a = 1, b ̸= 0: The risk is R(θ, da,b) = 12 + b2 > 1. Again, X strictly
dominates da,b.

• Case a < 0: Here 1− a > 1. Compare da,b to the constant estimator d̃(x) ≡
b

1−a
. The risk of da,b is:

R(θ, da,b) > (b− θ(1− a))2 = (1− a)2
(

b

1− a
− θ

)2

.

Since (1 − a)2 > 1, this is strictly larger than ( b
1−a

− θ)2, which is the risk of

the constant estimator d̃. Thus, da,b is inadmissible.

2. Admissibility (Sufficiency)

Case i): 0 ≤ a < 1

• If a = 0, then da,b(X) = b. This is a constant estimator, which is admissible
(it is the unique Bayes rule for a point mass prior at b, or see Example 8.1).
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• If 0 < a < 1, we show da,b is a Bayes estimator. Consider a normal prior
Π = N (c, τ 2). The Bayes rule is:

dΠ(X) =
τ 2

τ 2 + 1
X + c

1

τ 2 + 1
.

We can match coefficients by setting τ2

τ2+1
= a (which implies τ 2 = a

1−a
) and

choosing c such that the intercept matches b. Since da,b is a Bayes estima-
tor with finite risk on an open parameter space (with continuous risk), it is
admissible by Theorem 7.2 .

Case ii): a = 1, b = 0 (The Sample Mean)

The estimator d1,0(X) = X is not Bayes for any proper prior (requires infinite
variance). We prove admissibility using Theorem 7.3 by showing it is extended
Bayes w.r.t. (Πm)

∞
m=1 for Πm = N (0, τ 2m) with τ 2m → ∞; as we have shown when

proving minimaxity of the Gaussian sample mean.

Specifically, we take τ 2m = m.

Consider then the sequence of priors Πm = N (0,m). The Bayes rule for Πm is

dΠm(X) =
m

m+ 1
X.

The rule dΠm has risk

R(θ, dΠm) =

(
m

m+ 1

)2

Varθ [X]︸ ︷︷ ︸
=1

+

(
m

m+ 1
θ − θ

)2

︸ ︷︷ ︸
bias

=
m2 + θ2

(m+ 1)2
,

and, since EΠm [θ2] = VarΠm [θ] = m, the Bayes risk for dΠm is:

r(Πm, dΠm) =
m2 + EΠm [θ2]

(m+ 1)2
=

m2 +m

(m+ 1)2
=

m

m+ 1
.

The risk of our estimator d1,0(X) = X is constant R(θ,X) = Varθ [X] = 1, so its
average risk is also r(Πm, X) = 1 for all m.

We now need to show that

r(Πm, d1,0)− r(Πm, dΠm)

Πm(U)
−→
m→∞

0 ∀ U ⊆ R open.

The “risk gap” is:

r(Πm, X)− r(Πm, dΠm) = 1− m

m+ 1
=

1

m+ 1
.

To apply Theorem 7.3, we must show that for any open set U ⊆ R:

lim
m→∞

1/(m+ 1)

Πm(U)
= 0.
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It suffices to consider an open interval U = (u, u+ h) with h > 0.

Let ϕ(x) and Φ(x) be the density and d.f. of the standard normal distribution,
respectively. Then the probability of this interval under Πm = N (0,m) is:

Πm((u, u+ h)) = Φ

(
u+ h√
m

)
− Φ

(
u√
m

)
Using a Taylor expansion (or the Mean Value Theorem) around 0 as m→ ∞:

Πm((u, u+ h)) ≈ ϕ(0) ·
(
u+ h√
m

− u√
m

)
=

1√
2π

h√
m
.

Thus, for large m, Πm(U) behaves like C/
√
m. Substituting this into the limit

condition:

r(Πm, X)− r(Πm, dΠm)

Πm(U)
≈

1
m+1
C√
m

≈
√
m

m
=

1√
m

m→∞−−−→ 0.

Therefore, X is admissible.

7.8.1 Estimation in Higher Dimensions

Suppose we have a multivariate observation X = (X1, . . . , Xp)
⊤ ∼ Np(θ, I) with

θ ∈ Rp. This implies that the components X1, . . . , Xp are independent with Xj ∼
N (θj, 1).

Consider the estimation of the mean vector θ under the squared error loss:

L(θ, a) = ∥θ − a∥2 =
p∑

j=1

(θj − aj)
2.

The natural estimator (which is both the MLE and UMVUE) is simply the obser-
vation vector itself, X. Its risk is the sum of the variances of its components:

R(θ,X) = Eθ

[
∥X− θ∥2

]
=

p∑
j=1

Eθj

[
(Xj − θj)

2
]
=

p∑
j=1

Var[Xj] = p.

We have previously shown that X is admissible if p = 1. It turns out that X is also
admissible if p = 2 (see Lehmann and Casella 1998, Exercise 5.4.5).

Stein’s Paradox The situation changes drastically in higher dimensions.

If p ≥ 3, then X is inadmissable.

This result is known as Stein’s Paradox. It was considered paradoxical because,
for a long time, the Maximum Likelihood Estimator (MLE) was believed to be the
optimal estimator in such standard settings. While X has desirable properties like
unbiasedness, for p ≥ 3 there exist estimators that strictly dominate it (i.e., have
lower risk for all θ).
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Example 7.11 (Batting averages in baseball). To illustrate a scenario where inde-
pendent parameters are estimated simultaneously, consider the 1990 batting aver-
ages of 18 Major League Baseball players. Let Zi be the batting average of player i
after ni times at bat. We apply a variance-stabilizing transformation1 to obtain Xi:

Xi =
√
ni arcsin(2Zi − 1).

To a good approximation, we can model Xi ∼ N (θi, 1). We treat the true mean θi
as the transformed career batting average πi:

θi =
√
ni arcsin(2πi − 1).

Player ni Zi πi
Baines 415 0.284 0.289
Barfield 476 0.246 0.256
Bell 583 0.254 0.265
Biggio 555 0.276 0.287
Bonds 519 0.301 0.297
Bonilla 625 0.280 0.279
Brett 544 0.329 0.305
Brooks Jr. 568 0.266 0.269
Browne 513 0.267 0.271

Table 7.1: Batting averages for p = 9 baseball players (subset). ni is times at bat,
Zi is 1990 average, πi is career average. Taken from Samworth(2012)

In this example, even though the players’ performances are independent, Stein’s
result suggests that estimating their averages jointly (using information from the
whole group) can lead to a lower total squared error than estimating each one
individually using only their own average Xi.

7.9 Inadmissibility of the MLE for p ≥ 3

TODO: Improve this section.

7.9.1 Geometric Intuition

In lower dimensions (p = 1, 2), the Maximum Likelihood Estimator (MLE) X is
admissible. However, in higher dimensions (p ≥ 3), the squared length of the obser-
vation vector X tends to be significantly larger than the squared length of the true
parameter θ.

Consider the expectation of the squared norm of X:

Eθ[∥X∥2] = Eθ

[ p∑
j=1

X2
j

]
=

p∑
j=1

Eθ

[
X2

j

]
=

p∑
j=1

(θ2j + 1) = ∥θ∥2 + p.

1This transformation improves the accuracy of the normal approximation for Binomial counts.
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The term +p represents a systematic bias in the length. As p grows, ∥X∥2 becomes
an increasingly poor estimate of ∥θ∥2 because the “noise” (variance) accumulates
across all dimensions, pushing the vector X further away from the origin than θ is.

Idea: Since X is “too long” on average, we should construct an estimator that
shrinks X towards the origin (or another target). Consider the shrinkage estimator:

T b(X) :=

(
1− b

∥X∥2

)
X, for b > 0.

Here, the shrinkage factor 1−b/∥X∥2 is data-dependent: we shrink more when ∥X∥
is small and less when it is large.

Theorem 7.4 (James and Stein, 1961). If p ≥ 3 and 0 < b < 2(p− 2), then for all
θ ∈ Rp, the risk under squared error loss is:

R(θ, T b) = p− b
(
2(p− 2)− b

)
· Eθ

[
1

∥X∥2

]
.

Since the term subtracted is strictly positive, R(θ, T b) < p = R(θ,X) for all θ.
Thus, X is inadmissible.

Proof (of Theorem 7.4). Let p ≥ 3 and 0 < b < 2(p − 2). Let θ ∈ Rp. Define the
helper function f(X) := X

∥X∥2 . We can write the estimator as T b(X) = X− bf(X).

The risk is the expected squared Euclidean distance:

R(θ, T b) = Eθ

[
∥T b(X)− θ∥2

]
= Eθ

[
∥(X − θ)− bf(X)∥2

]
= Eθ

[
∥X − θ∥2

]︸ ︷︷ ︸
=p

+b2Eθ

[
∥f(X)∥2

]
− 2bEθ

[
(X − θ)⊤f(X)

]
.

Note that ∥f(X)∥2 = ∥X∥2
∥X∥4 = 1

∥X∥2 . Thus, the second term is b2Eθ[
1

∥X∥2 ].

The proof hinges on evaluating the cross term Eθ[(X − θ)⊤f(X)]. We use Stein’s
Lemma (Integration by Parts), which states that for X ∼ N (θ, 1) and a differen-
tiable function g, E[(X − θ)g(X)] = E[g′(X)].

Consider the j-th component of the dot product:

Eθ

[
(Xj − θj)

Xj

∥X∥2

]
.

Applying Stein’s Lemma with respect to Xj:

Eθ

[
(Xj − θj)

Xj

∥X∥2

]
= Eθ

[
∂

∂Xj

(
Xj

∥X∥2

)]
.

We calculate the partial derivative using the quotient rule (noting ∂
∂Xj

∥X∥2 = 2Xj):

∂

∂Xj

(
Xj

∥X∥2

)
=

1 · ∥X∥2 −Xj · 2Xj

(∥X∥2)2
=

∥X∥2 − 2X2
j

∥X∥4
=

1

∥X∥2
−

2X2
j

∥X∥4
.
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Now, sum over all indices j = 1, . . . , p:

Eθ

[
(X − θ)⊤f(X)

]
=

p∑
j=1

Eθ

[
1

∥X∥2
−

2X2
j

∥X∥4

]

= Eθ

[ p∑
j=1

1

∥X∥2
−

2
∑
X2

j

∥X∥4

]
= Eθ

[
p

∥X∥2
− 2∥X∥2

∥X∥4

]
= Eθ

[
p− 2

∥X∥2

]
= (p− 2)Eθ

[
1

∥X∥2

]
.

Comments on the Estimator

• Optimal Shrinkage: The quadratic term b(2(p − 2) − b) is maximized at
b = p− 2. This yields the standard James-Stein Estimator:

dJS(X) =

(
1− p− 2

∥X∥2

)
X.

• Risk at the Origin: The improvement in risk is maximal at θ = 0. At this
point, ∥X∥2 ∼ χ2

p, and it can be shown that E0[1/∥X∥2] = 1/(p− 2). Thus:

R(0, dJS) = p− (p− 2)2 · 1

p− 2
= p− (p− 2) = 2.

Comparing this to R(0,X) = p, the improvement is substantial (e.g., risk of
2 vs 18 for p = 18).

• Positive-Part Estimator: The factor (1 − p−2
∥X∥2 ) can be negative if the

observed X is very close to zero. Shrinking “past” zero reverses the sign,
which is geometrically nonsensical and increases error. The Positive-Part
James-Stein Estimator fixes this:

d+JS(X) =

(
1− p− 2

∥X∥2

)
+

X, (x)+ := max{x, 0}.

This estimator strictly dominates the standard James-Stein estimator, though
it is still inadmissible (Shao and Strawderman, 1994), because it is not smooth
(non-differentiable at the cut-off).

Choice of Shrinkage Target

Why shrink to zero? The choice of the origin is arbitrary.
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1. Arbitrary Target θ0: We can shrink towards any vector θ0 (e.g., a theoret-
ical prediction):

dJS(X;θ0) = θ0 +

(
1− p− 2

∥X − θ0∥2

)
(X − θ0).

2. Shrinkage to the Mean (Lindley’s Estimator): In many problems (like
the baseball example below), the components θi are conceptually similar. It
is reasonable to assume they cluster around a common mean. We can shrink
towards the grand mean X = 1

p

∑
Xj:

dj(X) = X +

(
1− p− 3∑p

j=1(Xj −X)2

)
(Xj −X).

This is highly effective if the true parameters θi are close to each other.

Example 7.12 (Baseball Batting Averages). We analyze the 1990 batting averages
of 18 MLB players (p = 18). Let ni be the number of at-bats and Zi be the
batting average. We apply a variance-stabilizing transformation so that the data is
approximately normal with variance 1:

Xi =
√
ni arcsin(2Zi − 1).

We compare three estimators:

1. Naive MLE: Xi (using only individual data).

2. JS to Fixed Target: Shrinking to π0 = 0.275 (a reasonable global average).

3. JS to Mean: Shrinking to the observed average of the 18 players.

1 library(dplyr)

library(readr)

# Load and transform data

5 baseball <- read_csv("data/baseball.txt") %>%

mutate(

X = sqrt(n_i) * asin(2 * Z_i - 1),

theta = sqrt(n_i) * asin(2 * pi_i - 1) # 'Truth' based on career average

)

10 p <- nrow(baseball) # p = 18

# 1. JS Estimator shrinking towards fixed target (pi_0 = 0.275)

pi_0 <- 0.275

t0 <- sqrt(mean(baseball$n_i)) * asin(2 * pi_0 - 1)

15
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baseball <- baseball %>%

mutate(

JS_t0 = t0 + max(1 - (p - 2) / sum((X - t0)^2), 0) * (X - t0)

)

20

# 2. JS Estimator shrinking towards the group mean

m <- mean(baseball$X)

baseball <- baseball %>%

25 mutate(

JS_mean = m + max(1 - (p - 3) / sum((X - m)^2), 0) * (X - m)

)

# Calculate Total Squared Errors (Risk)

30 risk_results <- baseball %>%

summarize(

MSE_MLE = sum((X - theta)^2),

MSE_JS_t0 = sum((JS_t0 - theta)^2),

MSE_JS_mean = sum((JS_mean - theta)^2)

35 )

print(risk_results)

R Code Implementation

Results The James-Stein estimator shrinking towards the group mean performs
best. By “borrowing strength” from the other players, we reduce the noise inherent
in individual observation.

The reduction from 2.56 (MLE) to 1.17 (JS-Mean) represents a variance reduction
of over 50%, confirming the inadmissibility of the standard estimator in practice.
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8. Hypothesis Tests

8.1 Testing Problems

Observation: X, values in sample space X ⊂ Rd

Model: {Pθ : θ ∈ Θ} with parameter space Θ ⊂ Rk .

A testing problem amounts to deciding between two competing hypotheses re-
garding the true parameter θ:

H0 : X ∼ Pθ with θ ∈ Θ0 versus H1 : X ∼ Pθ with θ ∈ Θ1,

where Θ0 and Θ1 form a partition of the parameter space Θ (i.e., they are disjoint).

The Action Space and Asymmetry

The decision problem involves an action space A = {0, 1}. While formally symmet-
ric, the Neyman–Pearson theory (which we will cover later) adopts an asymmetric
view:

• H0 (Null Hypothesis): Represents the default scenario, status quo, or “no
effect.”

• H1 (Alternative Hypothesis): Represents a discovery, a new effect, or a
deviation from the norm.

Consequently, the actions are interpreted as:

• a = 0: Do not reject H0.

– This is not a confirmation that H0 is true.

– It is interpreted as a “missed opportunity” to find a signal, which is
generally considered less severe than a false discovery.

• a = 1: Reject H0 (Accept H1).

– This is a claim that the default assumption is false.

– Making this claim erroneously is considered “something bad” (a false
positive) and is strictly controlled.
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Remark (“p–value crisis” and Reproducibility). In many scientific fields (e.g., medicine,
psychology), there is a strong culture of supporting claims with statistical signifi-
cance (p–values).

• A rejection of H0 (e.g., “The drug does nothing”) is often required to publish
results.

• Effect Size vs. Significance: A significant result (tiny p–value) only tells
us that H0 is false; it does not tell us if the effect is meaningful. A drug might
statistically extend life by 1 second (rejecting “no effect”), but this is clinically
irrelevant. Modern statistics emphasizes reporting confidence intervals and
effect sizes alongside tests to capture the magnitude of the benefit.

• Replicability: If a researcher repeats an experiment many times and only
reports the one successful test (hiding the failures), the statistical guarantees
of the test are invalidated. This “file drawer problem” contributes to the
replication crisis in science.

Example 8.1 (Television ads and NBC Guidelines). The following requirements for
television advertisements (based on historical NBC guidelines) illustrate how testing
formulations change based on the claim being made.

a) Superiority Claim (“Product A is better than B”) To air a commer-
cial claiming superiority, NBC requires a study with n ≥ 300 participants.
Let X ∼ Binomial(n, θ) be the count of participants preferring A. The null
hypothesis must represent the opposite of the claim (i.e., A is not better).

H0 : θ ≤ 0.5 vs. H1 : θ > 0.5

The claim is allowed only if the test rejects H0 at a 95% confidence level.

b) Parity Claim (“Product A is as good as B”) To claim parity, the re-
quirements are stricter (n ≥ 500). If the observed preference rate X/n < 0.5,
the claim is allowed only if we fail to reject the hypothesis of equality:

H0 : θ = 0.5 vs. H1 : θ ̸= 0.5

at a 90% confidence level.

Discussion on “Gaming” the System: In practice, a company might conduct
a study for Scenario A and fail to reject H0. If they simply discard that study
and repeat the experiment until they get a “lucky” rejection (without telling the
network about the failures), they are exploiting random chance. This highlights the
importance of pre-registration in clinical trials (e.g., FDA requirements for vaccines)
to prevent such “p–hacking.”
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8.1.1 Tests and Their Errors

Definition 8.1 (Non-randomized test). A non-randomized test is a decision rule
d : X → {0, 1}.

• The value d(x) = 1 corresponds to rejecting H0 (accepting H1).

• The value d(x) = 0 corresponds to accepting H0 (rejecting H1).

The rejection region is the set of observations leading to rejection:

S1 = {x ∈ X : d(x) = 1}.

The acceptance region is its complement X \ S1.

Type I and Type II Errors

In this binary decision framework, there are two specific ways to make an incorrect
decision. While other fields use descriptive terms like “False Positive” (Sensitivi-
ty/Specificity), statistics traditionally uses the labels Type I and Type II.

• Type I error (False Positive): Rejecting H0 when it is actually true (θ ∈
Θ0).

• Type II error (False Negative): Accepting H0 when it is actually false
(θ ∈ Θ1).

Randomized Tests

It is often mathematically convenient to allow randomized decision rules. In
practice, you typically want a clear “Yes/No” answer, but allowing a test to out-
put a probability of rejection simplifies the theoretical search for optimal tests (see
convexity below).

Definition 8.2 (Randomized Test).

(i) A randomized decision rule maps observed values x to probability distri-
butions on the action space A.

(ii) A randomized test is a function d : X → [0, 1], where d(x) represents the
probability of rejecting H0 given observation x.

In the sequel, the term “test” will generally refer to randomized tests, with non-
randomized tests being the special case where d(x) ∈ {0, 1}.

Remark (Convexity). The set of randomized tests is convex. If d1 and d2 are tests
(mapping into [0, 1]) and α ∈ [0, 1], then the convex combination

dnew(x) = αd1(x) + (1− α)d2(x)

is also a valid test, as the output remains in [0, 1]. This property is crucial for
optimization theory in hypothesis testing.

153



FMS 8. Hypothesis Tests

8.1.2 Neyman–Pearson Loss and Risk of Tests

To apply decision theory to hypothesis testing, we define a loss function that penal-
izes incorrect decisions. The Neyman–Pearson (NP) loss is the natural choice
for the binary action space A = {0, 1}. It focuses solely on whether the decision
matches the truth state of θ.

The Loss Function

Let c1 > 0 be the cost of a Type I error and c0 > 0 be the cost of a Type II error.

Definition 8.3 (Neyman-Pearson Loss). The loss function L(θ, a) for a determin-
istic action a ∈ {0, 1} is defined as:

State of Nature (L(θ, a)) Accept H0 (a = 0) Reject H0 (a = 1)

H0 True (θ ∈ Θ0) 0 c1
H1 True (θ ∈ Θ1) c0 0
Indifferent (θ /∈ Θ0 ∪Θ1) 0 0

Extension to Randomized Tests As discussed previously, a randomized test
outputs a probability p = d(x) ∈ [0, 1] rather than a strict action. To define the loss
for a probability p, we consider the expected loss over the internal randomization
of the test.

Let A ∼ Bernoulli(p) be the random action generated by the test. The extended
loss function L : Θ× [0, 1] → R is:

L(θ, p) = EA∼Bernoulli(p)[L(θ, A)] = pL(θ, 1) + (1− p)L(θ, 0).

Substituting the values from the NP table, this simplifies to a linear function of p:

L(θ, p) =

{
p · c1 if θ ∈ Θ0

(1− p) · c0 if θ ∈ Θ1

Intuitively, if the Null is true (θ ∈ Θ0), the “mistake” is rejecting it (action 1). You
pay the cost c1 weighted by the probability p that you actually make that mistake.

The Risk Function

The risk R(θ, d) is the expected loss over the randomness of the data X.

R(θ, d) = Eθ

[
L(θ, d(X))

]
.

Using the linearity of the expectation, we can express the risk directly in terms of
the test’s behavior.
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For a Non-Randomized Test (d(X) ∈ {0, 1}):

R(θ, d) =

{
c1 · Pθ(d(X) = 1) if θ ∈ Θ0,

c0 · Pθ(d(X) = 0) if θ ∈ Θ1.

For a Randomized Test (d(X) ∈ [0, 1]): Since Eθ[d(X)] represents the expected
probability of rejection:

R(θ, d) =

{
c1 · Eθ[d(X)] if θ ∈ Θ0,

c0 · (1− Eθ[d(X)]) if θ ∈ Θ1.

The Power Function

Notice that in both cases above, the risk is entirely determined by a single quantity:
the expected value of the test function.

Definition 8.4 (Power Function). The power function of a test d, denoted βd(θ)
(or simply β(θ)), is the probability (or expected probability) of rejecting the null
hypothesis as a function of θ:

βd(θ) := Eθ[d(X)].

This definition unifies both cases:

• If d is non–randomized, Eθ[d(X)] = 1 · P(d(X) = 1) + 0 = Pθ(Reject H0).

• If d is randomized, it is the average rejection probability.

Relationship between Risk and Power: We can now rewrite the risk compactly
using the power function:

R(θ, d) =

{
c1β(θ) if θ ∈ Θ0 (Type I Error Risk)

c0(1− β(θ)) if θ ∈ Θ1 (Type II Error Risk)

Thus, characterizing the performance of a test is equivalent to studying its power
function. Ideally, we want β(θ) ≈ 0 for θ ∈ Θ0 and β(θ) ≈ 1 for θ ∈ Θ1.

8.1.3 Tests in Neyman-Pearson Form

In practice, we rarely construct arbitrary randomized mappings from X to [0, 1].
Instead, nearly all practical tests follow the specific Neyman-Pearson form (or
“0-1 form”). This structure reduces the dimensionality of the data to a single scalar
and applies a threshold.

Definition 8.5 (Neyman-Pearson Form). A test d is in Neyman-Pearson form if
it is defined by a test statistic T : X → R, a critical value k ∈ R, and a
randomization constant γ ∈ [0, 1] such that:

d(x) =


1 if T (x) > k,

γ if T (x) = k,

0 if T (x) < k.
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Intuition and Components

• The Test Statistic T (x): This function summarizes the complex dataset
(e.g., a vector of observations) into a single number relevant to the hypothesis.

– We choose T such that it tends to take small to moderate values when
H0 is true.

– It tends to take large values when H0 is false (i.e., when H1 is true).

• The Critical Value k: This is the threshold of evidence. If the signal T (x)
exceeds k, we reject H0. The “art” of designing a statistical test lies in cali-
brating this k to achieve a specific risk profile (e.g., ensuring the Type I error
probability does not exceed 5%).

• The Randomization γ: If the statistic lands exactly on the threshold (T (x) =
k), we may need “wiggle room” to satisfy strict error constraints. In this
boundary case, we flip a coin with probability γ to decide whether to reject.
(Note: For continuous data, P (T (X) = k) = 0, so γ is often irrelevant).

Example 8.2 (Application to Television Ads). Revisiting Example 8.1 (Television
ads), we can define the components as follows:

• Data: The raw data might be a spreadsheet of n rows, where each entry is a
preference for Product A (1) or Product B (0).

• Test Statistic: We choose T (x) =
∑
xi (the total count of participants

preferring A).

• Logic:

– If H0 is true (Product A is not better), we expect T (x) to be around n/2
or lower.

– If H1 is true (Product A is better), we expect T (x) to be significantly
higher.

• Decision: We calculate a threshold k based on the Binomial distribution. If
the count T (x) > k, we reject H0 and air the ad.

8.1.4 Bayes Tests

In the Bayesian framework, we treat the parameter θ as a random variable. Let Π be
aPrior distribution on the parameter space, which is partitioned into Θ = Θ0∪̇Θ1.
Let Π(·|x) denote the posterior distribution given the data x ∈ X .
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Minimizing Posterior Risk

Unlike the frequentist risk (which averages over data for a fixed θ), the Bayesian
approach fixes the data x and averages the loss over the uncertainty in θ (the pos-
terior).

Under the Neyman-Pearson (NP) loss structure (defined in the previous section), the
posterior risk of taking a randomized action p ∈ [0, 1] (where p is the probability
of rejecting H0) is:

ℓ(x, p) =

∫
Θ

L(θ, p) dΠ(θ|x)

=

∫
Θ0

c1p︸︷︷︸
Loss if H0 true

dΠ(θ|x) +
∫
Θ1

c0(1− p)︸ ︷︷ ︸
Loss if H1 true

dΠ(θ|x)

= p · c1 · Π(Θ0|x) + (1− p) · c0 · Π(Θ1|x).

Rearranging terms to group by p:

ℓ(x, p) = p [c1Π(Θ0|x)− c0Π(Θ1|x)] + c0Π(Θ1|x).

Optimization: A Bayes test (or Bayes rule) is the decision rule d(x) that mini-
mizes this posterior risk for every x:

d(x) = arg min
p∈[0,1]

ℓ(x, p).

Note that ℓ(x, p) is a linear function of p on the interval [0, 1].

• If the slope (term in brackets) is negative, the minimum is at p = 1.

• If the slope is positive, the minimum is at p = 0.

• If the slope is zero, any p works (the risks are balanced).

Theorem 8.1 (Bayes Test Form). A Bayes test under Neyman-Pearson loss has
the form:

d(x) =


1, if c0Π(Θ1|x) > c1Π(Θ0|x),
γ(x), if c0Π(Θ1|x) = c1Π(Θ0|x),
0, if c0Π(Θ1|x) < c1Π(Θ0|x),

where γ(x) ∈ [0, 1] is arbitrary.

Bayes Tests of Simple Hypotheses

Consider the specific case where we compare exactly two distributions (Simple vs.
Simple). Let Θ0 = {θ0} and Θ1 = {θ1}.

• Model: Pθ0 has density p0(x) and Pθ1 has density p1(x).
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• Priors: Let π0 := Π(Θ0) and π1 := Π(Θ1) with π0 + π1 = 1.

Using Bayes’ theorem, the posterior probabilities are:

Π(Θ0|x) =
π0p0(x)

π0p0(x) + π1p1(x)
, Π(Θ1|x) =

π1p1(x)

π0p0(x) + π1p1(x)
.

Substituting these into Theorem 8.1, the denominators cancel out. We reject H0

(action d(x) = 1) if:

c0π1p1(x) > c1π0p0(x).

The Likelihood Ratio Test

We can rearrange the inequality above to separate the data from the external factors
(costs and priors). The Bayes test rejects H0 when:

p1(x)

p0(x)︸ ︷︷ ︸
Likelihood Ratio

>
c1
c0︸︷︷︸

Cost Ratio

· π0
π1︸︷︷︸

Prior Odds

Interpretation:

• Likelihood Ratio (p1/p0): This quantifies how much more likely the observed
data x is under H1 compared to H0. It is the sufficient statistic for this
problem.

• Cost Ratio (c1/c0): Adjusts the threshold based on consequences. If Type
I errors are very expensive (c1 is high), the threshold increases, requiring
stronger evidence to reject.

• Prior Odds (π0/π1): Adjusts based on prior belief. If H0 is extremely likely
a priori (e.g., “Trump will not win” in the lecturer’s 2016 example), π0 is high,
pushing the threshold up.

Remark. If costs are equal (c1 = c0) and priors are equal (π0 = π1), the test simply
compares which density is higher: reject if p1(x) > p0(x).

Example 8.3 (Testing Binomial Probability). Consider the test of a simple null
hypothesis against a composite alternative:

H0 : θ = θ0 versus H1 : θ ̸= θ0,

where the data follows a Binomial distribution, X ∼ Binomial(n, θ), with density:

pθ(x) =

(
n

x

)
θx(1− θ)n−x, x = 0, 1, . . . , n.
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Constructing the Prior To construct a Bayes test, we must assign a prior dis-
tribution Π over Θ = [0, 1].

Note (Prior Selection). A continuous prior (e.g., θ ∼ Uniform[0, 1]) would be in-
appropriate here because it assigns zero probability to any single point, meaning
Π({θ0}) = 0. If the prior probability of H0 is zero, the posterior probability will also
be zero regardless of the data.

Therefore, we must assign a positive probability mass to θ0. We define the prior
as a mixture:

Π = π0 · δθ0 + (1− π0) · Beta(a, b),

where π0 ∈ (0, 1) is the prior probability that H0 is true, and δθ0 is a point mass
(Dirac delta) at θ0.

The Two-Stage Draw We can think of drawing a parameter θ from this prior
as a two-step random process:

1. Hypothesis Selection: Flip a biased coin that shows Heads with probability
π0.

2. Parameter Assignment:

• If Heads (H0): Set θ = θ0 (the coin is “fair” or fixed).

• If Tails (H1): Draw θ randomly from the alternative distribution, θ ∼
Beta(a, b).

Prior Predictive Probability To compute the posterior, we first need the marginal
likelihood (prior predictive probability) of observing the data x. By the Law of Total
Probability, we integrate the likelihood against the prior mixture:

P(X = x) =

∫
pθ(x) dΠ(θ)

= π0

∫
pθ(x) dδθ0(θ)︸ ︷︷ ︸

Likelihood under H0

+(1− π0)

∫
pθ(x) dBeta(a, b)︸ ︷︷ ︸
Likelihood under H1

.

The first integral is simply the evaluation at the point mass. The second integral
exploits the conjugacy of the Beta distribution with the Binomial likelihood (“lazy
integration”):

P(X = x) = π0pθ0(x) + (1− π0)
Γ(a+ b)

Γ(a)Γ(b)

(
n

x

)∫ 1

0

θx+a−1(1− θ)n−x+b−1 dθ

= π0

(
n

x

)
θx0(1− θ0)

n−x + (1− π0)

(
n

x

)
Γ(a+ b)

Γ(a)Γ(b)

Γ(x+ a)Γ(n− x+ b)

Γ(n+ a+ b)
.
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Posterior Probability and Decision The posterior probability of the null hy-
pothesis Θ0 = {θ0} is given by Bayes’ Rule:

Π(Θ0|x) =
P(X = x|θ = θ0)P(θ = θ0)

P(X = x)
=
π0
(
n
x

)
θx0(1− θ0)

n−x

P(X = x)
.

The posterior for the alternative is simply the complement, Π(Θ1|x) = 1−Π(Θ0|x).
A Bayes test under Neyman-Pearson loss compares the ratio of these posterior prob-
abilities (the posterior odds) against the cost ratio:

Reject H0 ⇐⇒ Π(Θ1|x)
Π(Θ0|x)

>
c1
c0
.

8.2 Most Powerful Tests

In the previous sections on Decision Theory and Bayes tests, we assumed we could
quantify the loss of making errors (via costs c0, c1) and potentially assign prior
probabilities. In practice, however, these values are often unknown or controversial
(e.g., what is the exact cost of a medical side effect versus a cure?).

The Neyman-Pearson Approach

The Neyman-Pearson (NP) framework avoids assigning specific costs by treating the
hypotheses asymmetrically.

• Null Hypothesis (H0): Represents the status quo, current scientific stan-
dard, or “no effect.”

• Alternative Hypothesis (H1): Represents a new discovery, effect, or change.

We consider rejecting H0 when it is true (Type I Error) to be the “worse” mistake.
Therefore, we impose a strict constraint on this error probability.

Definition 8.6 (Significance Level). We require a test d(X) to have a significance
level α ∈ (0, 1). This means the probability of rejecting H0 when it is true is
bounded by α:

Eθ[d(X)] ≤ α, ∀θ ∈ Θ0.

Commonly, α = 0.05 (a convention popularized by Fisher).

Subject to this constraint, we seek to maximize the test’s ability to detect the
alternative.

Definition 8.7 (Power). The power of a test is the probability of correctly rejecting
H0 when H1 is true:

β(θ) = Eθ[d(X)] for θ ∈ Θ1.
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Most Powerful (MP) Tests for Simple Hypotheses

Consider the simplest case where we test two simple hypotheses:

Θ0 = {θ0} and Θ1 = {θ1}.

Definition 8.8 (Most Powerful Test). A test d is a Most Powerful (MP) level
α test if:

1. Constraint: It satisfies the size constraint:

Eθ0 [d(X)] ⩽ α.

2. Maximization: For any other test d′ that satisfies the size constraint, d has
greater or equal power:

Eθ1 [d(X)] ⩾ Eθ1 [d
′(X)].

Remark (Existence of Densities). To derive these tests, we typically work with prob-
ability densities p0 and p1 corresponding to Pθ0 and Pθ1 .

Assuming the existence of these densities is not a restrictive assumption.

Even if Pθ0 and Pθ1 are singular with respect to Lebesgue measure (or discrete), we
can always define a dominating measure ν = Pθ0 + Pθ1 .

By the Radon–Nikodym theorem, densities p0 =
dPθ0

dν
and p1 =

dPθ1

dν
always exist.

The Neyman-Pearson Lemma

Theorem 8.2 (Neyman-Pearson Lemma, Lehmann and Romano 2005, Theorem
3.2.1). Consider testing a simple null hypothesis against a simple alternative:

H0 : θ = θ0 vs. H1 : θ = θ1.

Let p0 and p1 be the densities of Pθ0 and Pθ1 with respect to a dominating measure
ν.We have:

a) Existence: For all α ∈ (0, 1), there exists a Most Powerful (MP) level α test
of the form:

d(x) =


1, if p1(x) > kp0(x),

γ, if p1(x) = kp0(x),

0, if p1(x) < kp0(x),

where k ≥ 0 and γ ∈ [0, 1] are constants chosen such that Eθ0 [d(X)] = α.

b) Characterization: Let d be any test of level α. Then d is MP level α if and
only if there exists k ⩾ 0 such that:

d(x) =

{
1, if p1(x) > kp0(x),

0, if p1(x) < kp0(x),
(Pθ0 + Pθ1)-a.e.

and if k > 0, then Eθ0 [d(X)] = α.
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Proof Strategy: Lagrangian Duality The optimization problem is to maximize
Power Eθ1 [d(X)] subject to the constraint Eθ0 [d(X)] ≤ α. We approach this using
the logic of Lagrange Multipliers. We introduce a multiplier k and maximize the
quantity:

L(d, k) = Eθ1 [d(X)]− k(Eθ0 [d(X)]− α).

Proof. Step 1: Establishing an Upper Bound

We derive a bound on the power of any level α test. Pick any k ≥ 0. Define the
weighted difference of densities:

vk(x) := p1(x)− kp0(x).

We decompose this into positive and negative parts:

v+k (x) = max{vk(x), 0}, v−k (x) = max{−vk(x), 0}.

Consider the power of an arbitrary test d(x):

Eθ1 [d(X)] =

∫
X
d(x)p1(x)dν(x)

=

∫
X
d(x)[p1(x)− kp0(x) + kp0(x)]dν(x)

=

∫
X
d(x)vk(x)dν(x) + kEθ0 [d(X)].

Using the decomposition vk = v+k − v−k :

Eθ1 [d(X)] =

∫
X
d(x)v+k (x)dν(x) −

∫
X
d(x)v−k (x)dν(x) + kEθ0 [d(X)].

We now apply upper bounds to each term:

• Since d(x) ≤ 1 and v+k ≥ 0, the first integral is ≤
∫
v+k .

• Since d(x) ≥ 0 and v−k ≥ 0, the second integral is ≥ 0 (so subtracting it makes
the total smaller or equal).

• Since d is level α, Eθ0 [d(X)] ≤ α.

Combining these, we get an upper bound g(k):

Eθ1 [d(X)] ⩽
∫
X
v+k (x)dν(x) + kα =: g(k).

Step 2: Conditions for Equality (Sufficiency)

To achieve the maximum power g(k), the inequalities above must become equalities.
This happens if and only if:

i) d(x) = 1 whenever v+k (x) > 0 (i.e., p1 > kp0).
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ii) d(x) = 0 whenever v−k (x) > 0 (i.e., p1 < kp0).

iii) If k > 0, we must fully exhaust the Type I error budget: Eθ0 [d(X)] = α.

These conditions describe exactly the Neyman–Pearson test form defined in the
theorem. Thus, any test of this form achieves the upper bound g(k) and is Most
Powerful.

Step 3: Construction (Existence)

How do we practically find such a test? We need to find k and γ.

Choosing k: We interpret the test condition p1(x) > kp0(x) as a rejection region

based on the Likelihood Ratio statistic T (X) = p1(X)
p0(X)

. We reject when T (X) is large.

To ensure level α, we choose k to be the (1−α)-quantile of the distribution of the
Likelihood Ratio under H0:

k = inf

{
t : Pθ0

(
p1(X)

p0(X)
> t

)
≤ α

}
.

Choosing γ (Randomization): If the distribution of the likelihood ratio is continuous,
Pθ0(p1/p0 = k) = 0, so γ does not matter (set to 0). However, if the distribution is
discrete, the probability mass at k might prevent us from achieving exactly α. We
might jump from a rejection probability of, say, 0.04 to 0.06 when we include the
point k.

We set γ to “fill the gap” exactly:

γ =
α− Pθ0

(
p1(X)
p0(X)

> k
)

Pθ0

(
p1(X)
p0(X)

= k
) .

This ensures Eθ0 [d(X)] = 1 · P(LR > k) + γ · P(LR = k) + 0 = α.

Step 4: Necessity

If d is any MP level α test, it must have power equal to the optimal test constructed
above (since both are MP). Therefore, d must achieve the upper bound g(k). As
shown in Step 2, achieving this bound implies d must have the Neyman-Pearson
form almost everywhere.

Example 8.4 (Binomial Proportion). LetX = (X1, ..., Xn) be independent Bernoulli
trials where Xi ∼ Bern(θ). We observe the sequence of successes and failures. Con-
sider the simple hypotheses:

H0 : θ = θ0 vs. H1 : θ = θ1, with 0 < θ0 < θ1 < 1.

Deriving the Test

According to the Neyman-Pearson Lemma, the MP test rejects H0 for large values
of the likelihood ratio:

Λ(x) =
pθ1(x)

pθ0(x)
> k.
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Figure 8.1: Randomization constant

The likelihood for a binary sequence x ∈ {0, 1}n is:

pθ(x) =
n∏

i=1

θxi(1− θ)1−xi = θ
∑

xi(1− θ)n−
∑

xi .

Substituting this into the ratio:

pθ1(x)

pθ0(x)
=
θ
∑

xi

1 (1− θ1)
n−

∑
xi

θ
∑

xi

0 (1− θ0)n−
∑

xi

=

(
θ1
θ0

· 1− θ0
1− θ1

) n∑
i=1

xi
(
1− θ1
1− θ0

)n

.

Simplification via Monotonicity The term
(

1−θ1
1−θ0

)n
is a constant (does not

depend on data). Because we assumed θ1 > θ0, the base of the exponent term is
strictly greater than 1:

θ1(1− θ0)

θ0(1− θ1)
> 1.

Therefore, the likelihood ratio is a strictly increasing function of the sufficient

statistic T (x) =
n∑

i=1

Xi.

Instead of defining a threshold k on the likelihood ratio scale, we can define an
equivalent threshold c on the scale of T (x). The test becomes:

d(x) =


1, if T (x) > c,

γ, if T (x) = c,

0, if T (x) < c.
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Determining Constants c and γ

We need Eθ0 [d(X)] = α. Under H0, the statistic follows a Binomial distribution:

T (X) ∼ Bin(n, θ0).

Since this distribution is discrete, there may not be a integer c such that P(T >
c) = α.

We choose c as the (1− α)-quantile of Bin(n, θ0). Specifically:

1. Find c such that Pθ0(T > c) ≤ α but Pθ0(T ≥ c) > α.

2. Set γ to account for the difference:

γ =
α− Pθ0(T > c)

Pθ0(T = c)
.

In practice (e.g., in R), c is found via qbinom(1-alpha, n, theta0).

8.2.1 Always Some Power

We can prove that an optimal test is always strictly better than a naive guess,
provided the distributions are distinct.

Corollary 8.1 (Lehmann and Romano 2005, Corollary 3.2.1). Let α ∈ (0, 1), and
let d be a most powerful level α test for a simple vs. simple problem where Pθ0 ̸= Pθ1.
Then the power β satisfies:

β = Eθ1 [d(X)] > α ≥ Eθ0 [d(X)].

Proof. Consider a trivial competitor test d∗(x) ≡ α (the “Three Monkeys” test:
ignore data, reject with probability α regardless of observation).

• The size of d∗ is Eθ0 [d
∗(X)] = α. Thus, d∗ is a valid level α test.

• The power of d∗ is Eθ1 [d
∗(X)] = α.

Since d is the Most Powerful test, it must be at least as powerful as d∗. Thus β ≥ α.

Proof of Strict Inequality (by contradiction): Assume β = α. Then d∗ is also
a Most Powerful test (it achieves the maximum power α). By the uniqueness part
of the Neyman–Pearson Lemma (Theorem 8.2), any MP test must satisfy the form:

d∗(x) =

{
1 p1(x) > kp0(x)

0 p1(x) < kp0(x)
a.e.

However, d∗(x) is constantly α (never 0 or 1, assuming α ∈ (0, 1)). This implies
that we are almost always in the “tie” case where p1(x) = kp0(x).

Thus, p1(x) = kp0(x) almost everywhere. Integrating both sides:∫
p1(x)dν = k

∫
p0(x)dν =⇒ 1 = k(1) =⇒ k = 1.

If k = 1, then p1(x) = p0(x) almost everywhere, which means Pθ1 = Pθ0 . This
contradicts the assumption that the distributions are distinct. Therefore, β > α.
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8.3 Uniformly Most Powerful Tests

In the previous section, we found the optimal test for a simple alternative (e.g.,
θ = θ1). Now we consider composite hypotheses, where the alternative hypothesis
contains multiple distributions.

H0 : θ ∈ Θ0 vs. H1 : θ ∈ Θ1

where |Θ1| > 1.

Definition 8.9 (Size and Level). The size of a test d is the maximum probability
of Type I error over the null hypothesis space:

Size(d) = sup
θ∈Θ0

Eθ[d(X)].

A test d has level α if its size is at most α.

Definition 8.10 (Uniformly Most Powerful). Let D(α) be the set of all level α tests.
A test d ∈ D(α) is a Uniformly Most Powerful (UMP) level α test if it is more
powerful than any other level α test at every point in the alternative hypothesis:

Eθ[d(X)] ≥ Eθ[d
′(X)] ∀d′ ∈ D(α) and ∀θ ∈ Θ1.

Example 8.5 (Binomial Proportion, One–Sided). Recall the Binomial example

where Xi ∼ Bin(1, θ) = Bern(θ) and T (X) =
n∑

i=1

Xi. We have shown that the MP

level α test of

H0 : θ = θ0 vs. H1 : θ = θ1 for 0 < θ0 < θ1 < 1

is of the form

dθ0,θ1,α(x) = 1(c,∞)(T (x)) + γ1{c}(T (x)).

Consider the composite alternative:

H0 : θ = θ0 vs. H1 : θ > θ0.

From the Neyman-Pearson Lemma, for any specific alternative θ1 > θ0, the Most
Powerful (MP) test rejects for large values of T (X):

dθ0,θ1(x) =


1 if T (x) > c

γ if T (x) = c

0 if T (x) < c

where c and γ are determined by the equation Eθ0 [d(X)] = α.
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Key Observation: Notice that the constants c and γ depend only on the null
distribution Bin(n, θ0) and the significance level α. They do not depend on the
specific value of θ1, as long as θ1 > θ0 (which ensures the likelihood ratio is increasing
in T ).

Intuition: If Student A tests H0 : θ = 0.5 vs H1 : θ = 0.75, and Student
B tests H0 : θ = 0.5 vs H1 : θ = 0.9, they will derive the exact same
test (same threshold c, same γ). Since this single test is optimal for
every single θ > θ0 individually, it is Uniformly Most Powerful for
the entire set θ > θ0.

Expanding the Null Hypothesis

The test dθ0 derived above is UMP for H0 : θ = θ0 vs H1 : θ > θ0.

Can we expand the null hypothesis to include all values less than θ0?

H0 : θ ≤ θ0 vs. H1 : θ > θ0

For the test to be valid for this expanded null, we must ensure its size is still α.
That is, the probability of rejection must not exceed α for any θ < θ0.

This holds true because the power function β(θ) = Eθ[d(X)] is monotonically
increasing in θ.

β(θ) =
n∑

t=c+1

(
n

t

)
θt(1− θ)n−t + γ

(
n

c

)
θc(1− θ)n−c.

One can show by differentiation that β′(θ) > 0. Therefore:

sup
θ≤θ0

β(θ) = β(θ0) = α.

Conclusion: The test dθ0 is the UMP level α test for the one–sided problem H0 :
θ ≤ θ0 vs H1 : θ > θ0.

8.4 Monotone Likelihood Ratio

The Binomial example generalizes to a broader class of problems. For θ0, θ1 ∈ Θ,
define the likelihood ratio:

Lθ1/θ0(x) =
pθ1(x)

pθ0(x)
· 1(0,∞)(pθ0(x)) +∞ · 1{0}(pθ0(x)),

where pθ0 and pθ1 are densities of Pθ0 and Pθ1 with respect to a measure ν.

Definition 8.11 (Monotone Likelihood Ratio). A one-parameter family {Pθ : θ ∈
Θ} with Θ ⊆ R has amonotone likelihood ratio (MLR) in a statistic T : X → R
if for all θ0 < θ1:
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i) Pθ0 ̸= Pθ1 , and

ii) The likelihood ratio Lθ1/θ0(x) is almost everywhere a non-decreasing function
of T (x). That is, there exists a non-decreasing function Hθ1/θ0 : R → [0,∞]
such that:

Lθ1/θ0(x) = Hθ1/θ0(T (x))

almost surely under both Pθ0 and Pθ1 .

Example 8.6. Many common statistical families satisfy the MLR property. Note
that for i.i.d. observations, the relevant statistic T (x) is often the sufficient statistic
we are familiar with.

1. Binomial / Bernoulli:

• {
⊗n

i=1 Bin(1, θ) : θ ∈ (0, 1)} has MLR in T (x) =
n∑

i=1

xi.

• {Bin(n, θ) : θ ∈ (0, 1)} has MLR in T (x) = x.

2. Normal (Known Variance):

{
n⊗

i=1

N (θ, σ2) : θ ∈ R} has MLR in T (x) = x.

3. Hypergeometric:

{Hypergeometric(N, θ, n) : θ ∈ {0, ..., n}} has MLR in T (x) = x.

4. Poisson:

{
n⊗

i=1

Poi(θ) : θ > 0} has MLR in T (x) =
n∑

i=1

xi.

5. Uniform (Continuous):

{
n⊗

i=1

Uniform(0, θ) : θ > 0} has MLR in T (x) = max
1≤i≤n

xi.

Remark. This is not an exponential family, but it still possesses MLR.

6. Advanced Distributions: Further examples include noncentral χ2, noncen-
tral F , or noncentral t-distributions (often parameterized by a non-centrality
parameter).

Counter-Example: The Cauchy Distribution

The Cauchy location family defined by the density:

pθ(x) =
1

π
· 1

1 + (x− θ)2
, θ ∈ R,

does not have a Monotone Likelihood Ratio in x (or in any other statistic T (x)).

Why? Although shifting the center of a Cauchy distribution increases the probability
of values near the new center, the heavy tails mean that extremely large values of x
do not necessarily provide stronger evidence for the larger θ, causing the likelihood
ratio to oscillate or decrease eventually.
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8.4.1 Exponential Families and MLR

One-parameter exponential families provide a powerful source of models with the
Monotone Likelihood Ratio property.

Proposition 8.1. If {Pθ : θ ∈ Θ} with Θ ⊆ R forms a one-parameter exponential
family with densities:

pθ(x) = c(θ) · exp{η(θ)T (x)} · h(x), x ∈ X ,

and the natural parameter η(θ) is a strictly increasing function of θ, then the
family has MLR in the sufficient statistic T (x).

Proof. Let θ1 > θ0. The likelihood ratio is:

Lθ1/θ0(x) =
pθ1(x)

pθ0(x)
=
c(θ1)e

η(θ1)T (x)h(x)

c(θ0)eη(θ0)T (x)h(x)
=
c(θ1)

c(θ0)
exp {[η(θ1)− η(θ0)] · T (x)} .

Since η is strictly increasing, [η(θ1) − η(θ0)] > 0. The function y 7→ eay with a > 0
is increasing. Therefore, Lθ1/θ0(x) is an increasing function of T (x).

Example 8.7 (Gaussian Mean). Let X1, ..., Xn
iid∼ N (θ, σ2) with θ ∈ R unknown

and σ2 known. We wish to test:

H0 : θ ≤ θ0 vs. H1 : θ > θ0.

Checking MLR

First, we verify the MLR property. For any θ1 > θ0, the likelihood ratio is:

Lθ1/θ0(x) =

n∏
i=1

exp
{ −1

2σ2 (xi − θ1)
2
}

n∏
i=1

exp
{ −1

2σ2 (xi − θ0)2
} (constants cancel)

= exp

{
− 1

2σ2

n∑
i=1

[
(xi − θ1)

2 − (xi − θ0)
2
]}

= exp

{
− 1

2σ2

n∑
i=1

[
x2i − 2xiθ1 + θ21 − (x2i − 2xiθ0 + θ20)

]}

= exp

{
− 1

2σ2

[
2(θ0 − θ1)

n∑
i=1

xi + n(θ21 − θ20)

]}

= exp

{
n(θ1 − θ0)

σ2
xn

}
· C(θ0, θ1).

Since θ1 > θ0, the coefficient of xn is positive. Thus, the family has MLR in T (x) =
xn.
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The UMP Test

Since the family has MLR in xn, the UMP level α test rejects for large values of xn:

d(x) =

{
1, if xn ≥ c,

0, if xn < c.

Remark. Since the distribution is continuous, P(xn = c) = 0, so the randomization
constant γ is irrelevant and we can simply reject at equality.

Determining c: We require size α at the boundary θ0:

Pθ0(Xn ≥ c) = α.

Under θ0, Xn ∼ N (θ0, σ
2/n). Standardizing:

P

(
Xn − θ0
σ/

√
n

≥ c− θ0
σ/

√
n

)
= α =⇒ c− θ0

σ/
√
n
= z1−α.

Thus, c = θ0 + z1−α
σ√
n
.

Expanding the Null Hypothesis

This test is derived for H0 : θ = θ0. Is it valid for H0 : θ ≤ θ0?

Yes, because the power function β(θ) = Pθ(Reject) is strictly increasing.

Proof of Monotonicity: Let θ < θ̃. We use the fact that if Z ∼ N (0, σ2/n), then

Xn
d
= Z + θ.

β(θ) = Pθ(Xn > c)

= P(Z + θ > c)

= P(Z > c− θ).

Since θ < θ̃, we have c− θ > c− θ̃. Therefore, P(Z > c− θ) < P(Z > c− θ̃), which
implies β(θ) < β(θ̃).

Since the power is increasing, sup
θ≤θ0

β(θ) = β(θ0) = α. The test is valid and UMP for

the composite null.

8.4.2 UMP Tests and Monotone Likelihood Ratios

We can now formalize the generalization of the Binomial and Gaussian examples
into a powerful theorem.

Theorem 8.3 (Lehmann and Romano 2005, Thm 3.4.1). Suppose {Pθ : θ ∈ Θ},
Θ ⊆ R, has Monotone Likelihood Ratio (MLR) in T (x). Let θ0 ∈ Θ and
α ∈ (0, 1). Consider the test d(x) defined by:

d(x) =


1, if T (x) > c,

γ, if T (x) = c,

0, if T (x) < c,
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where c ∈ R and γ ∈ [0, 1] are chosen such that Eθ0 [d(X)] = α (i.e., size is exactly
α at the boundary).

Then the following properties hold:

i) UMP Property: The test d is the Uniformly Most Powerful (UMP) level α
test for:

H0 : θ ⩽ θ0 vs. H1 : θ > θ0.

ii) Monotonicity: The power function β(θ) = Eθ[d(X)] is non-decreasing. It is
strictly increasing for all θ where 0 < β(θ) < 1.

iii) Minimizing Error under Null: For all θ ≤ θ0, the test minimizes the
probability of Type I error among all tests that have size α at the boundary:

β(θ) = min{Eθ[d̃] : d̃ is a test with Eθ0 [d̃] = α}.

Proof.

i) This follows directly from the Neyman-Pearson Lemma and the definition of
MLR.

1. Pick any specific alternative θ1 > θ0.

2. The NP Lemma says the MP test rejects when the likelihood ratio Lθ1/θ0(x)
is large.

3. Since the family has MLR, Lθ1/θ0(x) is increasing in T (x). Therefore,
“large likelihood ratio” is equivalent to “T (x) > c”.

4. Since this test form depends only on the direction (θ > θ0) and not the
specific value θ1, it is optimal for all θ > θ0 simultaneously.

ii) The power function must be increasing. If we treat θ′ as a null and θ′′ as an
alternative (where θ′ < θ′′), the test d is Most Powerful. By the corollary “MP
tests always have power ≥ size,” we must have β(θ′′) ≥ β(θ′). This ensures
that testing H0 : θ ≤ θ0 is valid, because the maximum error rate (size) occurs
at the boundary θ0.

iii) This part is proven by a “flipping” argument. Consider the test 1−d(x), which
rejects when T (x) is small. This corresponds to testing the reverse hypothesis
(e.g., H0 : θ = θ0 vs H1 : θ < θ0). Since d maximizes power for θ > θ0,
the test 1 − d maximizes power for θ < θ0 (relative to the reverse problem).
Maximizing E[1 − d] is equivalent to minimizing E[d]. Therefore, for θ < θ0,
our original test d has the minimal possible rejection probability.

Note. This means not only is the test good at rejecting the null when it’s false
(power), but it is also the best at accepting the null when it is true (minimizing
Type I error) compared to any other test that spends the same error budget
α at the boundary θ0.
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8.5 Discussion of Two-Sided Testing Problems

Consider the standard two-sided testing problem:

H0 : θ = θ0 vs. H1 : θ ̸= θ0

Non-Existence of UMP Tests

Typically, a Uniformly Most Powerful (UMP) test does not exist for this problem.

Why? To be UMP for the two-sided alternative, a test d would need to have a
power function βd(θ) that is at least as high as any other level α test for every
θ ̸= θ0.

• There exists a UMP test d1 for H1 : θ > θ0 (high power on the right, low on
the left).

• There exists a UMP test d2 for H1 : θ < θ0 (high power on the left, low on the
right).

A hypothetical two-sided UMP test would need to match the power of d1 on the
right and d2 on the left. This would require the power function to be extremely
high on both sides while instantaneously dropping to α at exactly θ0. Due to the
smoothness of power functions (especially in exponential families), such a function
usually cannot exist without violating the level constraint.

The Solution: Unbiasedness

Since we cannot satisfy the UMP condition everywhere, we restrict our search to a
smaller, more “reasonable” class of tests: Unbiased Tests.

Definition 8.12 (Unbiased Test). A test with power function β(θ) is unbiased at
level α if:

β(θ) ≤ α ∀θ ∈ Θ0 (Control Type I Error)

β(θ) ≥ α ∀θ ∈ Θ1 (Power never worse than random guessing)

By restricting the competition to unbiased tests, we can often find a Uniformly
Most Powerful Unbiased (UMPU) test.

• For the Normal mean (variance known), the UMPU test rejects when |x− θ0|
is large.

• This corresponds to symmetric rejection regions (e.g., using α/2 on both tails).
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8.6 p–Values

In practice, data analysis often requires checking multiple significance levels or re-
porting the strength of evidence rather than a simple “Yes/No” decision.

Suppose we have a family of non-randomized tests dα for every level α ∈ (0, 1) with
nested rejection regions (i.e., rejecting at a smaller α implies rejecting at a larger
α).

Definition 8.13 (p–value). The p–value p(x) is the smallest significance level at
which the observed data leads to rejection:

p(x) = inf{α ∈ (0, 1) : dα(x) = 1}.

For standard tests that reject for large values of a statistic T (X), the p–value corre-
sponds to the probability of observing a statistic as extreme or more extreme than
the observed value T (xobs) under the null hypothesis:

p(xobs) = sup
θ∈Θ0

Pθ (T (X) ≥ T (xobs)) .

If the null distribution is unique (e.g., T (X) ∼ N (0, 1) under H0), this simplifies to:

p(xobs) = P0(T (X) ≥ T (xobs)).

Practical Interpretation

The p–value serves as a continuous measure of evidence against the null hypothesis.

• Small p–value (e.g., < 0.05): Strong evidence against H0.

• Large p–value: No evidence against H0.

Remark. This does not prove H0 is true; it merely indicates the data is con-
sistent with it.

The “Lottery” Analogy: If you observe a very small p–value (e.g., p = 0.0001),
you are faced with two possibilities:

a) The null hypothesis is true, and you have just witnessed a highly improbable
“lottery win” event.

b) The null hypothesis is false.

Scientific testing generally proceeds by betting on the second option.
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Decision Rule

If a specific significance level αtarget is fixed in advance, the decision rule using the
p–value is:

Decision =

{
Reject H0 if p(x) ≤ αtarget,

Do not reject H0 if p(x) > αtarget.

8.6.1 Uniformity of p–Values

A crucial property of p–values is their behavior when the null hypothesis is actually
true. Understanding this helps distinguish genuine signals from random noise.

Informally: Under the null hypothesis, the p–value is uniformly distributed
on (0, 1).

This means that if H0 is true (e.g., “red wine has no effect on health”) and you
repeat the experiment many times, you are equally likely to get a p–value of 0.01,
0.45, or 0.99.

• Under H0: The histogram of p–values is flat.

• Under H1: The histogram of p–values spikes near 0 (small p–values are more
likely).

Lemma 8.1 (Lehmann and Romano 2005, Lemma 3.3.1).). Suppose X ∼ Pθ with
θ ∈ Θ0 (the null is true).

(i) If the test size is controlled for all levels, i.e.,

sup
θ∈Θ0

Pθ(dα(X) = 1) ⩽ α ∀α ∈ (0, 1),

then the p–value is stochastically larger than the Uniform(0,1) distribution:

Pθ(p(X) ≤ u) ≤ u ∀u ∈ [0, 1].

(ii) If the test size is exactly equal to α for all levels, i.e.,

Pθ(dα(X) = 1) = α ∀α ∈ (0, 1),

then:

p(X) ∼ Unif(0, 1).

Proof.
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i) By the definition of the p–value (p(x) = inf{α : dα(x) = 1}) and the nested
rejection regions assumption: If p(x) ≤ u, then for any significance level ν > u,
the test must reject (dν(x) = 1). Therefore, for any ν > u:

{x : p(x) ≤ u} ⊆ {x : dν(x) = 1}.

Taking probabilities under θ ∈ Θ0:

Pθ(p(X) ≤ u) ≤ Pθ(dν(X) = 1) ≤ ν.

Since this holds for all ν > u, we take the limit as ν ↓ u:

Pθ(p(X) ≤ u) ≤ u.

ii) Conversely, if a test rejects at level u (du(x) = 1), then by definition the
p–value must be less than or equal to u:

{x : du(x) = 1} ⊆ {x : p(x) ≤ u}.

Taking probabilities:

Pθ(p(X) ≤ u) ≥ Pθ(du(X) = 1) = u.

Combining the results from (i) and (ii) (since ≤ u and ≥ u implies = u), we
get:

Pθ(p(X) ≤ u) = u.

This is the CDF of a Uniform(0,1) random variable.

Connection to Probability Integral Transform

This result is related to the Probability Integral Transform. For a continuous random
variable T with CDF FT , the random variable Y = FT (T ) is uniformly distributed.
Since a one–sided p–value is essentially 1− FT (T (X)) (calculating the tail area), it
follows the same uniform distribution logic under the null.

8.7 Confidence Sets

Setup We consider the standard statistical setup:

• Observation X in sample space X ⊂ Rd.

• Statistical model P for the distribution of X.

• Target parameter γ : P → Γ (e.g., the mean).

• Significance level α ∈ (0, 1), representing our “budget for mistakes.”
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Definition 8.14 (Confidence Set). A family of subsets S(x) is a confidence set
of confidence level 1 − α if the probability that the random set covers the true
parameter is at least 1− α for all distributions in the model:

inf
P∈P

P(γ(P) ∈ S(X)) ⩾ 1− α.

The probability P(γ(P) ∈ S(X)) is called the coverage probability.

Example 8.8 (Normal Mean). Let X = (X1, ..., Xn) be i.i.d. N (µ, σ2). The target
parameter is the mean µ.

Figure 8.2: Standard normal distribution confidence interval

a) Variance σ2 = σ2
0 is Known: When the variance is known, we use the

quantiles of the standard normal distribution N (0, 1). The (1−α) confidence
interval is:

S(x) =

(
xn − zα/2

σ0√
n
, xn + zα/2

σ0√
n

)
where zα/2 is the (1− α/2)-quantile of N (0, 1).

Derivation via Pivot: The construction relies on the random variable:

Z =
Xn − µ

σ0/
√
n

∼ N (0, 1)

This variable Z is a pivot: it depends on the data and the parameter, but its
distribution (Standard Normal) is known and fixed. We construct the interval
by requiring:

P

(
−zα/2 ≤

Xn − µ

σ0/
√
n

≤ zα/2

)
= 1− α

Rearranging the inequalities to isolate µ yields the interval above.
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b) Variance σ2 is Unknown: If σ2 is unknown, we must estimate it using the
sample standard deviation s(x). We replace the normal quantile zα/2 with the
quantile from the Student’s t-distribution.

S(x) =

(
xn − tα/2(n− 1)

s(x)√
n
, xn + tα/2(n− 1)

s(x)√
n

)

• s(x) =
√

1
n−1

∑
(xi − xn)2

• tα/2(n−1) is the (1−α/2)-quantile of the t-distribution with n−1 degrees
of freedom.

• Pivot: Xn−µ
s(X)/

√
n
∼ t(n− 1).

c) One–Sided Intervals We can also form upper or lower confidence bounds
(e.g., “The mean is at least L”).

Lower Bound:

(
−∞, xn + tα(n− 1)

s(x)√
n

)

Upper Bound:

(
xn − tα(n− 1)

s(x)√
n
, ∞

)
Note the use of tα (all error budget on one side) rather than tα/2.

8.7.1 Pivots

A pivot is a random variable that depends on the data and the parameter of interest,
but whose probability distribution does not depend on any unknown parameters.

Definition 8.15 (Pivot). A function V : P ×X → R is a pivot for parameter γ if:

i) V (P, X) = U(γ(P), X) for some function U : Γ×X → R. (It depends on the
underlying distribution only through the parameter of interest).

ii) For all P1,P2 ∈ P , the distribution of V (P1, X) is the same as V (P2, X). (The
distribution is fixed/known).

Examples:

• Z-Statistic (Known Variance):

V =
Xn − µ

σ0/
√
n

∼ N (0, 1).

• T-Statistic (Unknown Variance):

V =
Xn − µ

s(X)/
√
n
∼ t(n− 1).
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Constructing Confidence Sets Using Pivots

If V is a pivot, we can construct a confidence set by “inverting” the probability
statement.

1. Choose a set A (based on the known distribution of V ) such that:

P(V (P,X) ∈ A) ≥ 1− α.

2. Define the confidence set S(x) as the set of all parameter values that keep the
pivot inside A:

S(x) = {γ(P ) : V (P, x) ∈ A}.

8.7.2 Duality: Confidence Sets and Hypothesis Tests

There is a fundamental equivalence between confidence sets and hypothesis tests.
You can convert one into the other.

1. Confidence Sets → Tests

If S(x) is a (1 − α) confidence set, we can define a level α test for H0 : γ(P ) = γ0
as:

dγ0(x) =

{
1(Reject) if γ0 /∈ S(x),

0(Accept) if γ0 ∈ S(x).

Intuition: If the hypothesized value γ0 is not inside the “plausible range” (the
confidence set), we reject it.

2. Tests → Confidence Sets (Test Inversion)

If we have a family of level α tests dγ0 for every possible parameter value γ0, we can
build a confidence set by collecting all the values we do not reject:

S(x) = {γ0 ∈ Γ : dγ0(x) = 0}.

The coverage probability is guaranteed:

P(γ(P) ∈ S(X)) = P(dγ(P)(X) = 0) ≥ 1− α.
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9. Preliminaries for Large
Sample Theory

We review basic facts about stochastic convergence and limit theorems that we will
draw on in our later discussions of large-sample theory for statistical methodology.
For additional reading, consider the initial chapters of Ferguson (1996) and van der
Vaart (1998).

9.1 Stochastic Convergence

Let Xn be a sequence of k–dimensional random vectors on a probability space
(Ω,A,P). We distinguish between different “modes” of how this sequence ap-
proaches a limit X.

1. Almost Sure Convergence (
a.s.−−→)

This is the strongest form of pointwise convergence. The sequence converges for
“all” outcomes ω, except possibly for a set of probability zero.

Xn
a.s.−−→ X ⇐⇒ P

(
{ω : lim

n→∞
Xn(ω) = X(ω)}

)
= 1

Characterization via Supremum:

Xn
a.s.−−→ X ⇐⇒ ∀ϵ > 0 : P

(
sup
m⩾n

∥Xm −X∥ > ϵ

)
→ 0 as n→ ∞.

2. Convergence in r–th Mean (
r−→)

Often used with r = 2 (Quadratic Mean). It measures convergence using the ex-
pected value of the distance raised to the power r.

Xn
r−→ X ⇐⇒ E[∥Xn −X∥r] → 0 as n→ ∞.

• Requires E[∥Xn∥r] <∞ and E[∥X∥r] <∞.

• Implication: If Xn
r−→ X, then Xn

r′−→ X for any 0 < r′ ≤ r.
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3. Convergence in Probability (
p−→)

This is the standard mode for statistical consistency. It demands that the probability
of the estimator Xn deviating from X by any fixed amount ϵ goes to zero.

Xn
p−→ X ⇐⇒ ∀ϵ > 0 : P(∥Xn −X∥ > ϵ) → 0 as n→ ∞.

4. Convergence in Distribution (
d−→)

This is the weakest form. It does not require Xn and X to be close to each other
value-wise; it only requires their distribution functions (CDFs) to become similar.

Xn
d−→ X ⇐⇒ Fn(x) → F (x) ∀x where F is continuous.

Note. This is the mode of convergence used in the Central Limit Theorem.

Relationships and Properties

Implications

• Top Tier:
a.s.−−→ and

r−→ are the strongest. They do not imply each other
directly (without extra conditions).

• Middle Tier: Both
a.s.−−→ and

r−→ imply
p−→.

• Bottom Tier:
p−→ implies

d−→.

Useful Tools

1. Subsequence Characterization Xn
p−→ X if and only if every subsequence

(nk) contains a further sub-subsequence (nkℓ) such that Xnkℓ

a.s.−−→ X.

Usage: If you find proving
p−→ directly is hard, but you can prove

a.s.−−→
for subsequences, you can use this equivalence.

2. Convergence to a Constant If the limit is a constant c (non-random), then
convergence in distribution is equivalent to convergence in probability:

Xn
d−→ c ⇐⇒ Xn

p−→ c

3. The Cramér-Wold Device (for k > 1) Used to prove convergence in distribu-
tion for random vectors by reducing the problem to scalar (1D) linear combinations.

Xn
d−→ X ⇐⇒ a⊤Xn

d−→ a⊤X ∀a ∈ Rk

Why it works: It relies on Characteristic Functions (Fourier transforms
of distributions). If the characteristic functions match for all linear com-
binations t(a⊤X), the joint distributions must match.
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9.2 Limit Theorems

We consider an i.i.d. sequence (Xi)
∞
i=1 with finite mean µ = E[Xi]. Let Xn be the

sample mean.

1. Law of Large Numbers (LLN)

The LLN guarantees that sample averages converge to the population mean.

• Strong LLN: Xn
a.s.−−→ µ. (Convergence with probability 1).

• Weak LLN: Xn
p−→ µ. (Convergence in probability).

Remark. Since
a.s.−−→ implies

p−→, the Strong LLN implies the Weak LLN.

2. Central Limit Theorem (CLT)

The CLT describes the distribution of the error Xn − µ.

Univariate (k = 1): If σ2 = Var[Xi] ∈ (0,∞), then:

√
n

(
Xn − µ

σ

)
d−→ N (0, 1).

Multivariate (k > 1): If the covariance matrix Σ = Var[Xi] exists, then:

√
n(Xn − µ)

d−→ Nk(0,Σ).

3. CLTs for Triangular Arrays

Used when the data generating distribution changes with n. Let Xn,1, . . . , Xn,n be
independent random variables for each row n, with:

µn,i = E[Xn,i] and σ2
n,i = Var[Xn,i].

Let σ2
n =

∑n
i=1 σ

2
n,i be the total variance of the sum in row n.

Lindeberg-Feller CLT: The standardized sum converges to a standard normal:

1

σn

n∑
i=1

(Xn,i − µn,i)
d−→ N (0, 1)

Provided the Lindeberg Condition holds:

∀ϵ > 0 :
1

σ2
n

n∑
i=1

E
[
(Xn,i − µn,i)

2 · 1{|Xn,i−µn,i|>σnϵ}
]
−→
n→∞

0.

Intuition: The contribution of the “tails” (extreme values) to the total variance
must be negligible.
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Lyapunov CLT (Simpler Condition): The Lindeberg condition is satisfied (and
thus the CLT holds) if the Lyapunov Condition holds:

1

σ3
n

n∑
i=1

E[|Xn,i − µn,i|3] −→
n→∞

0.

Usage: It is often easier to calculate the 3rd moments than to evaluate the indicator
function in the Lindeberg condition.

The Skorokhod Representation Theorem

The Skorokhod Representation Theorem is a powerful theoretical tool. While

convergence in distribution (Xn
d−→ X) is the “weakest” form of convergence (imply-

ing only that CDFs converge), this theorem allows us to “upgrade” this convergence
to almost sure convergence (

a.s.−−→) by constructing new random variables on a differ-
ent probability space.

Think of this as a “technical device” or a bridge. It allows us to prove properties

about weak convergence (
d−→) using the stronger machinery of almost sure conver-

gence (
a.s.−−→). It essentially says: “If the distributions converge, I can simulate these

random variables in a way that the values actually converge point-wise.”

Theorem 9.1 (Skorokhod Representation). Suppose Xn
d−→ X. Then there exist

random vectors X̃n and X̃ defined on a common probability space (Ω̃, Ã, P̃ ) such
that:

1. Distributions Match: X̃n
d
= Xn for all n, and X̃

d
= X.

2. Strong Convergence: X̃n
a.s.−−→ X̃ as n→ ∞.

Proof (The Quantile Transform). For the 1–dimensional case (k = 1), the proof is
constructive and relies on the Probability Integral Transform.

1. Take a single random source U ∼ Unif(0, 1).

2. Define the random variables using the quantile functions (generalized inverses)
of the CDFs:

X̃n := F−1
Xn

(U) and X̃ := F−1
X (U).

3. Since Xn
d−→ X, we know FXn(x) → FX(x) at continuity points. This implies

the quantile functions converge point-wise.

4. Because X̃n and X̃ are built from the exact same U , they are highly dependent
(coupled), which forces them to converge almost surely.

Warning: We lose all information about the joint relationships (e.g., independence)
of the original sequence Xn. Skorokhod preserves the marginal distributions of Xn

and X, but creates a specific dependence structure to force path-wise convergence.

For k > 1, the construction is significantly more complex; see Billingsley (1986).
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The Continuous Mapping Theorem (Mann–Wald)

This theorem answers a fundamental question:

If Xn converges to X, does g(Xn) converge to g(X)?

This is the stochastic analog of the definition of continuity. For deterministic num-
bers, continuity means xn → x =⇒ g(xn) → g(x). This theorem states that this
preservation of convergence holds for our three stochastic modes.

Theorem 9.2 (Continuous Mapping Theorem / Mann–Wald). Let g : Rk → Rm be
a function that is continuous almost everywhere with respect to the distribution of
X (i.e., P(X ∈ Dg) = 0, where Dg is the set of discontinuity points of g). Then:

1. Xn
a.s.−−→ X =⇒ g(Xn)

a.s.−−→ g(X)

2. Xn
p−→ X =⇒ g(Xn)

p−→ g(X)

3. Xn
d−→ X =⇒ g(Xn)

d−→ g(X)

Proof.

1. Almost Sure Convergence (
a.s.−−→): There is nothing to do.

• By definition, there exists a set A with P(A) = 1 where Xn(ω) → X(ω)
pointwise.

• By the definition of continuity, for every ω ∈ A, g(Xn(ω)) → g(X(ω)).

Thus, g(Xn)
a.s.−−→ g(X).

2. Convergence in Probability (
p−→): Use the Subsequence Characterization.

• Instead of struggling with ϵ-δ definitions for probability, recall: Yn
p−→

Y if and only if every subsequence has a further sub-subsequence that
converges almost surely.

• Take any subsequence of Xn. It has a sub-subsequence converging a.s.

• By result (1), applying g preserves this a.s. convergence.

Therefore, g(Xn)
p−→ g(X).

3. Convergence in Distribution (
d−→): Use Skorokhod as a bridge.

• Proving this directly with integrals and CDFs is messy.

• Instead, apply the Skorokhod Representation Theorem.

• Switch from Xn
d−→ X to the coupled version X̃n

a.s.−−→ X̃.

• Apply result (1) (continuous mapping for a.s.) to get g(X̃n)
a.s.−−→ g(X̃).

• Since almost sure convergence implies convergence in distribution, we

have g(X̃n)
d−→ g(X̃).

• Since distributions are preserved (X̃n
d
= Xn), we conclude g(Xn)

d−→ g(X).
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Slutsky’s Theorem

Slutsky’s theorem is a workhorse in asymptotic statistics. It allows us to perform
algebraic manipulations on sequences of random variables (like addition and mul-
tiplication) while preserving their convergence properties, provided that one of the
sequences converges to a constant.

Theorem 9.3 (Slutsky’s Theorem). Let Xn
d−→ X.

a) Univariate case (k = 1): If An
p−→ a and Bn

p−→ b for constants a, b ∈ R,
then the affine transformation converges:

AnXn +Bn
d−→ aX + b.

b) General case (k ≥ 1): If Xn
d−→ X and Yn

p−→ c for a constant vector c, then
the joint vector converges in distribution:(

Xn

Yn

)
d−→
(
X
c

)
.

Consequently, by the Continuous Mapping Theorem, for any continuous func-
tion g:

g(Xn, Yn)
d−→ g(X, c).

The “Stacking” Argument

Why is the condition Yn
p−→ c (constant) so important?

• The Problem: generally, if Xn
d−→ X and Yn

d−→ Y (random), we know
nothing about the convergence of the pair (Xn, Yn). They could be indepen-
dent, perfectly correlated, or have a dependency structure that changes with
n. Without knowing their joint dependence, we cannot determine the limit of
g(Xn, Yn).

• The Solution: If Yn converges to a constant c, the dependence “decouples”
in the limit. The “stacking” of a random vector Xn and a vector converging
to a constant always converges jointly. This allows us to treat Yn as if it were
the constant c for the purposes of asymptotic algebra.

Practical use in Statistics: We often derive a limit theorem involving
a true parameter (e.g., standardizing by σ). In practice, we must replace
σ with an estimator Sn. Slutsky’s theorem guarantees that as long as Sn

is consistent (Sn
p−→ σ), the asymptotic distribution of our test statistic

remains unchanged.

Example 9.1 (Asymptotic Normality of the t–Statistic). This is the classic ap-
plication of Slutsky’s theorem. We want to show that replacing the true standard
deviation σ with the sample standard deviation Sn in the CLT does not change the
limit distribution.

Setup: Let X1, X2, . . . be i.i.d. with E[Xi] = µ and Var[Xi] = σ2 ∈ (0,∞).
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Consistency of Sample Moments (LLN)

By the Weak Law of Large Numbers (WLLN):

Xn
p−→ µ and X2

n =
1

n

n∑
i=1

X2
i

p−→ E[X2
i ] = µ2 + σ2.

Since both converge in probability to constants, their joint vector converges:(
Xn, X2

n

)
p−→ (µ, µ2 + σ2).

Consistency of Variance Estimator (Continuous Mapping)

We express the sample variance using the identity:

1

n

n∑
i=1

(Xi −Xn)
2 = X2

n − (Xn)
2.

Define the function g(u, v) = v− u2, which is continuous. Applying the Continuous
Mapping Theorem to the result from Step 1:

X2
n − (Xn)

2 p−→ (µ2 + σ2)− (µ)2 = σ2.

Remark (on Bias Correction). We typically use S2 = 1
n−1

∑
(Xi−X)2. Since n

n−1
→

1, the factor is asymptotically negligible. Thus:

S2
n

p−→ σ2 =⇒ Sn
p−→ σ.

This formally proves that Sn is a consistent estimator for σ.

The t–Statistic (CLT + Slutsky)

We want the limit of the t-statistic: Tn =
√
n(Xn−µ)

Sn
. We can rewrite this as a

product: √
n(Xn − µ)

Sn

=

√
n(Xn − µ)

σ︸ ︷︷ ︸
d−→N (0,1) by CLT

· σ

Sn︸︷︷︸
p−→1 by CMT

.

• The first term converges in distribution to N (0, 1) by the Central Limit The-
orem.

• The second term converges in probability to 1 because Sn
p−→ σ.

Applying Slutsky’s Theorem (product rule):

Tn
d−→ N (0, 1) · 1 = N (0, 1).

Note. This confirms that for large samples, we can effectively “ignore” the fact that
we estimated the variance; the t–statistic behaves exactly like a standard normal
variable.
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9.3 The Delta Method

While the Continuous Mapping Theorem tells us that applying a continuous function

preserves convergence (i.e., Xn
d−→ X =⇒ g(Xn)

d−→ g(X)), it does not tell us about
the rate of convergence or the resulting distribution of the fluctuations.

Error Propagation Think of this as the statistical equivalent of “error propa-
gation” in numerical analysis. Suppose Xn is an estimator for a parameter b. As
n→ ∞, the estimator becomes more accurate, meaning the error Xn−b→ 0. How-
ever, if we scale this error by a sequence an (often

√
n), the scaled error stabilizes

to a limit distribution Z (e.g., a standard normal). The Delta Method answers the
question:

If we transform our estimator via a function g, how do the estimation
errors of g(Xn) behave relative to the target g(b)?

The method relies on a linearization (first-order Taylor approximation) of the
function g. If g is differentiable, linearizing it locally around the parameter b allows
us to transfer the central limit behavior of Xn to g(Xn).

Theorem 9.4 (The Delta Method / Cramér’s Theorem). Let (Xn)n∈N be a sequence
of random vectors in Rm. Let an ∈ R and b ∈ Rm be such that an → ∞ and

Zn := an(Xn − b)
d−→ Z.

If g : Rm → Rk is differentiable at b, with Jacobian matrix g′(b) ∈ Rk×m, then

an(g(Xn)− g(b))
d−→ g′(b)Z.

Note (on Dimensions). If g maps Rm → Rk, the Jacobian g′(b) is a k ×m matrix.
The limit is the random vector Z linearly transformed by this matrix.

Note (The Normal Case). The most common application is when the limit Z is mul-
tivariate normal. If Z ∼ Nm(0,Σ), then by the properties of linear transformations
of Gaussian vectors:

g′(b)Z ∼ Nk(0, g
′(b)Σg′(b)T ).

In this specific context, the result is often referred to as Cramér’s Theorem.

Proof. We consider m = 1 and show an explicit difference quotient. The case m > 1
is proven analogously; see van der Vaart (1998, Theorem 3.1).

Skorokhod Representation. Working directly with convergence in distribution is
abstract because the random variables as functions can behave erratically. To make
the analysis “pedestrian” (standard calculus), we use the Skorokhod representation
theorem. There exist X̃n, Z̃n, Z̃ on a common probability space such that:

• Z̃n
d
= Zn and Z̃

d
= Z.
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• Z̃n
a.s.−−→ Z̃.

We define X̃n via the relation Z̃n = an(X̃n − b). Since Z̃n converges to a finite limit
and an → ∞, it must be that X̃n

a.s.−−→ b.

Linearization. We can now analyze the difference quotient directly using pathwise
convergence.

an
(
g(X̃n)− g(b)

)
=

{
g(X̃n)−g(b)

X̃n−b
(X̃n − b)an, if X̃n ̸= b

0, if X̃n = b

As n→ ∞:

• The term (X̃n − b)an = Z̃n
a.s.−−→ Z̃.

• Since X̃n → b and g is differentiable, the difference quotient g(X̃n)−g(b)

X̃n−b

a.s.−−→
g′(b).

Thus, the product converges almost surely to g′(b) · Z̃. Since distributional conver-
gence is preserved under this representation,

an(g(Xn)− g(b))
d−→ g′(b)Z.

Example 9.2 (Squared Sample Mean). Let X1, . . . , Xn be i.i.d. with E[Xi] = µ
and Var[Xi] = σ2 <∞. By the CLT, the estimation error of the mean behaves as:

√
n(Xn − µ)

d−→ N (0, σ2).

We wish to estimate µ2 using the estimator (Xn)
2.

Case 1: µ ̸= 0 (Standard Delta Method) Let g(x) = x2. The derivative is
g′(x) = 2x, so at the point of interest, g′(µ) = 2µ. Applying the Delta Method:

√
n
(
(Xn)

2 − µ2
)

d−→ N (0, (2µ)2σ2︸ ︷︷ ︸
Variance

).

Interpretation: The limiting variance 4µ2σ2 comes from two sources:

1. σ2: The inherent error in estimating the mean itself.

2. (2µ)2: The “sensitivity” of the squaring function. Small errors in Xn are
amplified by the slope 2µ.
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Case 2: µ = 0 (Singularity / Second-Order Delta Method) If µ = 0, the
derivative g′(µ) = 2(0) = 0. The Delta Method gives:

√
n((Xn)

2 − 0)
d−→ 0 · Z = 0.

This means the estimator is “super-accurate”—the errors vanish faster than 1/
√
n.

This happens because the function x2 is very flat near 0; small deviations in esti-
mation result in quadratically smaller deviations in the output.

To get a non-trivial distribution, we must scale more aggressively. Since
√
n yields

0, we try scaling by n:

n(Xn)
2 =

(√
n(Xn − 0)

)2
.

From the CLT, we know
√
nXn

d−→ N (0, σ2). We can rewrite this as σZ, where
Z ∼ N (0, 1). By the Continuous Mapping Theorem:

n(Xn)
2 d−→ (σZ)2 = σ2Z2 ∼ σ2χ2

1.

Key Takeaway: At a point where g′(b) = 0 (a singularity), the linear approxima-
tion fails. We essentially rely on a quadratic approximation, requiring a scaling of a2n
(here n) instead of an (here

√
n), often resulting in a Chi–square type distribution.

Example 9.3 (Reciprocal of the Sample Mean). Assume µ ̸= 0. Consider the
estimator g(Xn) = 1

Xn
for the quantity 1/µ. The derivative is g′(x) = −1/x2.

Applying the Delta Method with g′(µ) = −1/µ2:

√
n

(
1

Xn

− 1

µ

)
d−→ N

(
0,

(
− 1

µ2

)2

σ2

)
= N

(
0,
σ2

µ4

)
.

Qualitative Check:

• If σ2 is small, the input is accurate, so the output variance is small.

• If µ is close to 0, 1/x is very steep (high derivative). Small errors in Xn lead
to massive errors in 1/Xn. This matches the 1

µ4 term in the variance, which
blows up as µ→ 0.

Note. This result holds purely via asymptotic error propagation. It does not require
the expectation E[1/Xn] to exist (indeed, for normal variables, the inverse mean
has no first moment). This is an “apples and oranges” comparison: the Delta
Method describes the limiting distribution of the estimator, not the convergence of
its moments.

9.4 Stochastic Landau Symbols

Just as Landau symbols (o(1), O(1)) are essential in deterministic analysis for han-
dling error terms and convergence rates, we define their stochastic counterparts to
streamline asymptotic arguments in statistics. The subscript p denotes that the
property holds “in probability.”

188



FMS 9. Preliminaries for Large Sample Theory

Definition 9.1 (Little-o in probability). We write Xn = op(1) if the sequence
converges to zero in probability:

Xn
p−→ 0.

Intuition: This is the stochastic equivalent of a sequence of numbers converging to
zero.

Definition 9.2 (Big-O in probability). We write Xn = Op(1) if the sequence is
bounded in probability (also called uniformly tight). Formally:

lim
M→∞

lim sup
n→∞

P(∥Xn∥ ≥M) −→ 0

Equivalently,
∀ϵ > 0 ∃Mϵ > 0 : sup

n∈N
P(∥Xn∥ > Mϵ) < ϵ.

For a single random variable, we know that probability mass is tight—we can al-
ways find a bounds [−M,M ] that contain 99% of the mass. For a sequence Xn,
“boundedness in probability” means we can find a single M that works for all n
simultaneously.

• If the sequence “drifts off” to infinity (mass escapes), it is not bounded.

• Key Result: If Xn
d−→ X, then Xn = Op(1). Just as a convergent sequence

of numbers is bounded, a sequence converging in distribution is tight.

General Orders

We extend these definitions to compare a random sequence Xn against a determin-
istic rate sequence Rn (e.g., Rn = n−1/2).

• Xn = op(Rn) means Xn = YnRn where Yn = op(1).

• Xn = Op(Rn) means Xn = YnRn where Yn = Op(1).

Informally: Xn = op(Rn) means Xn/Rn
p−→ 0.

Calculus of Stochastic Symbols

These symbols allow us to manipulate “remainders” in proofs algebraically. These
equations should be read directionally (from left to right): “A sequence with the
property on the left also has the property on the right.”

i) op(1) =⇒ Op(1):

If a sequence goes to zero in probability, it is necessarily bounded in probability.
The converse is false.
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ii) op(1) + op(1) = op(1):

The sum of two sequences converging to zero also converges to zero.

iii) op(1) ·Op(1) = op(1)

If you multiply something bounded (Op) by something shrinking to zero (op),
the result shrinks to zero. (This is Slutsky’s theorem in disguise).

iv) Op(1) +Op(1) = Op(1)

The sum of two bounded sequences is bounded.

Recommended Literature

For further details on these asymptotic tools:

• Ferguson (1996): A Course in Large Sample Theory. (The lecturer’s “fa-
vorite” for this topic).

• van der Vaart (1998): Asymptotic Statistics. (More general and advanced).

• Billingsley: For probability refreshers and convergence results (e.g., Sko-
rokhod).
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10. Large Sample Theory for
Moment Estimators

This chapter discusses the asymptotic distribution of estimators obtained through
the Method of Moments (MOM). From a mathematical perspective, the treatment
here is straightforward: we simply combine the standard Central Limit Theorem
(CLT) and the Delta Method.

Motivation Suppose you live in 1870. You are an informed statistician, and you
know one thing for sure: how to estimate expectations. The Law of Large
Numbers (LLN) guarantees that sample averages converge to true expectations.
However, not every estimation problem presents itself directly as an expectation.
The Method of Moments (introduced in Chapter 2) is essentially a “vehicle” for
relating arbitrary estimation tasks back to the estimation of expectations. Once we
do that, we can leverage the powerful tools of the LLN and CLT.

10.1 Estimating an Expectation

The foundation of the Method of Moments is the estimation of a simple expectation.

Setup: Let X1, X2, . . . be i.i.d. observations from the statistical model:

P = {Pθ : θ ∈ Θ ⊆ Rk}.

Let h be a function such that Eθ[|h(X)|] < ∞ for all θ ∈ Θ. We consider the
estimation of the statistical parameter defined by the expectation of this function:

γ(θ) = Eθ[h(X)].

Consistency (Law of Large Numbers)

We employ the “plug-in” estimator, which replaces the population expectation with
the sample average:

γ̂n :=
1

n

n∑
i=1

h(Xi).

By the Weak Law of Large Numbers (LLN), this estimator converges in probability
to the true parameter:

γ̂n
p−→ γ(θ) ∀θ ∈ Θ.
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Terminology: We say that γ̂n is a consistent estimator of γ(θ). As you collect
more data (n→ ∞), the estimator converges to the target.

Asymptotic Normality (Central Limit Theorem)

To understand the estimation error, we look to the Central Limit Theorem. If the
variance is finite (i.e., Varθ[h(X)] <∞), the CLT implies that the standardized error
follows a standard normal distribution asymptotically:

√
n(γ̂n − γ(θ))

d−→ N (0,Varθ[h(X)]).

This result serves as the building block for more complex Method of Moments esti-
mators, where we will estimate parameters θ that are functions of these expectations
γ(θ).

10.2 Method of Moments (General Formulation)

While the introductory Method of Moments (section 1.3) typically uses simple pow-
ers (T (x) = x, x2, . . . ), the general theory allows for any set of chosen “helper
functions.”

To estimate a parameter vector θ ∈ Rk, we choose k functions T1, . . . , Tk. We define
the vector of these statistics as:

T (X) = (T1(X), . . . , Tk(X))⊤.

We then define the theoretical expectation map τ , which links the parameters
to the moments:

τ(θ) = Eθ[T (X)] =

Eθ[T1(X)]
...

Eθ[Tk(X)]

 .

The Estimator Construction: The Method of Moments (MOM) operates by
matching the theoretical expectations to the empirical data averages. Let T n be the
vector of sample means:

T n =
1

n

n∑
i=1

T (Xi).

We obtain the estimator θ̂n by solving the system:

T n = τ(θ̂n).

If the mapping τ is injective (one-to-one), we can explicitly define the estimator
using the inverse mapping τ−1:

θ̂n = τ−1(T n).

Remark. This estimator is well-defined provided the sample average T n falls within
the image of τ .
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Asymptotic Distribution (Delta Method Applied to MOM)

Since the estimator is defined via a differentiable transformation of sample means
(θ̂n = τ−1(T n)), its asymptotic behavior follows directly from the Delta Method
combined with the Central Limit Theorem.

Theorem 10.1 (Asymptotic Normality of MOM). Let X1, X2, . . . be i.i.d. obser-
vations generated by Pθ0. Assume the following conditions:

i) Finite Variance: The chosen statistics have finite second moments, i.e.,
Eθ0 [∥T (X)∥22] <∞.

ii) Invertibility: The mapping τ is injective and continuously differentiable in
an open neighborhood of θ0.

iii) Non-Singularity: The Jacobian matrix τ ′(θ) =
(

∂τj(θ)

∂θl

)
jl
∈ Rk×k is invert-

ible at θ = θ0.

Then, the Method of Moments estimator θ̂n exists with probability tending to 1 as
n→ ∞, and satisfies:

√
n(θ̂n − θ0)

d−→ Nk

(
0,ΣMOM

)
,

where the asymptotic covariance matrix is:

ΣMOM = τ ′(θ0)
−1Varθ0 [T (X)] τ ′(θ0)

−⊤.

Anatomy of the Variance

The asymptotic variance formula can be understood as having two distinct compo-
nents:

1. Inherited Variance (Varθ0 [T (X)]): This is the “middle” term. It represents
the unavoidable error in estimating the expectations of the helper functions
T . If T (X) has high variance, your input to the equation system is noisy.

2. Error Propagation (τ ′(θ0)
−1): This term (and its transpose) comes from

the Delta Method. It represents the sensitivity of the inverse map τ−1. It
answers: “How much does the solution θ̂ wiggle if the moments T n wiggle?”
If the derivative of τ is small (flat), the inverse derivative is large, amplifying
the error.

TODO: improve this proof

Proof (Application of Inverse Function Theorem). By the Inverse Function The-
orem, if τ is differentiable with an invertible Jacobian at θ0, then locally around
τ(θ0), the inverse function τ−1 exists and is differentiable. Crucially, the derivative
of the inverse is the inverse of the derivative:

(τ−1)′(t)
∣∣∣
t=τ(θ0)

= [τ ′(θ0)]
−1.
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By the CLT, the sample moments are asymptotically normal:

√
n(T n − τ(θ0))

d−→ Z ∼ Nk(0,Varθ0 [T (X)]).

By the Delta Method applied to the function g = τ−1:

√
n(τ−1(T n)− τ−1(τ(θ0)))

d−→ [τ ′(θ0)]
−1Z.

The covariance of the linear transformation AZ is ACov(Z)A⊤, yielding the result.

10.3 Application to Exponential Families

Equivalence of MOM and MLE

We now consider the specific case where the data follows an exponential family.
This setting is particularly elegant because there is a natural connection between
the Method of Moments (MOM) and Maximum Likelihood Estimation (MLE).

Consider an exponential family with densities given by:

pθ(x) = exp{⟨θ, T (x)⟩ − A(θ)}h(x), θ ∈ θ.

Here, θ represents the canonical parameters. Suppose the parameter space Θ is
open.

Injectivity of the Mean Map: Recall from the properties of exponential families
that the cumulant generating function A(θ) is strictly convex. Consequently, its
gradient—which defines the mean parametrization τ—is an injective (one-to-
one) mapping:

τ(θ) := Eθ[T (X)] = ∇A(θ).
Because this mapping is injective, we can uniquely estimate θ using the Method of
Moments estimator based on the sufficient statistics T (X):

θ̂MOM = τ−1(T n).

Claim. In this setting, the Method of Moments estimator is identical to the Maxi-
mum Likelihood Estimator. That is,

θ̂n = argmax
θ∈θ

ℓn(θ|x).

Proof. Since Θ is open, the MLE (if it exists) must satisfy the first-order condition
ℓ̇n(θ|x) = 0. The log-likelihood function for n i.i.d. observations is:

ℓn(θ|X) =
n∑

i=1

log pθ(Xi)

=
n∑

i=1

[⟨θ, T (Xi)⟩ − A(θ) + log h(Xi)]

= n⟨θ, T n⟩ − nA(θ) + const.
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Intuition: The logarithm “eats” the exponential, exposing the linear structure of
the sufficient statistics and the cumulant function. The score function (gradient) is:

∇θℓn(θ|X) = nT n − n∇A(θ).

Recalling that ∇A(θ) = τ(θ), the condition for the gradient to be zero is:

n
[
T n − τ(θ)

]
= 0 ⇐⇒ T n = τ(θ).

Thus, solving for the MLE is mathematically equivalent to solving the Method of
Moments equation.

Fisher Information Gives Asymptotic Variance

Since we have established that θ̂MLE = θ̂MOM, we can apply the Delta Method results
from the previous section to derive the asymptotic distribution of the MLE.

Corollary 10.1 (Asymptotic Normality of MLE). In the considered exponential
family setting, the MLE θ̂n exists with probability tending to 1 as n → ∞, and
satisfies: √

n(θ̂n − θ0)
d−→ Nk(0, I(θ0)

−1),

where I(θ0) is the Fisher Information matrix for a single observation.

Derivation: The “Sandwich” Cancellation

The general Method of Moments variance (from Theorem 10.1) takes the form of a
“sandwich”:

Asymp. Var = τ ′(θ0)
−1︸ ︷︷ ︸

Bread

Varθ0 [T (X)]︸ ︷︷ ︸
Meat

τ ′(θ0)
−⊤︸ ︷︷ ︸

Bread

.

In the exponential family context, a miraculous simplification occurs:

1. The Meat (Variance): The variance of the sufficient statistic is the Hessian
of the cumulant function:

Varθ0 [T (X)] = ∇2A(θ0) = I(θ0).

2. The Bread (Jacobian): The mapping τ(θ) is the gradient ∇A(θ). There-
fore, its Jacobian τ ′(θ) is the Hessian ∇2A(θ):

τ ′(θ0) = ∇2A(θ0) = I(θ0).

Substituting these into the sandwich formula:

I(θ0)
−1 · I(θ0) · I(θ0)

−1 = I(θ0)
−1.

This confirms that the MLE achieves the Cramér–Rao bound asymptotically.
While the estimator may have finite-sample bias, it reaches the optimal variance
level as n→ ∞.
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From Theory to Practice: Software and Approximation

The theoretical result
√
n(θ̂ − θ0) → N (0, I(θ0)

−1) motivates the approximation:

θ̂
·∼ N

(
θ0,

1

n
I(θ0)

−1

)
.

However, this is not directly usable because the true parameter θ0 (and thus the
true variance) is unknown.

Implementation Strategy (Slutsky’s Theorem): In practice (and in statisti-
cal software), we replace the unknown information matrix I(θ0) with a consistent
estimator, typically the observed information at the estimated value, Î = I(θ̂n). By
Slutsky’s Theorem, the convergence still holds:

√
n Î(θ̂n)

1/2(θ̂n − θ0)
d−→ Nk(0, Ik).

This makes MLE extremely “software-friendly.” An optimizer finds the peak of the
log-likelihood (θ̂), and the Hessian at that peak automatically provides the estimated
Fisher Information, which yields standard errors and confidence intervals.

Note (on Dependent Data). The standard derivation assumes i.i.d. data, where the
total information is In(θ) = nI1(θ). For dependent data (e.g., Markov Chains), the
Fisher Information does not necessarily scale linearly with n. However, generalized
theorems exist (see Billingsley, 1961) showing that θ̂

·∼ N (θ0, I
−1
total), provided one

calculates the total information inherent in the dependent sequence correctly.

Invariance: If the model uses a different parametrization λ (via a diffeomorphism
θ(λ)), the asymptotic normality is preserved. The asymptotic variance becomes
I(λ0)

−1, which can be calculated using the Delta Method and the appropriate Ja-
cobians.
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11. Pearson’s Chi-Square

In this chapter, we explore Pearson’s Chi-Square statistic/test from an asymptotic
point of view and derive the “usual” chi-square approximation that is typically used
to set critical values and compute p-values. We also demonstrate how useful insights
on the power of the test can be obtained from asymptotics along local alternatives.
For further reading, see Ferguson (1996, chaps 9-10).

Motivation: Is the Dice Fair?

Consider the canonical problem: you are at a casino, and someone hands you a die.
You want to know, is this die fair? That is, does each of the six faces show up with
equal probability 1/6?

To test this, you roll the die n = 100 times and observe the counts for each face.
Suppose you get a sequence of counts like 20, 10, 25, . . . . If the die were truly fair,
you would expect each face to appear 100/6 ≈ 16.7 times. The observed vector of
counts differs from the expected vector of counts. The core statistical question is:
How different is too different?

We need to calculate the probability of seeing such a deviation (or a more extreme
one) under the assumption that the die is fair. This is the rationale behind p-values.
If this probability is very low, it casts doubt on the fairness of the die.

Example 11.1 (Random Number Generation). Another practical application arises
in computational statistics. Suppose you have an algorithm designed to generate
random numbers from a standard normal distribution. Since computer-generated
numbers are deterministic (pseudo-random), you might want to verify their statis-
tical properties. One way to check this is to discretize the problem:

1. Bin the real line into intervals.

2. Calculate the theoretical probability of a standard normal variable landing in
each interval.

3. Generate n samples using your algorithm and count how many fall into each
bin.

This reduces the problem to the same structure as the dice roll—comparing observed
counts in bins to expected counts derived from the theoretical probabilities. This is
often called a “goodness-of-fit” test.
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Note (on Distances). When comparing observed counts to expected counts, we are
essentially measuring a distance between two vectors. However, simple Euclidean
distance might not be appropriate. Consider the following:

• Scenario A: Expected 16, Observed 20.

• Scenario B: Expected 0, Observed 4.

In both cases, the absolute difference is 4. However, Scenario B represents a much
more drastic deviation (an impossible event becoming possible) than Scenario A.
Similarly, a deviation of 4 is large if the expected count is small, but negligible if the
expected count is 1000. Pearson’s Chi-Square addresses this by looking at distances
relative to the expected magnitude (perturbing the coordinate system).

11.1 Background on Normal and Chi–Square Dis-

tributions

Before diving into the Chi-Square test itself, let’s establish some fundamental facts
about normal distributions. Many statistical problems, when the sample size n is
pushed to infinity, approximate problems involving normal distributions.

11.1.1 Multivariate Normal Distribution

If X ∼ Nk(µ,Σ) is a multivariate normal vector in Rk, it is fully characterized by its
mean vector µ and covariance matrix Σ. An important property is stability under
affine transformations. If A is a matrix and b is a vector of suitable dimensions,
then:

AX + b ∼ Nd(Aµ+ b, AΣA⊤).

Proof (Sketch). One definition of a multivariate normal distribution is that it is the
joint distribution of linear combinations of independent standard normal variables.
Since linear combinations of linear combinations remain linear combinations, the
affine transformation of a normal vector remains normal. The parameters follow
from linearity of expectation and the definition of covariance.

11.1.2 Chi-Square Distribution

Let X1, . . . , Xk be i.i.d. N (0, 1). The chi-square distribution with k degrees of
freedom, denoted χ2

k, is defined as the distribution of the sum of their squares:

k∑
j=1

X2
j ∼ χ2

k.
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In vector notation, if X = (X1, . . . , Xk)
⊤ ∼ Nk(0, Ik) represents a “standard normal

point” in Rk, then its squared Euclidean norm follows a chi-square distribution:

∥X∥22 ∼ χ2
k.

This distribution is well-studied; we have analytical expressions for its density and
efficient numerical methods for computing probabilities.

11.1.3 Mahalanobis Distance

We are interested in measuring the distance between a random vector X and its
mean µ. If the coordinates of X are highly correlated, a simple Euclidean distance
might be misleading. To account for correlations, we use the covariance matrix to
“standardize” the distance.

Lemma 11.1 (Mahalanobis Distance). If X ∼ Nk(µ,Σ) and Σ is invertible, then
the quadratic form

(X − µ)⊤Σ−1(X − µ) ∼ χ2
k.

Proof. Since Σ is positive definite, we can decompose it (e.g., via Cholesky decom-
position) as Σ = LL⊤, where L is invertible. Then Σ−1 = (L−1)⊤L−1. Substituting
this into the quadratic form:

(X − µ)⊤Σ−1(X − µ) = (X − µ)⊤(L−1)⊤L−1(X − µ) = ∥L−1(X − µ)∥22.

Let Z = L−1(X − µ). Since X is normal, Z is normal.

• Mean: E[Z] = L−1(E[X]− µ) = 0.

• Covariance: Cov(Z) = L−1Cov(X)(L−1)⊤ = L−1Σ(L−1)⊤ = L−1(LL⊤)(L⊤)−1 =
I.

Thus, Z ∼ Nk(0, I), and ∥Z∥22 ∼ χ2
k.

The transformation L−1(X −µ) effectively de-correlates the components of X and
scales them to unit variance. By measuring distance in this way (the Mahalanobis
distance), we obtain a statistic with a fixed, known distribution (χ2

k) regardless of the
specific values of µ or Σ. This invariance is crucial for constructing test statistics.

Remark. While the Cholesky decomposition gives a lower-triangular L, one could
alternatively use the symmetric square root Σ1/2 derived from the spectral decom-
position:

Σ1/2 = Q


√
λ1 0

. . .

0
√
λk

Q⊤,

where λj > 0 are the eigenvalues of Σ and the columns of Q are the eigenvectors.
The result holds for any matrix square root L such that LL⊤ = Σ.
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11.1.4 Hotelling’s T 2

We now apply the asymptotic theory of normal distributions to a specific hypothesis
testing problem: comparing a sample mean vector to a hypothesized population
mean.

Setup: Suppose we observe n data points, where each data point is a vector in Rk.
For example, imagine a clinical study with n patients, where we measure k character-
istics (e.g., iron, protein, vitamin levels) for each patient. We denote these random
vectors as X1, X2, . . . , Xn. We assume they are drawn i.i.d. from a distribution with
mean vector µ and covariance matrix Σ. Note that we do not strictly require the
underlying data to be normally distributed; normality will emerge asymptotically
via averaging (CLT).

Goal: We wish to test whether the population mean µ is equal to a specific target
vector µ0.

H0 : µ = µ0 vs. H1 : µ ̸= µ0.

To do this, we compute the sample mean Xn. We need a way to measure the
“distance” between the observed Xn and the hypothesized µ0.

Decorrelation and the Mahalanobis Distance Simply calculating the Eu-
clidean distance ∥Xn−µ0∥2 is often misleading because the coordinates of X might
be highly correlated or have vastly different variances (e.g., one variable is order 103

while another is 10−1). To gauge if a deviation is statistically significant, we must
account for this structure. We essentially need to “decorrelate” the data.

If we knew the true covariance Σ, we would use the Mahalanobis distance based on
Σ−1. Since Σ is unknown, we replace it with the sample covariance matrix Sn:

Sn =
1

n− 1

n∑
i=1

(Xi −Xn)(Xi −Xn)
⊤.

This leads us to Hotelling’s T 2 statistic.

Analogy to the Univariate t-statistic: It is helpful to view this as the high-
dimensional generalization of the squared Student’s t-statistic. In 1D (k = 1), the

t-statistic is t = Xn−µ0

s/
√
n
. Squaring this gives:

t2 =
n(Xn − µ0)

2

s2
= n(Xn − µ0)(s

2)−1(Xn − µ0).

Hotelling’s T 2 has the exact same form, but with vectors and matrices:

T 2 = n(Xn − µ0)
⊤S−1

n (Xn − µ0).
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Theorem 11.1 (Asymptotic Distribution of Hotelling’s T 2). Let X1, X2, . . . be i.i.d.
random vectors in Rk with mean vector µ = E[Xi] and finite invertible covariance

matrix Σ = Var[Xi]. Let Sn be the sample covariance matrix. Then Sn
p−→ Σ, and

T 2(µ) := n(Xn − µ)⊤S−1
n (Xn − µ)

d−→ χ2
k.

Proof. The proof relies on Slutsky’s Theorem and the Continuous Mapping Theo-
rem. First, consider the decomposition of the sample covariance matrix:

Sn =
n

n− 1


1

n

n∑
i=1

(Xi − µ)(Xi − µ)⊤︸ ︷︷ ︸
p−→Σ by LLN

− (Xn − µ)︸ ︷︷ ︸
p−→0

(Xn − µ)⊤︸ ︷︷ ︸
p−→0

 .

Thus, Sn
p−→ Σ, which implies S−1

n

p−→ Σ−1 (since matrix inversion is continuous
at invertible matrices).

Next, by the Central Limit Theorem (CLT):

√
n(Xn − µ)

d−→ Y ∼ Nk(0,Σ).

We can now apply Slutsky’s Theorem to the product of the vector convergence and
the matrix convergence. The statistic converges in distribution to the quadratic
form of the limiting normal variable:

T 2(µ)
d−→ Y ⊤Σ−1Y.

By Lemma ??, Y ⊤Σ−1Y ∼ χ2
k.

Application: Hypothesis Testing

To perform a test with asymptotic level α ∈ (0, 1), we use the quantile of the chi-
square distribution as our critical value.

Decision Rule: Reject H0 : µ = µ0 if

T 2(µ0) ≥ χ2
k,1−α,

where χ2
k,1−α is the (1−α)-quantile of the χ2

k distribution. Under H0, the probability
of type I error converges to α as n→ ∞.

Example 11.2 (Women’s Health and Nutrition). Consider a dataset regarding the
nutrient intake of n = 40 women. We observe four variables (k = 4): Iron, Protein,
Vitamin A, and Vitamin C. We want to test if their average intake matches the
recommended daily values.

Data Preview:
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1 X <- readr::read_csv("data/nutrient.cs")

# # A tibble: 40 x 4

# Iron Protein `Vit A` `Vit C`

# <dbl> <dbl> <dbl> <dbl>

5 # 1 10.2 42.6 349. 54.1

# 2 13.7 59.9 668. 155.

...

n <- nrow(X) # 40

Hypothesis: The suggested daily intake vector is µ0 = (15, 75, 800, 90)⊤.

1 mu0 <- c(15, 75, 800, 90)

Observed Means:

1 Xbar <- colMeans(X)

# Iron Protein Vit A Vit C

# 13.48640 81.52893 769.4960 97.69060

Notice that Vitamin A has a much larger scale (variance) than Iron. A simple
difference would be dominated by Vitamin A, but Hotelling’s T 2 handles this scaling
automatically.

Test Statistic Calculation:

1 # T2 = n * (Xbar - mu0)' * S_inv * (Xbar - mu0)

S_inv <- solve(cov(X))

diff <- Xbar - mu0

T2 <- n * t(diff) %*% S_inv %*% diff

5 # [1] 18.66158

Conclusion: Under H0, T
2 ≈ χ2

4. The expected value of a χ2
4 variable is 4. The

observed value of 18.66 is unusually large (in the far right tail).

1 1 - pchisq(T2, df=4)

# [1] 0.000915846

With a p-value of ≈ 0.0009, we reject the null hypothesis. It is highly implausible
that the women’s average intake conforms to the recommended guidelines.

11.1.5 Non-Central Chi-Square Distribution

We previously established that under the null hypothesis (H0 : µ = µ0), the test
statistic follows a central χ2 distribution. This allows us to control the Type I error
rate. However, if we want to analyze the power of a test, we must ask:

What happens when the null hypothesis is false?
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In this scenario, the data is centered around a true mean µ that differs from the hy-
pothesized µ0. Consequently, we are looking at the squared norm of a random vector
with a non-zero mean. This leads to the non-central chi-square distribution.

Definition 11.1 (Non-Central Chi-Square). LetX ∼ Nk(µ, Ik). That is,X1, . . . , Xk

are independent with unit variance, but Xj ∼ N (µj, 1). The distribution of the

squared norm ∥X∥22 =
∑k

j=1X
2
j is called the non-central chi-square distribu-

tion with k degrees of freedom and non-centrality parameter λ = ∥µ∥22. We denote
this as:

∥X∥22 ∼ χ2
k(∥µ∥22).

Geometric Intuition (Rotational Invariance): The definition above claims
that the distribution depends on µ only through its squared length ∥µ∥2. Why
is this well-defined? Consider two mean vectors µ and δ with the same length
(∥µ∥ = ∥δ∥).
Since they lie on the same hypersphere, there exists an orthogonal matrix Q (a
rotation) such that δ = Qµ. If we define Y = QX, then:

• Length is preserved: ∥Y ∥2 = ∥QX∥2 = ∥X∥2.

• Distribution is preserved: Y is still normal with identity covariance (since
QIQ⊤ = I), but its mean is rotated to Qµ = δ.

Thus, the distribution of the squared norm depends only on the distance of the mean
vector from the origin, not its direction.

Note (R Implementation). In R, the chi-square family functions (rchisq, dchisq,
pchisq, qchisq) accept an optional argument ncp (non-centrality parameter).

1 # Generate 100 draws from non-central chi-square (df=5, lambda=2.1)

rchisq(n=100, df=5, ncp=2.1)

Projection Matrices and Singular Covariance

In the previous sections, we assumed the covariance matrix Σ was invertible to define
the Mahalanobis distance. However, in many applications—specifically the upcom-
ing dice roll problem—variables satisfy linear constraints (e.g., counts summing to
N). This forces the random vector to lie in a lower-dimensional subspace, resulting
in a singular (non-invertible) covariance matrix.

We need to understand when ∥X∥2 follows a chi-square distribution even if Σ is
singular. The key concept is the projection matrix.

Definition 11.2 (Projection Matrix). A symmetric matrix Σ is a projection matrix
if Σ2 = Σ.

• Eigenvalues: Since λ2 = λ, the eigenvalues must be either 0 or 1.
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• Intuition: If you project an object onto the floor (Σ), it lands on the floor.
If you try to project it onto the floor again (Σ2), it doesn’t move—it’s already
there.

Lemma 11.2. Let X ∼ Nk(δ,Σ) where Σ is a projection matrix of rank r. If the
mean vector lies in the projection space (i.e., Σδ = δ), then:

∥X∥22 ∼ χ2
r(∥δ∥22).

TODO: improve proof

Proof (Sketch). Using the spectral decomposition, we can rotate the space such that
Σ becomes a diagonal matrix with r ones and k− r zeros. This effectively isolates r
active standard normal variables (plus means), while the remaining k − r variables
are identically zero. The sum of squares is then simply the sum of r squared normals.

11.2 Multinomial Experiments

Suppose we conduct n independent replications of an experiment with c possible
outcomes (e.g., rolling a die). Let Ui be the random variable representing the cate-
gorical outcome of the i-th trial:

Ui = j if the i-th trial results in outcome j ∈ {1, . . . , c}.

The variables U1, . . . , Un are i.i.d., and their distribution is completely determined
by the probabilities:

pj = P(Ui = j), j = 1, . . . , c.

We assume pj > 0 for all j, and naturally,
c∑

j=1

pj = 1.

Indicator Variables (One-Hot Encoding) While the raw data Ui are integers,
theoretical analysis (specifically the Central Limit Theorem) is much easier if we
work with sums of vectors. We introduce binary indicators Xij to represent the
data algebraically.

Xij = 1{j}(Ui) =

{
1 if Ui = j

0 otherwise

We can view the outcome of the i-th trial as a vector X i = (Xi1, . . . , Xic)
⊤. This

vector is a canonical basis vector ej (often called a “one-hot” vector in machine
learning) with a 1 at position j and 0 elsewhere.

X i = ej = (0, . . . , 1, . . . , 0)⊤ ⇐⇒ Ui = j.

This notation “blows up” a single column of categorical data into a matrix of binary
indicators, but it simplifies the math: the column sums of this matrix are exactly
the counts we need.

204



FMS 11. Pearson’s Chi-Square

Example 11.3 (Rolling a four-sided die). Consider n = 8 rolls of a 4-sided die
(c = 4).

1 set.seed(2025)

c <- 4

n <- 8

# Simulate raw outcomes

5 U <- sample(1:c, n, replace=TRUE)

print(U)

# [1] 1 4 4 2 1 3 2 3

# Convert to Indicator Matrix (One-Hot Encoding)

10 X <- matrix(0, n, c)

for(i in 1:n){ X[i, U[i]] = 1 }

# Display as Data Frame

data.frame(X)

15 # X1 X2 X3 X4

# 1 1 0 0 0 <-- U[1]=1

# 2 0 0 0 1 <-- U[2]=4

# 3 0 0 0 1

# 4 0 1 0 0

20 # 5 1 0 0 0

# 6 0 0 1 0

# 7 0 1 0 0

# 8 0 0 1 0

11.2.1 The Multinomial Distribution

Sufficient Statistics: The Counts From the indicator vectors, we derive the
aggregate counts for each category. Let Nj be the number of times outcome j
occurred in the n trials. In terms of our indicator matrix, Nj is simply the column
sum:

Nj =
n∑

i=1

Xij.

The vector of counts N = (N1, . . . , Nc)
⊤ follows a Multinomial Distribution

with parameters n and probability vector p = (p1, . . . , pc)
⊤.

• If c = 2, this simplifies to the familiar Binomial distribution.

• Note that
∑c

j=1Nj = n. This linear constraint means the random vector N is
confined to a subspace of dimension c−1. Consequently, the covariance matrix
of N is singular. This connects back to our previous discussion on projection
matrices—we will rely on that theory to analyze test statistics involving N .

We formally define the distribution of the count vector N .

Definition 11.3 (Multinomial Distribution). The random vector of counts N =
(N1, . . . , Nc)

⊤ follows a Multinomial Distribution with parameters n (number of
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trials) and p = (p1, . . . , pc)
⊤ (probabilities). The probability mass function is given

by:

P(N1 = n1, . . . , Nc = nc) =

(
n

n1 . . . nc

)
pn1
1 . . . pnc

c

where nj ≥ 0 and
c∑

j=1

nj = n. The term
(

n
n1...nc

)
= n!

n1!...nc!
is the multinomial

coefficient, counting the number of ways to partition n items into c labeled groups
with sizes n1, . . . , nc.

Moments and Covariance Structure

Using the indicator variable representation N =
n∑

i=1

X i, we can easily derive the

moments. Recall that X i is a “one-hot” vector where Xij ∼ Bernoulli(pj).

Expectation: Since expectation is linear:

E[Nj] =
n∑

i=1

E[Xij] =
n∑

i=1

pj = npj.

Thus, the expected vector is E[N ] = np.

Variance and Covariance: Since the trials are independent, the variance of the
sum is the sum of the variances: Var(N ) = nVar(X i). We focus on determining
the covariance matrix of a single trial, X i.

• Variance (Diagonal): For a single category j, Xij is a Bernoulli variable.

Var(Xij) = pj(1− pj).

• Covariance (Off-diagonal): For distinct categories j ̸= ℓ, we look at the
interaction.

Cov(Xij, Xiℓ) = E[XijXiℓ]− E[Xij]E[Xiℓ].

Crucially, a single trial cannot result in both outcome j and outcome ℓ simul-
taneously (mutually exclusive). Thus, the product XijXiℓ is always 0.

E[XijXiℓ] = 0 =⇒ Cov(Xij, Xiℓ) = 0− pjpℓ = −pjpℓ.

Note. The covariance is negative. This makes intuitive sense: if we know trial i
resulted in category j (so Xij = 1), then it cannot be category ℓ (so Xiℓ must be 0).
If one indicator goes up, the others must yield.
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Matrix Representation and Singularity

We can express the covariance matrix of a single trial X i, denoted as ΣX , in a
compact matrix form. Let P = diag(p1, . . . , pc) be a diagonal matrix of probabilities.

Var(X i) =


p1(1− p1) −p1p2 . . . −p1pc
−p2p1 p2(1− p2)

...
...

. . .

−pcp1 . . . pc(1− pc)

 = P− pp⊤.

Consequently, the covariance matrix for the total counts N is:

Var(N ) = n(P− pp⊤).

Rank and Kernel: The matrix P − pp⊤ is singular. To see this, consider the
vector of all ones, 1 = (1, . . . , 1)⊤.

(P− pp⊤)1 = P1− p(p⊤1).

Since P1 = p (the vector of probabilities) and p⊤1 =
∑
pj = 1, we get:

p− p(1) = 0.

The vector 1 is in the kernel (null space) of the covariance matrix. This implies
the rank is at most c − 1 (it is exactly c − 1 provided pj > 0). This algebraic
singularity corresponds exactly to the physical constraint that the counts must sum
to n (

∑
Nj = n). The data does not vary freely in c dimensions; it is confined to a

(c− 1)-dimensional subspace.

11.3 Pearson’s Chi-Square Test

We now address the testing problem: given a vector of countsN ∼ Multinomial(n,p),
is the underlying probability vector p equal to a specific hypothesized vector p0?

The Hypotheses:

H0 : p = p0 vs. H1 : p ̸= p0

The Test Statistic: To test this, we compare the observed counts (Nj) with the
expected counts under the null hypothesis. Under H0, E[Nj] = np0j. Pearson’s
statistic aggregates the squared deviations, normalized by the expected counts:

Wn(p0) :=
c∑

j=1

(Nj − np0j)
2

np0j
.
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Decision Rule: We reject H0 if the statistic is sufficiently large, specifically if
Wn ≥ kα, where kα is the critical value derived from the asymptotic distribution.

11.3.1 Asymptotic Distribution

While the exact distribution of Wn is discrete (and complex to calculate for large
n), Pearson’s great insight was that it approaches a known limit.

Theorem 11.2. If N ∼ Multinomial(n,p0) and n→ ∞, then:

Wn(p0)
d−→ χ2

c−1.

Consequently, the test that rejects when Wn ≥ χ2
c−1;1−α has asymptotic level α:

Pp0
(Wn(p0) ≥ kα) −→

n→∞
α.

Proof.
Reformulation as a Quadratic Form
Let P 0 = diag(p01, . . . , p0c). We can rewrite the sum notation using vectors. Let

Xn = 1
n
N = 1

n

n∑
i=1

X i be the vector of relative frequencies. Algebraic manipulation

shows:

Wn(p0) = n
c∑

j=1

(Nj/n− p0j)
2

p0j
= n(Xn − p0)

⊤P−1
0 (Xn − p0).

Multivariate CLT
The vector Xn is an average of i.i.d. indicator vectors X i. Under H0, E[X i] = p0

and Var[X i] = P 0−p0p
⊤
0 (from Section 11.2.1). Applying the Multivariate Central

Limit Theorem:

√
n(Xn − p0)

d−→ Y ∼ Nc(0,Σ), where Σ = P 0 − p0p
⊤
0 .

Continuous Mapping
By the Continuous Mapping Theorem, the statistic converges to a quadratic form
of the Gaussian vector Y :

Wn(p0)
d−→ Y ⊤P−1

0 Y .

We can factor P−1
0 as P

−1/2
0 P

−1/2
0 . Let Z = P

−1/2
0 Y . Then:

Wn(p0)
d−→ ∥Z∥22.

Analyzing the Covariance of Z
The vector Z is a linear transformation of a Gaussian, so Z ∼ N (0,ΣZ). We
compute its covariance:

ΣZ = Var[P
−1/2
0 Y ] = P

−1/2
0 ΣP

−1/2
0 .
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Substituting Σ = P 0 − p0p
⊤
0 :

ΣZ = P
−1/2
0 (P 0 − p0p

⊤
0 )P

−1/2
0 = Ic − (P

−1/2
0 p0)(P

−1/2
0 p0)

⊤.

Let u = P
−1/2
0 p0. This vector u has entries

√
p0j. Its squared norm is:

∥u∥2 = u⊤u =
c∑

j=1

(
√
p0j)

2 =
c∑

j=1

p0j = 1.

Thus, ΣZ = Ic−uu⊤. Since ∥u∥ = 1, this is a projection matrix projecting onto
the orthogonal complement of u. Its rank is:

rank(Ic − uu⊤) = tr(Ic)− tr(uu⊤) = c− 1.

Conclusion:
By Lemma 11.2 (distribution of squared norm of projected Gaussian),

∥Z∥22 ∼ χ2
c−1.

11.3.2 Asymptotic Power

We now consider the behavior of the test when the null hypothesis is false. A good
test should eventually detect any fixed deviation from the null as the sample size
increases.

Theorem 11.3 (Consistency of Chi-Square Test). The Chi-Square test is consis-
tent. That is, if the true distribution is N ∼ Multinomial(n,p) with p ̸= p0, then
the probability of rejecting H0 converges to 1:

Pp(Wn(p0) ≥ kα) −→
n→∞

1.

Proof. We analyze the behavior of the statistic scaled by 1/n. Recall thatWn(p0) =
n(Xn − p0)

⊤P−1
0 (Xn − p0).

Convergence of the Scaled Statistic
By the Law of Large Numbers (LLN), the vector of observed relative frequencies
converges in probability to the true probability vector:

Xn
p−→ p.

By the Continuous Mapping Theorem, the quadratic form converges:

1

n
Wn(p0) = (Xn − p0)

⊤P−1
0 (Xn − p0)

p−→ (p− p0)
⊤P−1

0 (p− p0) =: ∆.

Positivity of the Limit
The matrix P 0 = diag(p0) is a diagonal matrix with positive entries, so its inverse
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P−1
0 is positive definite. Since p ̸= p0, the vector (p − p0) is non-zero. Therefore,

the quadratic form ∆ must be strictly positive:

∆ > 0.

Asymptotic Probability
The critical value kα is a fixed constant (the quantile of a χ2

c−1 distribution) and does
not grow with n. Thus, kα/n → 0. We can lower bound the rejection probability
for sufficiently large n (such that kα/n < ∆/2):

P(Wn(p0) ≥ kα) = P

(
1

n
Wn(p0) ≥

1

n
kα

)
.

Since 1
n
Wn(p0)

p−→ ∆ and 1
n
kα → 0, for any ϵ > 0, the probability mass concentrates

around ∆. Specifically:

P

(
1

n
Wn(p0) ≥

1

2
∆

)
→ 1.

Intuitively, under the alternative hypothesis, the statistic Wn grows linearly with n
(it is roughly n∆), while the critical threshold kα stays constant. Thus, the statistic
eventually exceeds the threshold with certainty.

11.3.3 Local Power Analysis

While consistency (Theorem 11.3) assures us that the test will eventually reject any
fixed false null hypothesis as n→ ∞, it does not help us approximate the power for a
specific finite sample size n. To derive a useful approximation for power and sample
size planning, we consider local alternatives that approach the null hypothesis at
a rate of 1/

√
n.

Sequence of Alternatives: Consider a sequence of probability vectors pn defined
by:

pn = p0 +
1√
n
δ,

where p0 is the null hypothesis vector (p0j > 0,
∑
p0j = 1) and δ ∈ Rc is a fixed

direction vector such that
∑c

j=1 δj = 0 (ensuring
∑
pnj = 1).

Theorem 11.4. Let N (n) ∼ Multinomial(n,pn). Then, as n→ ∞:

Wn(p0) =
c∑

j=1

(N
(n)
j − np0j)

2

np0j

d−→ χ2
c−1(λ),

where the limit is a non-central chi-square distribution with c − 1 degrees of
freedom and non-centrality parameter:

λ =
c∑

j=1

δ2j
p0j

.
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Application (Power Calculation): This theorem allows us to approximate the
power of the test for a specific alternative p and sample size n.

1. Set δ =
√
n(p− p0).

2. Calculate λ =
∑
δ2j /p0j = n

∑
(pj − p0j)

2/p0j.

3. The power is approximately P(Y ≥ kα), where Y ∼ χ2
c−1(λ).

Proof. The proof relies on establishing the asymptotic normality of the scaled count
vector under the sequence of local alternatives.

Asymptotic Normality of the Counts
We claim that:

√
n

(
1

n
N (n) − p0

)
d−→ Y ∼ Nc(δ,Σ), (11.1)

where Σ = P 0 − p0p
⊤
0 . To see this, we decompose the term:

√
n

(
1

n
N (n) − p0

)
=

√
n

(
1

n
N (n) − pn

)
+
√
n(pn − p0).

By definition of pn, the second term is exactly δ. It remains to show that the first
term converges to Nc(0,Σ).

Using the Cramér-Wold device, we check convergence for linear combinations a⊤N (n)

for any a ∈ Rc. Specifically, we restrict attention to a ⊥ 1 (since the sum of counts

is fixed). Let X
(n)
i be the indicator vector for the i-th trial in the n-th experiment.

1

n
N (n) d

=
1

n

n∑
i=1

X
(n)
i .

The variance of the projection is σ2
n = n · a⊤Σ(pn)a. As n → ∞, pn → p0, so

Σ(pn) → Σ(p0). To apply the Lyapunov CLT, we bound the third moment. Let

A = maxj |aj|. Then |a⊤X
(n)
i | ≤ A and |a⊤pn| ≤ A.

E[|a⊤X
(n)
i − a⊤pn|3] ≤ 8A3.

The Lyapunov condition requires:

1

σ3
n

n∑
i=1

E[. . . ] ≤ 8nA3

n3/2(a⊤Σ(pn)a)
3/2

n→∞−−−→ 0.

Thus, the CLT holds, and
√
n( 1

n
N (n) − pn)

d−→ N (0,Σ). Adding the constant shift
δ yields Equation (11.1).

Transformation to Non-Central Chi-Square
As in Theorem 12.2, the test statistic is a quadratic form:

Wn(p0)
d−→ Y ⊤P−1

0 Y = ∥Z∥2,
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where Z = P
−1/2
0 Y . Since Y ∼ N (δ,Σ), the linear transformation Z is also

Normal:

Z ∼ Nc(P
−1/2
0 δ,P

−1/2
0 ΣP

−1/2
0 ).

The covariance matrix simplifies to a projection matrix Ic−uu⊤ (where u =
√
p0),

just as in the null case. The mean vector is µZ = P
−1/2
0 δ. Since

∑
δj = 0, we

have u⊤µZ = p⊤
0 P

−1
0 δ = 1⊤δ = 0. The vector Z lies in the subspace where

the covariance acts as the identity. Thus, ∥Z∥2 follows a non-central chi-square
distribution.

The non-centrality parameter is the squared norm of the mean:

λ = ∥µZ∥2 = ∥P−1/2
0 δ∥2 =

c∑
j=1

δ2j
p0j

.

11.4 R Example

In this section, we apply the theory to a practical example: testing the fairness
of a die using R. We will proceed in three steps: first by manually calculating the
statistic to understand the mechanics, second by using R’s built-in testing function,
and third by handling small sample sizes via simulation.

11.4.1 Applying the Test Manually

Consider a scenario where we roll a six-sided die n = 100 times. We wish to test
the null hypothesis that the die is fair:

H0 : p = p0 = (1/6, . . . , 1/6)⊤.

First, we define the null probabilities and the observed counts N in R:

1 # Null hypothesis probabilities (fair die)

p0 <- rep(1/6, 6)

# Observed counts for the six sides

5 N <- c(20, 19, 16, 21, 15, 9)

# Total number of trials

n <- sum(N)

print(n)

10 # [1] 100
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To determine if these counts are unusual, we calculate Pearson’s chi-square statistic
Wn(p0) manually:

Wn =
c∑

j=1

(Nj − np0j)
2

np0j
.

1 # Calculate the test statistic manually

W <- sum((N - n * p0)^2 / (n * p0))

print(W)

# [1] 5.84

The observed value is W ≈ 5.84. Is this large or small? Under H0, W follows a χ2

distribution with c− 1 = 5 degrees of freedom. The expectation of a χ2
5 variable is

5, so 5.84 is very close to the expected value, suggesting no strong evidence against
H0.

We can calculate specific critical values kα for α = 0.05 and α = 0.1:

1 # Critical values for alpha = 0.05 and 0.1

qchisq(c(0.95, 0.90), df = 6 - 1)

# [1] 11.07050 9.23636

Since 5.84 < 9.23, we cannot reject H0 even at the 10% level. The asymptotic
p–value is calculated as P(χ2

5 ≥ W ):

1 # £p£--value calculation

pchisq(W, df = 6 - 1, lower.tail = FALSE)

# [1] 0.3221003

Dedicated Function in R

In practice, we use the dedicated chisq.test function. It automatically handles
the degrees of freedom and p–value calculation.

1 test_result <- chisq.test(N)

print(test_result)

#

# Chi-squared test for given probabilities

5 #

# data: N

# X-squared = 5.84, df = 5, £p£--value = 0.3221

The output matches our manual calculation perfectly. The result is stored as an
object of class htest. We can inspect its structure to extract specific components:
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1 attributes(test_result)

# £names

# [1] "statistic" "parameter" "p.value" "method" "data.name" "observed"

# [7] "expected" "residuals" "stdres"

5 # £class

# [1] "htest"

test_result$p.value

# [1] 0.3221003

Non-Uniform Null Hypotheses We can also test against arbitrary probability
vectors. For example, if we hypothesize a loaded die with p0 = (0.5, 0.1, 0.1, 0.1, 0.1, 0.1):

1 # Testing a biased hypothesis

chisq.test(N, p = c(0.5, 0.1, 0.1, 0.1, 0.1, 0.1))

# X-squared = 44.4, df = 5, £p£--value = 1.921e-08

In this case, the p–value is extremely small, leading to a strong rejection of the
biased hypothesis.

Small Counts and Simulation

Asymptotic approximations rely on the Central Limit Theorem. If the expected
counts np0j are small (a common rule of thumb is < 5), the χ2 approximation may
be inaccurate.

Consider a small experiment with a 3-sided die (outcomes 1, 2, 3) rolled only n = 12
times:

1 N_small <- c(3, 2, 7)

# Standard asymptotic test

chisq.test(N_small)

# X-squared = 3.5, df = 2, £p£--value = 0.1738

The asymptotic p–value is roughly 0.17. However, because the sample size is so
small, we should not trust the continuous χ2 curve to approximate the discrete
distribution of the statistic.

Monte Carlo Simulation Since the null hypothesis is simple (all parameters
are fully specified), we can approximate the exact distribution of the statistic by
simulation. We generate B datasets from the null distribution, calculate the statistic
for each, and see how often the simulated statistic exceeds our observed value.

R provides a built-in argument simulate.p.value for this:
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1 set.seed(123)

chisq.test(N_small, simulate.p.value = TRUE, B = 20000)

#

# Chi-squared test for given probabilities with simulated £p£--value

5 # (based on 20000 replicates)

#

# data: N_small

# X-squared = 3.5, df = NA, £p£--value = 0.2637

Notice the discrepancy: the asymptotic p–value was ≈ 0.17, while the simulated p–
value is ≈ 0.26. While the statistical decision (do not reject) might remain the same
here, the numerical difference highlights the error in asymptotic approximation for
small n.

Under the Hood To understand what simulate.p.value = TRUE does, we can
replicate the simulation manually:

1 # 1. Define data and parameters

n <- sum(N_small)

p0 <- c(1/3, 1/3, 1/3)

observed_W <- sum((N_small - n * p0)^2 / (n * p0))

5

# 2. Generate B synthetic datasets under H0

B <- 20000

set.seed(123)

# rmultinom generates B vectors of counts

10 simulated_counts <- rmultinom(n = B, size = n, prob = p0)

# 3. Compute statistic for every synthetic dataset

sim_W <- apply(simulated_counts, 2, function(x) {

sum((x - n * p0)^2 / (n * p0))

15 })

# 4. Compute £p£--value (proportion of simulated W >= observed W)

mean(sim_W >= observed_W)

# [1] 0.26755

This manual simulation confirms the result provided by the dedicated function.

11.4.2 Power of Chi-Square Test

Following the theoretical framework of local alternatives, we can perform practical
power calculations. This is often required in research proposals to justify that a
study has a sufficient chance of detecting an effect if it exists.
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Example 11.4 (Ferguson 1996). Suppose we wish to test the fairness of a six-sided
die (p0 = 1/6 · 1) with a sample size of n = 300 at a significance level α = 0.05.

First, we determine the critical value kα. The test rejects H0 if the statistic exceeds
this value.

1 # 1. Setup Null Hypothesis and Critical Value

p0 <- rep(1/6, 6)

n <- 300

alpha <- 0.05

5

# Critical value for chi-square with 6-1 = 5 df

crit <- qchisq(1 - alpha, df = 5)

print(crit)

# [1] 11.0705

Now, consider a specific alternative hypothesis where the die is biased:

p = (0.13, 0.13, 0.17, 0.17, 0.20, 0.20)⊤

To approximate the power, we calculate the non-centrality parameter λ. Recall that
p = p0 + δ/

√
n, which implies δ =

√
n(p − p0). The non-centrality parameter is

λ =
∑
δ2j/p0j.

1 # 2. Define Alternative Hypothesis

p_alt <- c(0.13, 0.13, 0.17, 0.17, 0.2, 0.2)

# 3. Calculate Non-centrality Parameter (lambda)

5 # delta corresponds to the local alternative shift

delta <- sqrt(n) * (p_alt - p0)

lambda <- sum(delta^2 / p0)

print(lambda)

# [1] 8.88

The power is the probability that a non-central χ2 variable exceeds the critical value
established under the null.

1 # 4. Calculate Asymptotic Power

power_approx <- pchisq(crit, df = 5, ncp = lambda, lower.tail = FALSE)

print(power_approx)

# [1] 0.6167596

With n = 300, we have approximately a 62% chance of detecting this specific devi-
ation from fairness.
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11.4.3 Sample Size Calculation

A common question in grant applications is the inverse of the power calculation:
“How large a sample size n is needed to achieve a target power (e.g., 90%)?”

This is essentially a budget justification question: proving to a funding agency that
the requested resources (to enroll n patients or perform n experiments) are necessary
and sufficient to obtain a statistically significant finding.

We can solve this by reversing the previous calculation. We need to find the specific
λ that yields a power of 0.9, and then solve for n.

Step 1: Find required λ We use a root-finding function to find λ0 such that
P (χ2

5(λ0) > kα) = 0.9.

1 target_power <- 0.9

# Function to minimize: Power(lambda) - Target

f_opt <- function(lambda) {

5 pchisq(crit, df = 5, ncp = lambda, lower.tail = FALSE) - target_power

}

# Find root

lambda0 <- uniroot(f_opt, interval = c(0, 50))$root

10 print(lambda0)

# [1] 16.46946

Step 2: Solve for n We know that λ = n
∑c

j=1
(pj−p0j)

2

p0j
. Let E =

∑ (pj−p0j)
2

p0j
be

the “effect size” (or distance from the null). Then λ = n · E, so n = λ/E.

1 # Calculate effect size component

effect_size <- sum((p_alt - p0)^2 / p0)

# Solve for n

5 n_required <- lambda0 / effect_size

print(n_required)

# [1] 556.4008

To achieve 90% power for this specific alternative, we would need n ≈ 557 trials.
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12. Asymptotic Normality of
MLE

This chapter and the two chapters that follow develop asymptotic theory for likelihood-
based statistical inference. Specifically, we will focus on maximum likelihood esti-
mation (this chapter and Chapter 15) and likelihood ratio tests (Chapter 14).

For reading, consider Wellner (2018, chap. 4), Ferguson (1996, pt. 4), Lehmann and
Casella (1998, chap. 6).

Setup

We consider the following standard statistical setup:

• Model: We assume a parametric family of distributions:

P = {Pθ : θ ∈ Θ}, Θ ⊆ Rd.

• Data: We observe data points X1, . . . , Xn which are independent and identi-
cally distributed (i.i.d.) according to the true distribution Pθ0 , where the true
parameter θ0 lies in the interior of the parameter space Θ.

• Likelihood: We define the likelihood function L(θ) and the log-likelihood
function ℓ(θ) based on the densities pθ:

L(θ) ≡ Ln(θ) =
n∏

i=1

pθ(Xi),

ℓ(θ) ≡ ℓn(θ) = logL(θ) =
n∑

i=1

log pθ(Xi).

The Maximum Likelihood Estimator (MLE), denoted as θ̂n, is the parameter value
that maximizes the probability of observing the data we actually saw.

θ̂n = argmax
θ∈Θ

ℓn(θ)

In sufficiently smooth models, this estimator solves the likelihood equations:

ℓ̇(θ) ≡ ∇θ ℓ(θ) = 0.
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Intuition: The Link to KL Divergence Why do we maximize the likelihood?
We can view the MLE as an estimator that attempts to minimize the Kullback-
Leibler (KL) divergence between the empirical distribution of the data and the
model distribution.

min
θ∈Θ

KL(P̂|Pθ) = const.−max
θ∈Θ

1

n

n∑
i=1

log pθ(Xi).

In other words, finding the MLE is equivalent to finding the parameter θ that makes
the model distribution Pθ “closest” (in the KL sense) to the observed data P̂.

Note (on Model Misspecification). This perspective is particularly powerful because
it explains what the MLE does even if our model is wrong (misspecified). If the
true distribution P is not in our model family P , the MLE will still converge to
the parameter θ∗ that minimizes the KL divergence KL(P|Pθ). It finds the “best
approximating” distribution within our (flawed) model class.

In the sequel, we consider an estimator θ̃n that is a solution to the likelihood
equations, i.e., ℓ̇(θ̃n) = 0, allowing for the case that θ̃n is merely a particular local
maximum.

Example 12.1 (Gamma distribution model). Suppose X1, ..., Xn are insurance
claim sizes that we model as i.i.d. with a Gamma(α, β) distribution, where α > 0
(shape) and β > 0 (rate) are unknown. The density is given by:

pθ(x) =
βα

Γ(α)
xα−1e−βx · 1(0,∞)(x),

where θ = (α, β)⊤ and Γ(α) =
∫∞
0
xα−1e−xdx.

The log-likelihood function is:

ℓ(θ) =
n∑

i=1

(α log(β)− log Γ(α) + (α− 1) log(Xi)− βXi)

= nα log(β)− n log Γ(α) + (α− 1)
n∑

i=1

log(Xi)− β

n∑
i=1

Xi.

The MLE depends on the sufficient statistics
n∑

i=1

log(Xi) and
n∑

i=1

Xi. However, taking

derivatives and setting them to zero results in a system that cannot be solved “in
closed form” for α and β. This is a common situation in practice! Fortunately, it is
no problem to compute the MLE via numerical optimization.

Illustration of consistency of MLE:
We can define the negative log-likelihood function in R and minimize it using ‘optim’.
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1 negloglik <- function(ab, data){

a <- ab[1]

b <- ab[2]

n <- length(data)

5 return(

-(n * a * log(b) - n * log(gamma(a))

+ (a - 1) * sum(log(data))

- b * sum(data))

)

10 }

We simulate Gamma data with true parameters α = 5, β = 2:

1 set.seed(22)

n <- 1000

x <- rgamma(n, shape = 5, rate = 2)

We minimize the negative log-likelihood function based on n ∈ {10, 100, 1000} ob-
servations, starting with initial values α = β = 1.

1 opt_10 <- optim(c(1, 1), negloglik, data = x[1:10])

opt_100 <- optim(c(1, 1), negloglik, data = x[1:100])

opt_1000 <- optim(c(1, 1), negloglik, data = x)

The estimates for n = 10, 100 and 1000 are:

1 rbind(opt_10$par, opt_100$par, opt_1000$par)

# [,1] [,2]

# [1,] 9.755201 4.360160 <-- n=10 (Very noisy)

# [2,] 5.145909 1.954187 <-- n=100 (Better)

5 # [3,] 5.038665 2.031913 <-- n=1000 (Very close to truth 5, 2)

Illustration of asymptotic normality of MLE:
To visualize the distribution of the estimator, we compute the MLE many times
(10,000 simulations) for a fixed sample size n = 500.

1 set.seed(22)

Sims <- 10000

n <- 500

df <- data.frame(a = numeric(Sims), b = numeric(Sims))

5
for(s in 1:Sims){

x = rgamma(n, shape = 5, rate = 2)

opt = optim(c(5,2), negloglik, data = x)

df$a[s] = opt$par[1]

10 df$b[s] = opt$par[2]

}
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We then plot the distribution of the estimates of α and β. To illustrate joint
asymptotic normality (not just marginals), we also consider a linear combination,
e.g., 2α− β.

1 p1 <- ggplot(df, aes(x = a)) +

geom_histogram(aes(y = after_stat(density)), colour = "white") +

geom_function(fun = dnorm,

args = list(mean = mean(df$b),

5 sd = sd(df$b)),

colour = "red", linewidth = 1.5) +

labs(x = expression(paste("MLE of ", beta)))

p3 <- ggplot(df, aes(x = 2 * a - b)) +

10 geom_histogram(aes(y = after_stat(density)), colour = "white") +

geom_function(fun = dnorm,

args = list(mean = mean(2*df$a - df$b),

sd = sd(2*df$a - df$b)),

colour = "red", linewidth = 1.5) +

15 labs(x = expression(paste("MLE of ", 2*alpha - beta)))

p1 + p2 + p3 + plot_layout(ncol = 2, axis_titles = "collect")

Figure 12.1: Comparison between the empirical distribution (histogram) of the max-
imum likelihood estimates for α, β and the linear combination 2α−β, and a normal
distribution (solid line) with mean and variance being equal to the corresponding
empirical moments.

The resulting histograms (Figure 12.1) closely match the normal density curves
(solid red lines), providing empirical evidence for the central limit theorem applied
to MLEs.
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12.1 Consistency and Asymptotic Normality

Assumptions for a general theorem
To prove that the MLE behaves well (converges to the truth and is asymptotically
normal), we need to ensure the log-likelihood function is sufficiently “smooth” and
well-behaved. We make the following assumptions:

A0 (Identifiability): θ ̸= θ∗ =⇒ Pθ ̸= Pθ∗ . Different parameters must corre-
spond to different distributions; otherwise, we could never distinguish them
based on data.

A1 : Densities pθ(x) =
dPθ

dν
(x) exist w.r.t. a σ-finite measure ν.

A2 (Common Support): A := {x : pθ(x) > 0} does not depend on θ. (This
rules out cases like Uniform(0,θ), where the support boundary depends on the
parameter, often breaking standard asymptotic theory).

A3 (Smoothness): On an open neighborhood Θ0 of θ0, for ν-a.e x:

i) ℓ(θ|x) ≡ log pθ(x) is twice continuously differentiable in θ.

ii) ℓ(θ|x) has third-order derivatives

...
ℓ jkl(θ|x) =

∂3

∂θj∂θk∂θl
l(θ|x)

bounded by an integrable function M(x):

|
...
ℓ ikl(θ|x)| ≤Mikl(x) ∀θ ∈ θ0 ∀1 ≤ j, k, l ≤ d,

where Eθ0 [Mjkl(X1)] <∞ ∀j, k, l = 1, . . . , d.

Intuition: This control over the third derivative is crucial for the Taylor ex-
pansion argument. It ensures that the quadratic approximation of the log-
likelihood dominates the higher-order terms (the “wiggles” of the function die
out fast enough).

A4 (Fisher Information):

i) The score function has mean zero: Eθ0 [ℓ̇j(θ0|X1)] = 0 ∀j = 1, . . . d.

ii) The Fisher information I(θ0) = Varθ0 [ℓ̇(θ0|X1)] is finite.

iii) The Fisher information is positive definite and equals

I(θ0) =
(
−Eθ0

[ ...
ℓ jk(θ0|X1)

])
jk

Our derivations will be driven by an application of the Central Limit Theorem (CLT)
to the score function (gradient of the log-likelihood):

Zn :=
1√
n
ℓ̇(θ0) =

1√
n

n∑
i=1

ℓ̇(θ0|Xi)
d−→ Z ∼ Nd

(
0,Varθ0

[
l̇(θ0|X1)

])
= Z ∼ Nd

(
0, I(θ0)

)
.
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Theorem 12.1 (Consistency and Asymptotic Normality). If assumptions A0-A4
hold, then:

i. Consistency: There exists a consistent sequence θ̃n of solutions to the like-
lihood equations. That is,

θ̃n
p−→ θ0

and Pθ0(θ̃n solves likelihood equations) −→ 1 as n→ ∞.

ii. Asymptotic Normality: If θ̃n satisfies the above, then

√
n(θ̃n − θ0) = I(θ0)

−1Zn + op(1)
d−→ Nd(0, I(θ0)

−1).

Remark (Clarification on Existence). The phrasing “there exists a consistent se-
quence” can be technically subtle. It does not necessarily mean every root is con-
sistent. However, for a concrete definition of θ̃n used in proofs, one can define:

θ̃n =

{
solution closest to θ0, if ∃ solution to likelihood eqn’s,

n · 1, if ∄ solution.

In practice, if the likelihood is unimodal (e.g., exponential families), the unique root
is the MLE and is consistent. If the likelihood is multimodal, we typically select the
root that maximizes the likelihood or is closest to a preliminary consistent estimator.

Definition 12.1 (Asymptotically Linear Estimator). An estimator γ̂n of parame-
ter γ is asymptotically linear if there exists a function h (called the influence
function) such that:

√
n(γ̂n − γ) =

1√
n

n∑
i=1

h(Xi) + op(1).

Remark (on Influence Functions and Asymptotic Linearity). Part ii. proves more
than just normality; it proves the estimator is asymptotically linear.

Our theorem shows that the consistent root θ̃n is asymptotically linear with influence
function:

h(Xi) = I(θ0)
−1ℓ̇(θ0|Xi).

Why is this useful?

• Robustness: The term “influence function” comes from robust statistics.
If h(Xi) is bounded, a single outlier cannot destroy the estimator (like the
median). If h(Xi) is unbounded (like the mean), outliers can have a large
effect.

• Joint Distributions: If we have two asymptotically linear estimators, say γ̂n

and θ̃n, we can easily derive their joint asymptotic distribution. By stacking
their influence functions, the vector (γ̂n, θ̃n) behaves like a sum of i.i.d. vectors,
allowing us to apply the multivariate CLT to find asymptotic correlations.

TODO: detail this proof more
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Proof.

1. Existence and Consistency.

The proof relies on establishing that, with high probability, the log-likelihood
function ℓ(θ) has a local maximum within an arbitrarily small neighborhood
of the true parameter θ0.

We define the boundary of a ball of radius a centered at θ0:

Qa := {θ ∈ Θ : ∥θ − θ0∥ = a}.

Claim (1). For any sufficiently small a > 0,

Pθ0(ℓ(θ) < ℓ(θ0) ∀θ ∈ Qa) −→ 1 as n→ ∞.

If this claim holds, then with probability approaching 1, the continuous func-
tion ℓ(θ) is strictly lower on the boundary Qa than at the center θ0. Conse-
quently, ℓ(θ) must attain a local maximum at some point θ̃n in the interior
of the ball (i.e., ∥θ̃n − θ0∥ < a). Since ℓ is differentiable, this local maximum
satisfies the likelihood equations ℓ̇(θ̃n) = 0. Since this holds for any a > 0, it

implies the existence of a sequence of roots θ̃n such that θ̃n
p−→ θ0.

Proof (of Claim 1). We perform a Taylor expansion of the log-likelihood around
θ0. Let θ ∈ Qa.

1

n
[ℓ(θ)− ℓ(θ0)] = S1n + S2n +Rn,

where:

• Linear term: S1n = (θ − θ0)
⊤
(

1
n
ℓ̇(θ0)

)
.

• Quadratic term: S2n = −1
2
(θ − θ0)

⊤
[
− 1

n
ℓ̈(θ0)

]
(θ − θ0).

• Remainder term: Rn involves third derivatives evaluated at some in-
termediate point θ∗ between θ and θ0.

We analyze the asymptotic behavior of each term as n→ ∞:

(a) Linear Term (S1n): By assumption A4, E[ℓ̇(θ0)] = 0. By the Law of

Large Numbers (LLN), 1
n
ℓ̇(θ0)

p−→ 0. Since ∥θ − θ0∥ = a,

|S1n| ≤ a

∥∥∥∥ 1nℓ̇(θ0)

∥∥∥∥ p−→ 0.

Thus, for any ϵ > 0 (e.g., a3), |S1n| < 1
2
a3 with high probability.

(b) Quadratic Term (S2n): By the LLN, − 1
n
ℓ̈(θ0)

p−→ I(θ0). Since the
Fisher Information matrix I(θ0) is positive definite, its smallest eigen-
value λd > 0. For sufficiently large n, the quadratic form behaves like:

S2n ≈ −1

2
(θ − θ0)

⊤I(θ0)(θ − θ0).

225



FMS 12. Asymptotic Normality of MLE

Using the eigenvalue bound:

(θ − θ0)
⊤I(θ0)(θ − θ0) ≥ λd∥θ − θ0∥2 = λda

2.

Therefore, with high probability:

S2n < −λd
4
a2 =: −Ca2 (where C > 0).

(c) Remainder Term (Rn): Using the bound on third derivatives Mjkl(x)
from assumption A3:

|Rn| ≤
1

6

∑
j,k,l

|θj − θ0j||θk − θ0k||θl − θ0l|

(
1

n

n∑
i=1

Mjkl(Xi)

)
.

Since ∥θ − θ0∥ = a, the product of differences scales with a3. By the

LLN, 1
n

∑
Mjkl(Xi)

p−→ E[Mjkl(X1)]. Thus, with high probability:

|Rn| ≤ Ba3 (where B > 0 is a constant).

Combining these terms, on the sphere Qa:

1

n
[ℓ(θ)− ℓ(θ0)] ≤

1

2
a3 − Ca2 +Ba3 = a2((B + 1/2)a− C).

For sufficiently small a (specifically a < C
B+1/2

), the negative quadratic term

−Ca2 dominates the cubic terms. Thus, the expression is strictly negative.

This proves that ℓ(θ) < ℓ(θ0) for all θ ∈ Qa with probability approaching 1.

2. Asymptotic Normality.

Let θ̃n be the consistent sequence of roots found in part 1. We start by Taylor
expanding the score function ℓ̇(θ̃n) around θ0. Since θ̃n is a root, ℓ̇(θ̃n) = 0.

For the j-th component:

0 = ℓ̇j(θ̃n) = ℓ̇j(θ0)+
[
∇ℓ̇j(θ0)

]⊤
(θ̃n−θ0)+

1

2
(θ̃n−θ0)

⊤∇2ℓ̇j(θ
∗
n,j)(θ̃n−θ0),

where θ∗
n,j lies between θ̃n and θ0. Since θ̃n

p−→ θ0, we also have θ∗
n,j

p−→ θ0.

Rearranging terms to isolate the difference (θ̃n − θ0):

− 1√
n
ℓ̇j(θ0) =

[
1

n
∇ℓ̇j(θ0) + Remainderj

]⊤√
n(θ̃n − θ0).

We analyze the matrix in the brackets:

• The first term is the Hessian matrix of the log-likelihood (scaled by 1/n).
By the LLN:

1

n
∇ℓ̇(θ0) =

1

n
ℓ̈(θ0)

p−→ −I(θ0).
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• The remainder term involves third derivatives evaluated at θ∗
n,j. Using

the bound Mjkl(x) and the fact that ∥θ̃n − θ0∥
p−→ 0, this term is op(1).

Stacking all components j = 1, . . . , d, we get the vector equation:

− 1√
n
ℓ̇(θ0) = [−I(θ0) + op(1)]

√
n(θ̃n − θ0).

Multiplying by −1 and inverting the matrix (which converges to the invertible
I(θ0)):

√
n(θ̃n − θ0) = [I(θ0) + op(1)]

−1 1√
n
ℓ̇(θ0).

By the Central Limit Theorem, the normalized score function converges in
distribution:

Zn =
1√
n
ℓ̇(θ0)

d−→ Nd(0, I(θ0)).

Using Slutsky’s Theorem (Theorem 9.3), we conclude:

√
n(θ̃n − θ0)

d−→ I(θ0)
−1Nd(0, I(θ0)) = Nd(0, I(θ0)

−1).

12.2 One-Step Estimator

In practice, the Maximum Likelihood Estimator (MLE) is often computed via iter-
ative numerical optimization, typically using a Newton-type method. This requires
an initialization and multiple iterations until convergence.

Interestingly, asymptotic theory suggests a remarkable shortcut: if we start with a
“decent” preliminary estimator (one that is consistent and converges at a reasonable
rate), performing just one single Newton step is sufficient to produce an estimator
that shares the same asymptotic efficiency as the fully converged MLE.

Optimization vs. Statistical Noise

Why stop after one step?

Optimization algorithms are designed to find the peak of the log-likelihood function
ℓn(θ) with high numerical precision. However, from a statistical perspective, the
location of this peak (the MLE θ̂n) is itself a random variable that fluctuates around
the true parameter θ0 due to sampling noise. There is often little statistical gain in
optimizing the likelihood function to a precision far beyond the inherent statistical
noise of the problem. A one-step correction often brings the estimator within the
range of statistical efficiency.

Let θ̄n be a preliminary estimator. The one-step estimator θ̌n is defined by taking
a single Newton step from θ̄n:
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θ̌n := θ̄n + Î(θ̄n)
−1 1

n
ℓ̇(θ̄n). (12.1)

Here, 1
n
ℓ̇(θ̄n) is the gradient (score) scaled by sample size, and Î(θ̄n) is an estimator

of the Fisher Information matrix. The Newton step essentially corrects the bias of
the preliminary estimator using the curvature of the log-likelihood.

We can choose Î(θ) in several ways, all consistent for the true Fisher Information:

Î(θ) =


I(θ) (“Expected Fisher Information” – Fisher Scoring),

− 1
n

n∑
i=1

ℓ̈(θ|Xi) (“Observed Fisher Information” – Standard Newton),

1
n

n∑
i=1

ℓ̇(θ|Xi)ℓ̇(θ|Xi)
⊤ (Covariance of the Score).

(12.2)

Remark. Using the observed Fisher information (the negative Hessian) corresponds
to the standard Newton-Raphson method. Using the expected Fisher information
is known as the Fisher Scoring algorithm. Asymptotically, these methods are
equivalent because all three matrices converge to I(θ0).

Theorem 12.2 (Asymptotic Normality of One-Step Estimator). If assumptions
A0-A4 hold and the preliminary estimator satisfies the condition

n1/4(θ̄n − θ0) = op(1),

then the one-step estimator satisfies:
√
n(θ̌n − θ0) = I(θ0)

−1Zn + op(1)
d−→ Nd(0, I(θ0)

−1).

This theorem states that θ̌n is asymptotically efficient (it achieves the Cramér-Rao
lower bound), just like the MLE. The condition n1/4 is weaker than the standard√
n-consistency; essentially, the starting guess needs to be “reasonably” close to the

truth, but not necessarily optimal.

Proof. See, e.g., van der Vaart (1998, Theorem 5.45). The proof relies on Tay-
lor expanding the score function and utilizing the consistency of the preliminary
estimator.

Example 12.2 (Gamma Distribution). Consider the Gamma distribution model
where X1, . . . , Xn ∼ Gamma(α, β) are i.i.d. observations. The parameter vector is
θ = (α, β)⊤ ∈ R2

+.

The Method of Moments (MoM) provides a convenient and consistent prelimi-
nary estimator θ. By matching the first two theoretical moments (E[X] = α/β,
V ar(X) = α/β2) with the sample moments, we obtain closed-form estimators:

θ =

(
ᾱn

β̄n

)
=

(
X

2

n

X2
n −X

2

n

,
Xn

X2
n −X

2

n

)T

.

These estimators are
√
n-consistent (and thus satisfy the n1/4 requirement), but they

are not efficient compared to the MLE. We can improve them using the one-step
method.
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R implementation using ‘OneStep’ package

We simulate a dataset of size n = 1000 from a Gamma(5, 2) distribution and
compare the MoM estimator with the one-step improved version.

1 library(OneStep)

n <- 1000

set.seed(1234)

5 # True parameters

theta_true <- c(5, 2)

# Generate data

x <- rgamma(n, shape = theta_true[1], rate = theta_true[2])

10 # 1. Compute Method of Moments (Preliminary Estimator)

# Note: mean(x^2) - mean(x)^2 is the biased sample variance

alpha_bar <- mean(x)^2 / (mean(x^2) - mean(x)^2)

beta_bar <- mean(x) / (mean(x^2) - mean(x)^2)

15 theta_bar <- list(shape = alpha_bar, rate = beta_bar)

print(theta_bar)

# £shape

# [1] 4.925981

# £rate

20 # [1] 1.950755

The MoM estimates (≈ 4.93, 1.95) are decent but slightly off from the truth (5, 2).
Now we apply the one-step correction:

1 # 2. Apply One-Step Correction

onestep(x, "gamma", init = theta_bar)

# Parameters:

# estimate Std. Error

5 # shape 5.082690 NA

# rate 2.012814 NA

The improved estimate for β (≈ 2.01) is closer to the true value of 2. Interestingly,
if we run ‘onestep’ without providing an initial value, it often defaults to using the
Method of Moments internally:

1 onestep(x, "gamma")

# Parameters:

# estimate Std. Error

# shape 5.082690 NA

5 # rate 2.012814 NA
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12.3 Asymptotic Confidence Intervals

We have derived the asymptotic normality of the MLE primarily to perform formal
uncertainty assessments. Specifically, we want to construct confidence intervals for
the true parameter θ0.

12.3.1 Using Asymptotic Normality as a Pivot

Consider a one-parameter model (d = 1), so Θ ⊆ R. Suppose θ̃n is an estimator
(like the MLE) such that for all θ0 ∈ Θ:

√
n(θ̃n − θ0)

d−→ N (0, I(θ0)
−1).

By Slutsky’s Theorem (Theorem 9.3), we can standardize this convergence. If we
multiply by the square root of the Fisher Information I(θ0)

1/2, we obtain a pivotal
quantity in the asymptotic sense:

√
nI(θ0)

1/2(θ̃n − θ0)
d−→ N (0, 1). (12.3)

Constructing the Interval We treat the left-hand side of (12.3) as a pivot. Let
zα/2 be the (1 − α/2) quantile of the standard normal distribution (e.g., 1.96 for
α = 0.05). We define the confidence set Sα as the collection of all parameter values
θ for which the pivot falls within the standard normal quantiles:

Sα =
{
θ ∈ Θ :

∣∣∣√nI(θ)1/2(θ̃n − θ)
∣∣∣ ≤ zα/2

}
. (12.4)

By construction, the coverage probability of this set converges to the target level:

Pθ(θ ∈ Sα) −→
n→∞

P(|N (0, 1)| ≤ zα/2) = 1− α ∀θ ∈ Θ.

Thus, Sα is an asymptotic (1− α) confidence interval.

Example 12.3 (Wilson Interval for Binomial Proportions). If the model is Binomial
and θ is the success probability, this approach yields the Wilson interval. In this
case, the Fisher information I(θ) depends on θ in a non-linear way (I(θ) = 1

θ(1−θ)
).

Solving the inequality in (12.4) requires solving a quadratic equation in θ.

The Wilson interval has interesting properties compared to simpler intervals (like
the Wald interval discussed next). For instance, even if you observe extreme data
(e.g., 0 successes in n trials), the Wilson interval provides a non-trivial, positive-
length interval, reflecting the inherent uncertainty more accurately than degenerate
intervals.

Note. While conceptually sound, solving the inequality (12.4) for θ can be analyti-
cally difficult because θ appears in both the linear term (θ̃n−θ) and the information
term I(θ)1/2. In general, Sα is not guaranteed to be a single connected interval,
though it often is in exponential families like the Binomial.
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12.3.2 Wald Intervals

A very tractable construction of confidence intervals, which is the default in most
statistical software, results from estimating the Fisher information. By Slutsky’s
theorem, we can replace the true Fisher information I(θ0) with a consistent estimator
Î(θ̃n) (e.g., the observed Fisher information evaluated at the MLE).

We have: √
n Î(θ̃n)

1/2(θ̃n − θ0)
d−→ N (0, 1).

Based on this, the Wald interval is an asymptotic (1 − α) confidence interval
defined as:

Wα =
{
θ :
∣∣∣√n Î(θ̃n)1/2(θ̃n − θ)

∣∣∣ ≤ zα/2

}
=

θ̃n ± zα/2 ·
1√
nÎ(θ̃n)

 .
This interval is symmetric around the estimator θ̃n.

Multivariate Case (d ≥ 2) This approach generalizes easily to intervals for in-
dividual components of a higher-dimensional parameter vector θ ∈ Rd. The asymp-
totic normality result

√
n(θ̃n − θ0)

d−→ Nd(0, I(θ0)
−1)

implies convergence of the marginal distributions. For the j-th component:

√
n(θ̃nj − θ0j)

d−→ N
(
0,
(
I(θ0)

−1
)
jj

)
.

Thus, an interval for the j-th component of θ is formed as:

Wα,j =

θ̃nj ± zα/2 ·

√
(Î(θ̃n)−1)jj

n

 .
Here, (Î(θ̃n)

−1)jj is the j-th diagonal element of the inverse of the estimated Fisher
information matrix.

Example 12.4 (Wald intervals for the Gamma model). We simulate data from a
Gamma distribution and compute Wald intervals for its parameters.

1. Computing the Interval: First, we define the negative log-likelihood and
simulate 150 observations from a Gamma(5, 2) distribution.

1 # Define negative log-likelihood (without 1/n scaling)

negloglik <- function(theta, data) {

alpha <- theta[1]

beta <- theta[2]

5 n <- length(data)

-sum(dgamma(data, shape = alpha, rate = beta, log = TRUE))

}

set.seed(22)

10 n <- 150

x <- rgamma(n, shape = 5, rate = 2)
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We optimize the likelihood and extract the Hessian (observed Fisher information)
at the optimum.

1 # hessian=TRUE requests the matrix of second derivatives

opt <- optim(c(1,1), negloglik, data = x, hessian = TRUE)

hat.theta <- opt$par

We calculate the standard errors. Note that ‘opt$hessian‘ computes −
∑
ℓ̈, so

we must scale by 1/n to get the observed Fisher information Î, invert it, and then
scale by 1/n again for the variance of the estimator. Or equivalently, invert the
raw Hessian directly. The standard error (SE) is the square root of the diagonal
elements of the inverse Hessian.

1 # Inverse of the observed Fisher information matrix for the full sample

# opt£hessian is roughly n * I(theta)

var_matrix <- solve(opt$hessian)

se <- sqrt(diag(var_matrix))

Using the 0.975 quantile of N (0, 1), we construct the intervals:

1 z975 <- qnorm(0.975)

cbind(mle = hat.theta,

lower = hat.theta - z975 * se,

upper = hat.theta + z975 * se)

5 # mle lower upper

# [1,] 5.458209 4.258774 6.657645 (alpha)

# [2,] 2.140010 1.647429 2.632591 (beta)

2. Checking Coverage Probability: To verify the validity of this interval, we
can simulate the process 1000 times and check how often the true parameter α = 5
falls within the calculated interval.

1 wald_ci_alpha_coverage <- function(n = 150, alpha = 5, beta = 2, conf.level =

0.95){

x <- rgamma(n, shape = alpha, rate = beta)

opt <- optim(c(1,1), negloglik, data = x, hessian = TRUE)

5 hat.theta <- opt$par

# Standard error for alpha (1st parameter)

se_alpha <- sqrt(solve(opt$hessian)[1,1])

quant <- qnorm(1 - (1 - conf.level)/2)

10
# Check if true alpha is in interval

lower <- hat.theta[1] - quant * se_alpha

upper <- hat.theta[1] + quant * se_alpha

15 return(alpha >= lower && alpha <= upper)

}

set.seed(22)

mean(replicate(1000, wald_ci_alpha_coverage()))

20 # [1] 0.944
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The estimated coverage is 94.4%, which is very close to the nominal 95% level,
confirming the asymptotic theory works well for moderate sample sizes (n = 150)
in this regular model.

12.3.3 Optimality of the MLE

The MLE achieves the Cramér-Rao bound in an asymptotic sense: Its asymptotic
covariance matrix is the inverse Fisher information. An estimator with this property
is referred to as being asymptotically efficient.

However, making a rigorous statement about the asymptotic optimality of the MLE
proved to be surprisingly difficult. While Fisher conjectured this efficiency in the
1920s, formal proofs took decades to materialize. The issue was settled in the 1960s
and 70s with the Hájek-Le Cam convolution theorem.

Note. The convolution theorem:

• Was proven decades after Fisher’s initial conjecture.

• Restricts attention to regular estimators to avoid pathological counterex-
amples (see below).

• For details, see van der Vaart (1998, Chap. 8).

Why all this complexity? The main hurdle was the existence of “superefficient”
estimators—estimators that seemingly outperform the MLE (have lower asymptotic
variance) at specific points in the parameter space.

Example 12.5 (Hodges’ Superefficient Estimator). Suppose d = 1. Let θ̂n be the
standard MLE such that for all θ ∈ Θ:

√
n(θ̂n − θ)

d−→ N (0, I(θ)−1).

Fix a specific value θ0 ∈ Θ. Define the Hodges estimator θ̂Hn as:

θ̂Hn :=

{
θ̂n if n1/4|θ̂n − θ0| > 1,

θ0 if n1/4|θ̂n − θ0| ⩽ 1.

Essentially, this estimator checks if the MLE is close to θ0. If it is very close (within
a n−1/4 window), it snaps the estimate exactly to θ0.

As shown in Ferguson (1996, Example 1 on p. 134), the asymptotic distribution is:

√
n(θ̂Hn − θ)

d−→ N (0, V (θ)), where V (θ) =

{
I(θ)−1 if θ ̸= θ0,

0 if θ = θ0.

At θ = θ0, the asymptotic variance is 0, which is strictly better than the MLE’s
variance I(θ0)

−1. Everywhere else, it matches the MLE. Thus, θ̂Hn appears to be
“superefficient.”

Why is this considered an artifact? While asymptotically superior at a single
point, the Hodges estimator has terrible finite-sample performance near θ0. The
risk (expected squared error) becomes very large in the transition region where the
estimator switches between regimes. This superefficiency is an artifact of pointwise
asymptotic comparisons that fails to capture the local behavior of the estimator.
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Regular Estimators and the Convolution Theorem To exclude pathological
cases like the Hodges estimator, the Hájek-Le Cam theorem restricts the class of
competitors to regular estimators.

Definition 12.2 (Regular Estimator). An estimator Tn is regular if its asymptotic
distribution is insensitive to small local perturbations of the parameter. Specifically,
for local alternatives of the form θn = θ0 + t/

√
n, we require that the limiting

distribution of
√
n(Tn − θn) does not depend on t.

Under our standard assumptions, the MLE θ̃n is a regular estimator with asymptotic
distribution N (0, I(θ0)

−1). The convolution theorem states that among all regular
estimators, the MLE has the smallest asymptotic variance (in a matrix sense). Any
other regular estimator will have an asymptotic distribution equal to the MLE’s
distribution convolved with independent noise, necessarily increasing the variance.

12.3.4 Kullback-Leibler Divergence

The MLE can also be thought of as a plug-in estimator in the context of finding
a distribution in the model that is as close as possible to the true data-generating
distribution. This leads us to the concept of Kullback-Leibler (KL) divergence.

Remark. Thinking about minimization of KL divergence offers a perspective that
is helpful, in particular, when the model under consideration is misspecified (i.e.,
does not contain the true data-generating distribution). For example, if we model
counts as Poisson when they are actually Negative Binomial, what is the MLE
estimating?

Definition 12.3 (Kullback-Leibler Divergence). Let P and Q be probability distri-
butions on (X ,A) with densities p and q w.r.t. a σ-finite measure ν. The Kullback-
Leibler divergence from P to Q is

KL(P|Q) = EP

[
log

p(X)

q(X)

]
.

(It does not depend on the choice of ν.)

Note. KL divergence is not a distance/metric (it is not even symmetric, i.e.,KL(P|Q) ̸=
KL(Q|P)).

Lemma 12.1. KL divergence is well-defined (as an integral) and

KL(P|Q)

{
∈ [0,∞] always,

= 0 ⇐⇒ P = Q.

TODO: expand proofs with x.

Proof (Well-definedness). Recall that log(x) ≤ x − 1 for all x > 0. The KL diver-

gence is well-defined if the negative part of log p(X)
q(X)

has finite expectation under P.
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This holds because:

EP

[
max

{
− log

p(X)

q(X)
, 0

}]
=

∫
{p≤q}

(
log

q

p

)
p dν

⩽
∫
{p≤q}

(
q

p
− 1

)
p dν

⩽
∫
{p≤q}

(q − p) dν ⩽
∫
q dν = 1.

Proof (Non-negativity).

EP

[
log

p(X)

q(X)

]
= −EP

[
log

q(X)

p(X)

]
⩾ −EP

[
q(X)

p(X)
− 1

]
= −

∫
{p>0}

q dν + 1 ⩾ −1 + 1 = 0.

Note. For KL(P|Q) < ∞ it is necessary (but not sufficient) that P ≪ Q, i.e.,
Q(A) = 0 =⇒ P(A) = 0 for all A ∈ A.

Example 12.6.

p(x) = 1(0,1)(x),

q(x) ∝ e−
1/x1(0,1)(x).

TODO: this proof is way longer.

Proof (Minimizer). Clearly P = Q =⇒ KL = 0. For the converse, ifKL(P|Q) = 0,

then the non-negativity proof implies EP[
q(X)
p(X)

−1−log q(X)
p(X)

] = 0. Since x−1−log x ≥
0 with equality if and only if x = 1, we must have q(X)/p(X) = 1 a.s. [P], implying
P = Q.

Back to Estimation

Suppose X1, . . . , Xn
i.i.d.∼ P (the true data-generating distribution), and we model

this with a family P = {Pθ : θ ∈ Θ}.
Which Pθ is closest to P in the KL sense?

min
θ∈Θ

KL(P|Pθ) = min
θ∈Θ

EP

[
log

p(X)

pθ(X)

]
= EP[log p(X)] + min

θ∈Θ
{−EP[log pθ(X)]}

= const.−max
θ∈Θ

EP[log pθ(X)].
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If we replace the true expectation EP with the empirical average (plug-in the empir-

ical distribution P̂), we get:

max
θ∈Θ

1

n

n∑
i=1

log pθ(Xi).

This is exactly the log-likelihood function!

Remark (Interpretation under Misspecification). We can interpret the MLE θ̂MLE as
the parameter that minimizes the KL divergence between the empirical distribution
and the model family.

If the model is misspecified (i.e., P /∈ P), the MLE converges to the parameter θ∗

that minimizes KL(P|Pθ).

Example 12.7 (Linear Regression). Suppose we fit a linear model Y = β0+β1X+ϵ,
but the true relationship is non-linear (e.g., quadratic). The MLE for the slope β1
estimates the slope of the best linear approximation to the true curve in the KL
sense (which corresponds to the best L2 approximation for Gaussian errors).

This theory is further developed in the context of sandwich estimation, where
the asymptotic variance of the MLE takes a different form (“sandwich variance”)
because the cancellation between the Fisher information and the Hessian of the
log-likelihood no longer holds.
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13. Likelihood Ratio, Wald, and
Score Tests

This chapter introduces a “companion” methodology to maximum likelihood esti-
mation: the theory of likelihood-based testing. Just as MLEs provide a general
framework for estimation, likelihood theory provides a unified approach to hypoth-
esis testing. Specifically, we will discuss the Likelihood Ratio Test, the Wald
Test, and Rao’s Score Test (sometimes called the Lagrange Multiplier Test in
economics). These three form the “Trinity of Tests.”

13.1 Trinity of Tests for Simple Null Hypotheses

Consider the standard setup where we observe an i.i.d. sample X1, . . . , Xn from a
distribution in a parametric model P = {Pθ : θ ∈ Θ}, with θ ⊆ Rd. Let θ̂n be the
MLE of θ.

We wish to test a simple null hypothesis:

H0 : θ = θ0 vs. H1 : θ ̸= θ0.

We define three test statistics to address this problem.

a) Likelihood Ratio Statistic (λn)

This statistic compares the maximum likelihood achievable under the full
model to the likelihood under the null hypothesis.

λn ≡ λn(θ̂n) =
L(θ̂n)

L(θ0)
=

supθ∈Θ L(θ)

L(θ0)
.

Intuition: The statistic λn measures how much more likely the data are when
we allow the parameter to vary freely compared to when it is fixed at θ0.

• Since the numerator maximizes over all θ ∈ Θ (including θ0), we always
have λn ≥ 1.

• If the data are well-explained by θ0, λn will be close to 1.

• If the data are much better explained by some alternative θ ̸= θ0, λn will
be large.
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Later, we will often work with the log-scale version, 2 log λn, for distributional
reasons.

b) Wald Statistic (Wn)

This statistic directly compares the MLE θ̂n to the hypothesized value θ0. It
measures the squared distance between them, weighted by the curvature of
the likelihood (information).

Wn ≡ Wn(θ̂n) = n(θ̂n − θ0)
⊤Î(θ̂n)(θ̂n − θ0).

Here, Î(θ̂n) is a consistent estimator of the Fisher information (e.g., observed
information). This is essentially the squared Mahalanobis distance between
the estimate and the hypothesis.

c) Rao’s Score Statistic (Rn)

This statistic evaluates the slope (gradient) of the log-likelihood function at
the hypothesized value θ0.

Rn =
1

n
ℓ̇(θ0)

⊤I(θ0)
−1ℓ̇(θ0).

Intuition: If θ̂n is the maximizer, the gradient ℓ̇(θ̂n) is zero. If θ0 is close to
the maximizer (i.e., H0 is true), the gradient ℓ̇(θ0) should be close to zero. If
θ0 is far from the truth, the gradient will be large.

We will study the asymptotic behavior of these statistics as n → ∞ under the
regularity assumptions from section 12.1 . Specifically, we will define the statistics
using a consistent root of the likelihood equations, θ̃n:

λ̃n := λn(θ̃n), W̃n := Wn(θ̃n).

13.1.1 Chi-Square Limits

Under the null hypothesis, all three statistics converge to the same limiting distri-
bution.

Theorem 13.1 (Null distribution). Suppose H0 is true, i.e., X1, X2, . . . are i.i.d.
Pθ0. Suppose further assumptions A0-A4 hold at θ0, and that the estimator θ̃n sat-
isfies

θ̃n
p−→ θ0

and
Pθ0(θ̃n solves the likelihood eq.) −→ 1

for n→ ∞. Then
2 log λ̃n
W̃n

Rn

 d−→ Z⊤I(θ0)
−1Z ∼ χ2

d,

where Z ∼ Nd(0, I(θ0)).
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Remark.

1. Asymptotic Equivalence: The three statistics are asymptotically equiva-
lent. The differences between them converge to zero in probability:

2 log λ̃n − W̃n = op(1), 2 log λ̃n −Rn = op(1), Rn − W̃n = op(1).

2. Finite Sample Differences: While asymptotically identical, they can differ
significantly for finite n. For example, in high-dimensional settings where n is
small relative to d, the likelihood ratio and Wald statistics might be undefined
(unbounded likelihood), while Rao’s score statistic might still be well-defined.

3. Computational Differences:

• Likelihood Ratio: Requires optimizing the likelihood (finding the max).

• Wald: Requires finding the MLE θ̂n (optimizing).

• Score: Does not require optimization; only requires evaluating the gra-
dient at θ0. This makes it computationally cheapest.

Proof. Recall that the multivariate CLT gives

Zn :=
1√
n
ℓ̇(θ0)

d−→ Z ∼ Nd(0, I(θ0)).

Rao’s score statistic (Rn): By definition, Rn is a quadratic form in the normalized
score Zn:

Rn = Z⊤
n I(θ0)

−1Zn.

By the Continuous Mapping Theorem and the properties of quadratic forms of
normal vectors (Lemma 11.1), this converges directly to a χ2

d distribution:

Rn
d−→ Z⊤I(θ0)

−1Z ∼ χ2
d.

Wald statistic (W̃n): We use the asymptotic linearity of the estimator derived in
Chapter 13: √

n(θ̃n − θ0) = I(θ0)
−1Zn + op(1).

Substituting this into the definition of Wn and using the consistency of the informa-
tion estimator Î(θ̃n)

p−→ I(θ0):

W̃n =
√
n
(
θ̃n − θ0

)⊤
Î(θ̃n)

√
n
(
θ̃n − θ0

)
≈ (I(θ0)

−1Zn)
⊤I(θ0)(I(θ0)

−1Zn)

= Z⊤
n I(θ0)

−1Zn + op(1).

This matches the form of the Score statistic, so it also converges to χ2
d.

Likelihood ratio statistic (2 log λ̃n): Let Gn be the event that θ̃n is a consistent
root. On Gn, we perform a second-order Taylor expansion of the log-likelihood ℓ(θ0)
around the maximizer θ̃n:

ℓ(θ0) ≈ ℓ(θ̃n) + ℓ̇(θ̃n)
⊤(θ0 − θ̃n) +

1

2
(θ0 − θ̃n)

⊤ℓ̈(θ∗
n)(θ0 − θ̃n).
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Since θ̃n is a critical point, the linear term vanishes: ℓ̇(θ̃n) = 0. Rearranging for the
log-likelihood ratio:

2 log λ̃n = 2
[
ℓ(θ̃n)− ℓ(θ0)

]
≈ −(θ0 − θ̃n)

⊤ℓ̈(θ∗
n)(θ0 − θ̃n).

By the Law of Large Numbers, − 1
n
ℓ̈(θ∗

n)
p−→ I(θ0). Thus:

2 log λ̃n ≈
√
n(θ̃n − θ0)

⊤I(θ0)
√
n(θ̃n − θ0).

This is exactly the asymptotic form of the Wald statistic, so it also converges to χ2
d.

13.1.2 Tests

a) The likelihood ratio (LR) test rejects H0 if

2 log λ̃n ≥ F−1
χ2
d
(1− α). (13.1)

b) The Wald test rejects H0 if

W̃n ≥ F−1
χ2
d
(1− α). (13.2)

c) Rao’s score test rejects H0 if

Rn ≥ F−1
χ2
d
(1− α). (13.3)

Corollary 13.1. The likelihood ratio test, the Wald test, and Rao’s score test have
asymptotic size α.

Proof. All three test statistics are non-negative random variables and converge in
distribution, under H0, to a chi-square distribution. Consequently, the correspond-
ing type I error probabilities converge to α.

Example 13.1 (Likelihood ratio test for the Gamma model). We compute the
p-value for a test of

H0 : α = 4, β = 1.5,

based on a sample from the Gamma(5, 2) distribution.

Recall the negative log-likelihood for the Gamma model.

1 negloglik <- function(ab, data){

a <- ab[1]

b <- ab[2]

n <- length(data)

5 return(

-(n * a * log(b)

+ (a - 1) * sum(log(data))

- b * sum(data)

- n * lgamma(a))

10 )

}

240



FMS 13. Likelihood Ratio, Wald, and Score Tests

We minimize the negative log-likelihood − logL(α, β).

1 set.seed(22)

n <- 150

x <- rgamma(n, shape = 5, rate = 2)

opt1 <- optim(c(1,1), negloglik, data = x)

The likelihood ratio statistic is

2 log λ̃n = 2
(
logL(α̃, β̃)− logL(4, 1.5)

)
. (13.4)

1 lambda <- 2 * (-opt1$value - (-negloglik(c(4,1.5), x)))

The resulting p-value is

1 p.value <- 1 - pchisq(lambda, df = 2)

p.value

# [1] 0.01687918

Example 13.2 (Null Distribution of the LR Statistic). We simulate the null distri-
bution for a test of

H0 : α = 5, β = 2,

based on samples from the Gamma(5, 2) distribution.

We first write a function to compute the LR statistic and the corresponding p-value.

1 lr_test_gamma <- function(alpha = 1, beta = 1, n = 100){

x <- rgamma(n, shape = alpha, rate = beta)

opt <- optim(c(1,1), negloglik, data = x)

stat <- 2 * (-opt$value - (-negloglik(c(alpha,beta), x)))

5 pval <- 1 - pchisq(stat, df = 2)

data.frame(stat = stat, pval = pval)

}

We repeat this procedure 10,000 times.

1 set.seed(22)

df <- 1:10000 |>

purrr::map_df(\(i) lr_test_gamma(alpha = 5, beta = 2))

The empirical distribution function of the LR statistic is compared to its asymptotic
χ2
2 limit, and the histogram of simulated p-values is examined in Figure 13.1.
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1 p1 <- ggplot(df, aes(x = stat)) +

stat_ecdf(geom = "step") +

geom_function(

fun = pchisq,

5 args = list(df = 2),

color = "red",

linewidth = 1.3,

linetype = 2

) +

10 labs(

title = "Empirical and asymptotic distribution of LR statistic",

x = expression(2 * log(tilde(lambda)[n])),

y = "empirical / asymptotic distribution function"

)

Figure 13.1

Remark. Under H0, the simulated p-values are approximately uniformly distributed
on [0, 1], confirming that the likelihood ratio test is well calibrated even for moderate
sample sizes such as n = 100.

Interpretation and Use in Regression Models

Note. Likelihood ratio tests are routinely implemented in statistical software. In
regression settings, such as logistic regression, they are commonly used to compare
nested models by testing whether a subset of regression coefficients is equal to zero.
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Example 13.3 (Likelihood ratio tests in logistic regression). Suppose a categorical
variable such as age group is encoded using two dummy variables. Testing whether
age has an effect corresponds to testing whether both associated regression coeffi-
cients are zero. This hypothesis is naturally assessed using a likelihood ratio test
with a chi-square reference distribution, where the degrees of freedom equal the
number of constrained parameters.

13.1.3 Fixed Alternatives

Theorem 13.2 (Fixed Alternatives). Suppose H0 is false and X1, X2, . . . are i.i.d.
with distribution Pθ, where θ ̸= θ0. Assume that regularity conditions A0–A4 hold
at both θ and θ0. Then, as n→ ∞,

1

n
2 log λ̃n

p−→ 2KL(Pθ | Pθ0) ≡ 2EX∼Pθ

[
log

pθ(X)

pθ0(X)

]
> 0, (13.5)

and
1

n
W̃n

p−→ (θ − θ0)
⊤I(θ)(θ − θ0) > 0. (13.6)

If in addition:

A5 : Eθ

[
|ℓ̇j(θ0 | X1)|

]
<∞ ∀j = 1, . . . , d,

then

1

n
Rn

p−→ Eθ

[
ℓ̇(θ0 | X1)

]⊤
I(θ0)

−1Eθ

[
ℓ̇(θ0 | X1)

]
> 0. (13.7)

Remark. The ordering in the Kullback–Leibler divergence in (13.5) is essential. Since
the data are generated from Pθ, expectations are taken with respect to Pθ, and the
divergence must be KL(Pθ | Pθ0). If θ ̸= θ0, this quantity is strictly positive.

Remark. Equations (13.5) and (13.6) show that, under fixed alternatives, the likeli-
hood ratio and Wald statistics grow linearly with n, up to stochastic fluctuations. In
contrast, under the null hypothesis, these statistics have non-degenerate stochastic
limits.

Proof. Likelihood ratio statistic. Write

2

n
log λ̃n =

2

n

[
ℓ(θ̃n)− ℓ(θ)

]
+

2

n

[
ℓ(θ)− ℓ(θ0)

]
.

Since 2[ℓ(θ̃n)− ℓ(θ)]
d−→ χ2

d, we have

2

n

[
ℓ(θ̃n)− ℓ(θ)

]
= op(1).

Moreover,

2

n

[
ℓ(θ)− ℓ(θ0)

]
= 2 · 1

n

n∑
i=1

log
pθ(Xi)

pθ0(Xi)

p−→ 2KL(Pθ | Pθ0),
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by the law of large numbers, proving (13.5).

Wald statistic. By Theorem 9.2,

1

n
W̃n = (θ̃n − θ0)

⊤̂I(θ̃n)(θ̃n − θ0)
p−→ (θ − θ0)

⊤I(θ)(θ − θ0),

establishing (13.6).

Rao’s score statistic. We may write

1

n
Rn =

(
1

n
ℓ̇(θ0)

)⊤

I(θ0)
−1

(
1

n
ℓ̇(θ0)

)
.

Thus it suffices to show
1

n
ℓ̇(θ0)

p−→ Eθ

[
ℓ̇(θ0 | X1)

]
.

By assumption A5, the expectation is finite, and the law of large numbers applies.
This yields (13.7).

Note (Interpretation). Under fixed alternatives, all three classical test statistics
(likelihood ratio, Wald, and Rao) diverge at rate n. In contrast, under the null
hypothesis, they converge in distribution to non-degenerate χ2 limits.

13.2 Consistency

Corollary 13.2 (Consistency of Likelihood-Based Tests). Under the assumptions of
Theorem 13.2, the likelihood ratio and Wald tests are consistent. That is, if θ ̸= θ0,

Pθ(rejection of H0) −→ 1 as n→ ∞.

The same conclusion holds for Rao’s score test provided Eθ[ℓ̇(θ0 | X1)] ̸= 0, in which
case

Eθ

[
ℓ̇(θ0 | X1)

]⊤
I(θ0)

−1Eθ

[
ℓ̇(θ0 | X1)

]
> 0.

Proof. The argument is analogous to the proof of Theorem 13.2. Under fixed alter-
natives, the test statistics divided by n converge in probability to strictly positive
constants, whereas under the null hypothesis they have non-degenerate stochastic
limits. Hence, with a fixed rejection threshold, the probability of rejection converges
to one.

Remark (Why consistency holds). Under H0, the likelihood ratio, Wald, and Rao
statistics fluctuate in a bounded stochastic range (e.g. they converge in distribution
to a χ2 law). If H0 is false, each statistic behaves like a positive constant times n,
up to random noise. Since the rejection threshold is fixed, the statistic eventually
exceeds it with probability tending to one.

Example 13.4 (Geometric intuition).

• The likelihood ratio statistic measures separation between Pθ and Pθ0 via the
Kullback–Leibler divergence.

• TheWald statistic measures the squared Mahalanobis distance (θ−θ0)
⊤I(θ)(θ−

θ0).

• Both quantities are strictly positive when θ ̸= θ0.
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Local Alternatives

Definition 13.1 (Local Alternatives). Let t ∈ Rd. A sequence of local alternatives
is defined by

θn = θ0 +
t√
n
,

and the corresponding distributions Pθn .

Theorem 13.3 (Asymptotic Distribution of the MLE under Local Alternatives).
Assume that regularity conditions A0–A4 hold at θ0. Then, under Pθn,

√
n(θ̃n − θ0)

d−→ Nd

(
t, I(θ0)

−1
)
.

Theorem 13.4 (Non-Central Limit of Test Statistics). Under the local alterna-
tives of Definition 13.1, the likelihood ratio, Wald, and Rao statistics converge in
distribution to a non-central chi-square law,

χ2
d

(
t⊤I(θ0)t

)
, (13.8)

with non-centrality parameter t⊤I(θ0)t.

Remark (Interpretation). Local alternatives make the testing problem harder as n
increases: while the sample size grows, the parameter θn approaches the null at rate
1/
√
n. The non-centrality parameter in (13.8) quantifies how far the alternative is

from the null in the metric induced by the Fisher information.

Note (Power and sample size planning). The non-central chi-square limits in The-
orem 13.4 provide a basis for power calculations and sample size planning. Given a
model (e.g. logistic regression), one can choose t to represent a scientifically mean-
ingful effect size and compute the resulting power.

Remark (Further reading). A systematic treatment of local alternatives relies on
contiguity theory, developed by Lucien Le Cam. A key result is Le Cam’s third
lemma, which yields joint convergence results for likelihood ratios and test statistics.
See Wellner (2018, Chapter 4) and van der Vaart (1998, Chapter 16) for details.

13.3 Composite Null Hypotheses

13.3.1 Test Statistics

Often one is interested in testing hypotheses that concern only a subset of the
parameters. Let the parameter vector be partitioned as

θ =

(
θ1

θ2

)
∈ Rm × Rd−m,

where θ1 is the parameter of primary interest and θ2 is a nuisance parameter. We
consider the composite null hypothesis

H0 : θ1 = θ10 vs. H1 : θ1 ̸= θ10, (13.9)

where θ10 is a specified value, while θ2 remains unrestricted.
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Remark. The null hypothesis (13.9) is composite because it contains many parameter
values: all vectors θ = (θ10,θ2) with arbitrary θ2. A classical example is testing
whether the mean of a Gaussian distribution equals a fixed value when the variance
is unknown.

Likelihood Ratio Statistic

Definition 13.2 (Likelihood Ratio Statistic). Let θ̂n = (θ̂n1, θ̂n2) denote the un-

restricted MLE in {Pθ : θ ∈ Θ}, and let θ̂
0

n = (θ10, θ̂
0

n2) be the MLE under the
constraint θ1 = θ10. The likelihood ratio statistic is defined as

2 log λn, λn :=
supθ∈Θ L(θ)

supθ∈Θ, θ1=θ10 L(θ)
=
L(θ̂n)

L(θ̂
0

n)
.

Remark. The numerator optimizes the likelihood over the full parameter space, while
the denominator optimizes only over the null model. Hence λn ⩾ 1 and 2 log λn ⩾ 0.
Large values provide evidence against H0.

Rao’s Score Statistic

Definition 13.3 (Rao’s Score Statistic). Let θ̂
0

n be the MLE under the null hypoth-
esis. Rao’s score statistic for the composite null is

Rn =
1

n
ℓ̇(θ̂

0

n)
⊤̂I(θ̂

0

n)
−1ℓ̇(θ̂

0

n). (13.10)

Remark. The statistic (13.10) measures whether the MLE under the null is close to
satisfying the first-order optimality conditions of the unrestricted likelihood. Some
score components vanish by construction, while others need not; their joint magni-
tude is assessed through the quadratic form.

Wald Statistic

Definition 13.4 (Partitioned Fisher Information). Partition the Fisher information
matrix as

I(θ) =

(
I11(θ) I12(θ)
I21(θ) I22(θ)

)
.

The Schur complement of I22(θ) is

I11.2(θ) = I11(θ)− I12(θ)I22(θ)
−1I21(θ),

and satisfies (I(θ)−1)11 = I11.2(θ)
−1.

Definition 13.5 (Wald Statistic). Let θ̂n1 be the first m components of the unre-
stricted MLE θ̂n. The Wald statistic for testing (13.9) is

Wn = n(θ̂n1 − θ10)
⊤̂I11.2(θ̂n)(θ̂n1 − θ10).
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Remark. The Wald test compares the unrestricted estimate of θ1 to its hypothesized
value θ10, while appropriately accounting for nuisance parameters through the Schur
complement Î11.2(θ̂n).

Example 13.5 (Gaussian Mean with Unknown Variance). LetX1, . . . , Xn ∼ N (µ, σ2).
To test H0 : µ = 7 with unknown σ2,

• θ1 = µ, θ2 = σ2,

• the likelihood ratio compares the unrestricted MLE (µ̂, σ̂2) to the constrained
MLE (7, σ̂2

0),

• the Wald statistic assesses whether µ̂ is close to 7, accounting for uncertainty
in σ̂2.

Note (Practical considerations).

• The likelihood ratio test requires two optimizations: one unrestricted and one
under the null.

• Rao’s test requires only optimization under the null.

• The Wald test uses the unrestricted MLE and an estimate of the partitioned
Fisher information.

13.3.2 Chi-Square Limits for Composite Null Hypotheses

As before, assume that the estimator θ̃n is a consistent solution of the likelihood
equations for the model {Pθ : θ ∈ Θ}.

Similarly, assume that θ̃
0

n is a consistent solution of the likelihood equations for the
null model with θ1 = θ10.

We write λ̃n, W̃n, and R̃n to indicate the use of θ̃n and θ̃
0

n instead of θ̂n and θ̂
0

n.

Theorem 13.5 (Null distribution / Wilks’ Theorem). Suppose assumptions A0–
A4 hold at the true parameter θ0 = (θ01,θ02)

⊤ ∈ Rm × Rd−m, and assume that
θ01 = θ10, so that H0 is true. Then

2 log λ̃n
W̃n

R̃n

 d−→ χ2
m.

Remark. The degrees of freedom m equal the number of imposed constraints, or
equivalently the difference between the dimension of the alternative model (d) and
the dimension of the null model (d−m).
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Proof. Wald Statistic

Define

D =

(
D1

D2

)
:= I(θ0)

−1Z, Z ∼ Nd(0, I(θ0)).

Then D ∼ Nd(0, I(θ0)
−1) and

√
n(θ̃n1 − θ10)

d−→ D1 ∼ Nm(0, (I(θ0)
−1)11) = Nm(0, I11.2(θ0)

−1).

Since Î(θ̃n)
p−→ I(θ0), we also have Î11.2(θ̃n)

p−→ I11.2(θ0). Therefore,

W̃n
d−→ D⊤

1 I11.2(θ0)D1 ∼ χ2
m.

Note. The Schur complement I11.2 represents the Fisher information about θ1 in the
presence of the nuisance parameter θ2. It also corresponds to the inverse asymptotic
covariance matrix of

√
n(θ̃n1 − θ10).

Rao (Score) Statistic

Partition the score function as

ℓ̇(θ̃
0

n) =

(
ℓ̇1(θ̃

0

n)

ℓ̇2(θ̃
0

n)

)
.

Since θ̃
0

n maximizes the likelihood under H0, we have ℓ̇2(θ̃
0

n) = 0.

A Taylor expansion around θ0 yields

1√
n
ℓ̇1(θ̃

0

n) =
1√
n
ℓ̇1(θ0)− I12(θ0)

√
n(θ̃

0

n2 − θ02) + op(1).

Using asymptotic linearity of the MLE under the null model,

√
n(θ̃

0

n2 − θ02) = I22(θ0)
−1 1√

n
ℓ̇2(θ0) + op(1).

Hence,
1√
n
ℓ̇1(θ̃

0

n)
d−→ Z1 − I12(θ0)I22(θ0)

−1Z2,

where (Z⊤
1 ,Z

⊤
2 )

⊤ ∼ Nd(0, I(θ0)).

Now, we have that

Z1 − I12(θ0)I22(θ0)
−1Z2 ∼ Nm(0, I11.2(θ0)).

Therefore,

R̃n =
1

n
ℓ̇1(θ̃

0

n)
⊤Î11.2(θ̃

0

n)
−1ℓ̇1(θ̃

0

n)
d−→ χ2

m.

Remark. The Rao statistic measures whether the MLE under the null is already close
to satisfying the full first-order optimality conditions of the unrestricted model.
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Likelihood Ratio Statistic

Write
2 log λ̃n = 2

(
ℓ(θ̃n)− ℓ(θ0)

)
− 2
(
ℓ(θ̃

0

n)− ℓ(θ0)
)
.

By standard likelihood theory,

2
(
ℓ(θ̃n)− ℓ(θ0)

) d−→ Z⊤I(θ0)
−1Z,

2
(
ℓ(θ̃

0

n)− ℓ(θ0)
) d−→ Z⊤

2 I22(θ0)
−1Z2,

jointly. Hence,

2 log λ̃n
d−→ D⊤

1 I11.2(θ0)D1 ∼ χ2
m.

Remark. All three statistics are asymptotically equivalent. Their differences are of
order op(1) and vanish asymptotically.

Example 13.6 (Simulation Illustration). For a Gamma(5, 2) model with sample
size n = 150, simulate 10,000 datasets and compute 2 log λ̃n under a composite null
hypothesis. The empirical distribution function closely matches the χ2

m distribution,
and the corresponding p-value distribution is approximately uniform, confirming
correct calibration.

Example 13.7 (Likelihood ratio test for Gamma model). We compute the p-value
for testing

H0 : α = 4

based on a sample from the Gamma(5, 2) distribution.

Under H0, we optimize the negative log-likelihood with respect to β while fixing
α = α0.

Definition 13.6 (Negative log-likelihood under the null). Let α0 > 0 be fixed. The
negative log-likelihood under H0 is given by

ℓ0(β;x, α0) = −
n∑

i=1

log fα0,β(xi),

where fα,β denotes the Gamma density with shape α and rate β.

1 negloglik0 = function(b, data, a0){

a = a0

n = length(data)

return(

5 -sum(dgamma(data, shape = a, rate = b, log = TRUE))

)

}

Data generation We generate a sample of size n = 150 from a Gamma(5, 2)
distribution.
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1 set.seed(22)

n <- 150

x <- rgamma(n, shape = 5, rate = 2)

Optimization under null and alternative We optimize the negative log-likelihood
under H0 and under the unrestricted model.

1 opt0 <- optimize(negloglik0, c(0, 100), data = x, a0 = 4)

opt1 <- optim(c(1,1), negloglik, data = x)

Definition 13.7 (Likelihood ratio statistic). The likelihood ratio statistic is defined
as

Λn = 2
(
ℓ(α̂, β̂)− ℓ(α0, β̂0)

)
,

where (α̂, β̂) denotes the unrestricted MLE and β̂0 the MLE under H0.

1 lambda <- 2*(-opt1$value - (-opt0$objective))

lambda

This yields Λn ≈ 6.99.

p–value computation

Under regularity conditions, Λn
d−→ χ2

1 since one restriction is imposed.

1 p.value <- 1 - pchisq(lambda, df = 1)

p.value

The resulting p-value is approximately 0.008, indicating strong evidence against H0.

Remark. Intuitively, the likelihood ratio compares how much more likely the ob-
served data are under the best-fitting Gamma distribution compared to the Gamma
distribution with fixed shape α = 4. Here, the unrestricted model is about seven
times more likely in terms of density.

Example 13.8 (Null distribution of LR statistic and p–value).

Simulation under the null We now investigate the null distribution of the like-
lihood ratio statistic and the corresponding p-values for testing

H0 : α = 5

when the data are generated from a Gamma(5, 2) distribution.

Definition 13.8 (Composite likelihood ratio test function). The following function
computes the likelihood ratio statistic and p-value, including optimization under the
restricted model.
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1 lr_test_gamma_comp <- function(

alpha = 1, beta = 1, n = 100, alpha0 = 1){

x <- rgamma(n = n, shape = alpha, rate = beta)

opt0 <- optimize(negloglik0, c(0,100),

5 data = x, a0 = alpha0)

opt1 <- optim(c(1,1), negloglik, data = x)

stat <- 2*(-opt1$value - (-opt0$objective))

pval <- 1 - pchisq(stat, df = 1)

return(data.frame(stat = stat, pval = pval))

10 }

Monte Carlo approximation We repeat the test 10,000 times with sample size
n = 150.

1 set.seed(22)

df <- 1:10000 |>

purrr::map_df(\(i)

5 lr_test_gamma_comp(

alpha = 5, beta = 2, n = 150, alpha0 = 5

)

)

Remark. For each simulated dataset, we compute 2 log Λn and the corresponding
p-value. This yields an empirical distribution of the test statistic under the null.

Empirical vs asymptotic distribution The empirical distribution function of
the simulated statistics is compared to the χ2

1 distribution function.

1 p1 <- ggplot(df, aes(x = stat)) +

stat_ecdf(geom = "step") +

geom_function(fun = pchisq, args = list(df = 1))

Remark. The empirical distribution function is a step function with many small
jumps, but it closely approximates the χ2

1 distribution. This confirms the validity
of the asymptotic approximation.

Claim (Calibration of the test). If the likelihood ratio test is well calibrated, the
distribution of p-values under H0 should be uniform on [0, 1].

Remark. In this simulation, the p-value histogram is nearly uniform, indicating ex-
cellent calibration for sample size n = 150 in the Gamma example.

Note. Throughout, the nuisance parameter β is optimized out under both the null
and alternative. The test focuses solely on the parameter of interest α.

251



FMS 13. Likelihood Ratio, Wald, and Score Tests

Figure 13.2
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14. Consistency of the MLE –
Wald’s Theorem

Setup

• Model: P = {Pθ : θ ∈ Θ}, Θ ⊆ Rd.

• Data: X1, . . . , Xn i.i.d. from Pθ0 , where θ0 ∈ Θ denotes the true parameter
and the sample space is X .

• Maximum likelihood estimator (MLE):

θ̂n = argmax
θ∈Θ

ℓn(θ) = argmax
θ∈Θ

1

n

[
ℓn(θ)− ℓn(θ0)

]
.

Asymptotic log-likelihood and Kullback–Leibler divergence

For every θ ∈ Θ,

1

n

[
ℓn(θ)− ℓn(θ0)

]
=

1

n

n∑
i=1

log
pθ(Xi)

pθ0(Xi)

a.s.−−→ Eθ0

[
log

pθ(X1)

pθ0(X1)

]
= −KL(Pθ0 | Pθ).

Moreover,
θ0 = argmax

θ∈Θ

{
−KL(Pθ0 | Pθ)

}
,

and the maximizer is unique under identifiability assumptions (A0).

Question. Under which conditions does θ̂n
a.s.−−→ θ0 hold?

Why pointwise convergence is not enough

Example 14.1 (Deterministic counterexample). Let θ ∈ [0, 1] and define

fn(θ) =
√
2en θ(1− θ2)n −

(
θ − 1

2

)2
.

Then

fn(θ) −→ f(θ) = −
(
θ − 1

2

)2
pointwise as n→ ∞.

253



FMS 14. Consistency of the MLE – Wald’s Theorem

However,

arg max
θ∈[0,1]

fn(θ) −→ 0 ̸= 1
2
= arg max

θ∈[0,1]
f(θ).

as n→ ∞. E.g., note that

lim
n→∞

fn

(
1√
2n

)
=

3

4
> 0.

Figure 14.1

Remark. Pointwise convergence of objective functions does not guarantee conver-
gence of maximizers. Some form of uniform control is required to prevent the
maximizer from “escaping”.

14.1 Achieving the Maximum

Definition 14.1 (Upper semi-continuity). A function g : Θ → R is called upper
semi-continuous (u.s.c.) at θ0 ∈ Θ if

θn → θ0 =⇒ lim sup
n→∞

g(θn) ≤ g(θ0).

The function g is called upper semi-continuous if it is u.s.c. at every point of its
domain.

Lemma 14.1 (Existence of a maximizer on compact sets). If g : Θ → R is upper
semi-continuous, then g achieves its maximum on any compact subset Θ0 ⊆ Θ.

Proof. Let

g∗ = sup
θ∈Θ0

g(θ).
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There exists a sequence (θn)n≥1 ⊂ Θ0 such that g(θn) → g∗. Since Θ0 is compact,
there exists a convergent subsequence (θnk

)k≥1 with limit θ∗ ∈ Θ0. By upper semi-
continuity,

g∗ = lim
k→∞

g(θnk
) ≤ g(θ∗) ≤ sup

θ∈Θ0

g(θ) = g∗.

Hence, g(θ∗) = g∗ and the maximum is achieved.

Note. In the context of maximum likelihood estimation, the function g will typically
be the normalized log-likelihood

gn(θ) =
1

n
ℓn(θ),

or a log-likelihood ratio. Compactness of the parameter space Θ and upper semi-
continuity of gn ensure the existence of maximizers for each sample size n.

Remark. Pointwise convergence of gn(θ) to a limiting function g(θ) does not in
general imply convergence of the maximizers. Additional uniformity conditions are
required to prevent the maximizers from “escaping”.

Failure of Pointwise Convergence

Example 14.2 (Deterministic counterexample). Consider the sequence of functions
fn : [0, 1] → R defined by

fn(θ) =
√
2en θ(1− θ2)n −

(
θ − 1

2

)2
.

Then fn(θ) → f(θ) = −(θ − 1
2
)2 pointwise as n → ∞. The limit function has a

unique maximizer at θ = 1
2
. However,

arg max
θ∈[0,1]

fn(θ) −→ 0 as n→ ∞,

and thus the maximizers do not converge to the maximizer of the limiting function.

Remark. This example illustrates the need for uniform control over the log-likelihood
surface. In maximum likelihood theory, this role is played by assumptions ensuring
that likelihoods cannot take excessively large values away from the true parameter.

14.2 One-Sided Version of a Uniform Law of Large

Numbers

We apply the following result to the special case

f(x, θ) := log pθ(x)− log pθ0(x).

Theorem 14.1 (One-sided uniform law of large numbers). Suppose that:
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a) Θ is compact;

b) for all x ∈ X , the map

θ 7→ f(x, θ) := log pθ(x)− log pθ0(x)

is upper semi-continuous;

c) there exists a measurable function F : X → R such that

f(x, θ) ≤ F (x) ∀x ∈ X , ∀θ ∈ Θ, Eθ0 [F (X)] <∞;

d) for all θ ∈ Θ and all sufficiently small ρ > 0, the function

ψ(x, θ, ρ) := sup
∥θ′−θ∥<ρ

f(x, θ′)

is measurable in x.

Then

lim sup
n→∞

sup
θ∈Θ

1

n

n∑
i=1

f(Xi, θ)
a.s.

≤ sup
θ∈Θ

Eθ0 [f(X1, θ)].

Remark. In maximum likelihood applications, f is the log density ratio comparing pθ
to the true density pθ0 . The theorem ensures that, even after taking a supremum over
a continuum of parameter values, the empirical log-likelihood cannot asymptotically
exceed the supremum of its population counterpart.

Proof. The argument follows the spirit of the Glivenko–Cantelli theorem:

i) Control expectations of suprema over sufficiently small neighborhoods;

ii) Cover the compact parameter space by finitely many such neighborhoods.

In detail,

i. Fix θ ∈ Θ. As ρ↘ 0, upper semi-continuity implies

ψ(x, θ, ρ) ↘ f(x, θ) for all x ∈ X .

Indeed, the supremum is attained on the closed ball, and the values of the max-
imizing sequence converge to the value at the center by upper semi-continuity.

Consequently,
0 ≤ F (x)− ψ(x, θ, ρ) ↗ F (x)− f(x, θ),

and by the monotone convergence theorem,

Eθ0 [F (X1)− ψ(X1, θ, ρ)] −→ Eθ0 [F (X1)− f(X1, θ)] as ρ→ 0.

Since Eθ0 [F (X1)] <∞, this yields

Eθ0 [ψ(X1, θ, ρ)] −→ Eθ0 [f(X1, θ)] =: g(θ).

Hence, for all ε > 0 and all θ ∈ Θ, there exists ρθ > 0 such that

Eθ0 [ψ(X1, θ, ρθ)] < g(θ) + ε.
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ii. Define the open balls

S(θ, ρ) := {θ′ ∈ Θ : ∥θ′ − θ∥ < ρ}.

Then
Θ ⊆

⋃
θ∈Θ

S(θ, ρθ).

By compactness, there exist θ1, . . . , θm ∈ Θ such that

Θ ⊆
m⋃
j=1

S(θj, ρθj).

Therefore,

sup
θ∈Θ

1

n

n∑
i=1

f(Xi, θ) ≤ sup
1≤j≤m

1

n

n∑
i=1

ψ(Xi, θj, ρθj)

a.s.−−→ sup
1≤j≤m

Eθ0 [ψ(X1, θj, ρθj)]

≤ sup
1≤j≤m

g(θj) + ε ≤ sup
θ∈Θ

g(θ) + ε.

Since ε > 0 is arbitrary, the claim follows.

Lemma 14.2. Under the assumptions of Theorem 14.1, the function

g(θ) = Eθ0 [f(X1, θ)]

is upper semi-continuous on Θ.

Proof. Let θn → θ. By Fatou–Lebesgue,

lim sup
n→∞

g(θn) = lim sup
n→∞

Eθ0 [f(X1, θn)]

≤ Eθ0

[
lim sup
n→∞

f(X1, θn)

]
≤ Eθ0 [f(X1, θ)] = g(θ),

where the last inequality uses upper semi-continuity of f(x, ·) for every x.

Application to Maximum Likelihood

Remark. In the likelihood setting,

g(θ) = Eθ0

[
log

pθ(X1)

pθ0(X1)

]
= −KL(Pθ0 ||Pθ).

Thus, upper semi-continuity of the log density ratio implies upper semi-continuity
of the negative Kullback–Leibler divergence.

Note. The combination of compactness, upper semi-continuity, and the one-sided
uniform law of large numbers forms the technical backbone of Wald’s consistency
theorem for maximum likelihood estimators.
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14.3 Wald’s Theorem

We study conditions under which maximum likelihood estimators (MLEs) converge
to the true parameter. The key technical ingredient is a uniform (one-sided) law
of large numbers that prevents the likelihood from “escaping” to large values away
from the truth.

Definition 14.2 (Log density ratio). Let {pθ : θ ∈ Θ} be a parametric family of
densities and let θ0 denote the true parameter. Define

f(x, θ) := log pθ(x)− log pθ0(x).

Definition 14.3 (Identifiability). The model is said to be identifiable if

Pθ = Pθ0 =⇒ θ = θ0.

Theorem 14.2 (Wald’s Theorem 1949). Suppose that:

(a) Θ is compact;

(b) ∀x ∈ X , the map θ 7→ pθ(x) is upper semi-continuous;

(c) there exists a measurable function F : X → R such that

f(x, θ) ≤ F (x) ∀x ∈ X , ∀θ ∈ Θ, Eθ0 [F (X1)] <∞;

(d) for all θ ∈ Θ and all sufficiently small ρ > 0, the function

x 7→ sup
∥θ′−θ∥<ρ

f(x, θ′)

is measurable;

(e) the identifiability condition of Definition 14.3 holds.

Then any sequence of (possibly non-measurable) maximum likelihood estimators θ̂n
satisfies

θ̂n
a.s.−−→ θ0.

Remark. The estimator θ̂n need not be measurable. The almost sure convergence
statement is interpreted pathwise, that is, as a statement about data sequences
outside a null set. Conditions ensuring measurability can be found in Ferguson
(1996).

Heuristic discussion

Fix θ ∈ Θ. By the law of large numbers,

1

n

n∑
i=1

f(Xi, θ)
a.s.−−→ Eθ0 [f(X1, θ)] = −KL(Pθ0 ||Pθ).

The limiting criterion is uniquely maximized at θ0. However, pointwise convergence
is not sufficient to ensure convergence of maximizers: without uniform control, max-
ima may “run away”. Compactness and integrable domination provide the needed
uniformity.
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Uniform control via small balls

For θ ∈ Θ and ρ > 0, define

ψ(x, θ, ρ) := sup
∥θ′−θ∥<ρ

f(x, θ′).

Claim. If f(x, ·) is upper semi-continuous, then for every x and θ,

ψ(x, θ, ρ) ↘ f(x, θ) as ρ↘ 0.

Proof. The supremum is at least f(x, θ) since θ belongs to every ball. As ρ → 0,
any maximizing sequence must converge to θ, and upper semi-continuity implies
that the limit cannot exceed f(x, θ).

Claim. For fixed θ,

Eθ0 [ψ(X1, θ, ρ)] −→ Eθ0 [f(X1, θ)] =: g(θ) as ρ→ 0.

Proof. Since f(x, θ) ≤ F (x) for all θ, we have

0 ≤ F (x)− ψ(x, θ, ρ) ↗ F (x)− f(x, θ).

By the monotone convergence theorem and Eθ0 [F (X1)] <∞,

Eθ0 [F (X1)− ψ(X1, θ, ρ)] → Eθ0 [F (X1)− f(X1, θ)],

which implies the claim.

Note. For every ε > 0 and θ ∈ Θ, there exists ρθ > 0 such that

Eθ0 [ψ(X1, θ, ρθ)] ≤ g(θ) + ε.

Finite covering argument

By compactness,

Θ ⊆
m⋃
j=1

{θ′ : ∥θ′ − θj∥ < ρθj}.

Hence,

sup
θ∈Θ

1

n

n∑
i=1

f(Xi, θ) ≤ sup
1≤j≤m

1

n

n∑
i=1

ψ(Xi, θj, ρθj).

Each term converges almost surely by the law of large numbers, and the supremum
over finitely many indices preserves almost sure convergence.

Proof (of Theorem 14.2). Fix r > 0 and define

Sr := {θ ∈ Θ : ∥θ − θ0∥ ≥ r}.

Then Sr is compact.
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Claim.
Pθ0

(
∃N ∀n ≥ N : θ̂n /∈ Sr

)
= 1.

Proof. Applying the uniform law of large numbers to Sr yields

lim sup
n→∞

sup
θ∈Sr

1

n

n∑
i=1

f(Xi, θ) ≤ sup
θ∈Sr

g(θ) =: δ a.s.

By Lemma 14.2, the supremum is attained. Since θ0 /∈ Sr and g(θ) < 0 for θ ̸= θ0,
we have δ < 0. Hence, eventually

sup
θ∈Sr

1

n

n∑
i=1

f(Xi, θ) ≤
δ

2
.

On the other hand,

1

n

n∑
i=1

f(Xi, θ̂n) = sup
θ∈Θ

1

n

n∑
i=1

f(Xi, θ) ≥ 0,

which implies θ̂n /∈ Sr eventually.

Define
Ar := {∃N ∀n ≥ N : θ̂n /∈ Sr}.

The events Ar are decreasing as r ↘ 0, and Pθ0(Ar) = 1 for all r > 0. Therefore,

Pθ0

(⋂
r>0

Ar

)
= 1,

which is exactly the statement θ̂n → θ0 almost surely.

Note. Compactness, upper semi-continuity, and an integrable envelope are indis-
pensable. Without them, global maximizers of the likelihood may fail to be consis-
tent.

14.4 Examples for Wald’s Theorem

Example 14.3 (Cauchy location model). Consider the Cauchy location model with
density

pϑ(x) =
1

π

1

1 + (x− ϑ)2
, ϑ ∈ R.

Since the parameter space R is not compact, Wald’s theorem cannot be applied
directly. We therefore reparametrize by

ϑ = tan(θ/2), θ ∈ (−π, π),

which yields the equivalent family

pθ(x) =
1

π

1

1 +
(
x− tan(θ/2)

)2 , θ ∈ (−π, π).
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To compactify the parameter space, define artificial boundary values

p±π(x) := lim
θ→±π

pθ(x) = lim
ϑ→±∞

pϑ(x) = 0, ∀x ∈ R.

This yields a compact parameter space

Θ = [−π, π], P = {Pθ : θ ∈ Θ}.

Without loss of generality, we may take θ0 = 0 (otherwise shift the data by x′i =
xi − ϑ0).

Verification of Wald’s conditions

a) Compactness. By construction, Θ = [−π, π] is compact.

b) Identifiability. The median of Pθ equals tan(θ/2), hence

θ ̸= θ0 =⇒ Pθ ̸= Pθ0 , θ0 ∈ (−π, π).

c) Upper semi-continuity. For every x, the map θ 7→ pθ(x) is continuous on
(−π, π), and the boundary values were chosen to preserve continuity. Hence
θ 7→ pθ(x) is upper semi-continuous on Θ.

d) Measurability. Continuity implies measurability. Indeed, for any A ⊆ Θ
and t ∈ R,

{x : sup
θ∈A

pθ(x) ≤ t} =
⋂

θ∈A∩Q

{x : pθ(x) ≤ t},

a countable intersection of measurable sets.

e) Integrable envelope. The log-likelihood ratio equals

f(x, θ) = log pθ(x)− log pθ0(x) =

log

(
1 + x2

1 +
(
x− tan(θ/2)

)2
)
, θ ∈ (−π, π),

−∞, θ = ±π.

Since 1 + (x− tan(θ/2))2 ≥ 1 for all θ, we have

f(x, θ) ≤ log(1 + x2) =: F (x), ∀x, θ.

Moreover,

Eθ0 [F (X1)] =

∫
R
log(1 + x2)

1

π

1

1 + x2
dx = 2 log 2 <∞.

All assumptions of Wald’s theorem are satisfied. Hence the global maximum likeli-
hood estimator in the Cauchy location model is consistent, despite the likelihood
exhibiting many local optima.
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Example 14.4 (Normal distribution with unknown mean and variance). Consider
the normal model

pθ(x) =
1√
2πσ2

exp

{
− 1

2σ2
(x− µ)2

}
, θ = (µ, σ2)⊤ ∈ R× (0,∞).

For i.i.d. data X1, . . . , Xn ∼ Pθ0 , the MLE is

µ̂ =
1

n

n∑
i=1

Xi, σ̂2 =
1

n

n∑
i=1

(Xi − µ̂)2.

By the strong law of large numbers,

θ̂n = (µ̂, σ̂2)⊤
a.s.−−→ (µ0, σ

2
0)

⊤.

Why Wald’s theorem fails

Fix x ∈ R. Maximizing the likelihood over θ yields

sup
µ,σ2

pθ(x) = ∞,

since setting µ = x and letting σ2 → 0 makes the density diverge. Consequently,
the log-likelihood ratio admits no integrable upper bound, and Wald’s theorem does
not apply.

Solution via grouping

Group observations into pairs

X̃1 = (X1, X2), X̃2 = (X3, X4), X̃3 = (X5, X6), . . .

and consider the joint density of (X1, X2). One can show that

max
θ
pθ(x1, x2) = p(µ̃,σ̃2)(x1, x2) =

2

eπ(x1 − x2)2
, (14.1)

where

µ̃ =
x1 + x2

2
, σ̃2 =

1

4
(x1 − x2)

2.

Since Pθ0(X1 ̸= X2) = 1, the bound in (14.1) is integrable. After compactifying the
parameter space as in Example 14.3, Wald’s theorem applies, yielding consistency
of the MLE; see van der Vaart (1998, Problem 5.25).

Remark. These examples illustrate that Wald’s conditions are sufficient but not
necessary. The normal MLE is consistent even when Wald’s theorem fails in its
basic form, while suitable reformulations may restore applicability.
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