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Statistica Matematica. Exam I

Exercise 1 (9 points). Let X1, . . . , Xn be a sample of independent and identically
distributed random variables according to a Poisson(λ) distribution, with λ being
an unknown parameter. Assume an exponential distribution with mean 1/2 as the
prior distribution for λ.

(4 points) Determine the posterior distribution for the parameter λ in terms
of n and the empirical mean of the sample.

(4 points) Determine the Bayesian estimator for λ. Show that it is asymptoti-
cally unbiased and consistent.

(1 point) Evaluate the bias. Does there exist a value of λ for which the esti-
mator is exactly unbiased?

Recall that

Γ(z) =

∫ ∞

0

dt tz−1e−t

and Γ(n+ 1) = n!.

Exercise 2 (6 points). Let X1, . . . , Xn be a sample of independent and identically
distributed random variables with density:

fθ(x) = θ xθ−1, 0 < x < 1, θ > 0.

(3 points) Determine the maximum likelihood estimator θ̂MLE.

(3 points) Calculate the Fisher information for the sample.

Exercise 3 (8 points). Let (Xn)n≥1 be a sequence of i.i.d. random variables. Con-

sider: Yn =

(
n∏

i=1

Xi

)1/n

Determine ĺım
n→∞

Yn almost surely in the following cases:

• (3 points) Xn is uniformly distributed on (0, 1).

• (2 points) Xn is distributed as eZ where P (Z = k) =
1

2k
for k ∈ N

(Geometric).

(3 points) In the case where Xn is uniformly distributed on (0, 1), determine
the limit in distribution of:

√
n(Yn − e−1).

Hint for the last point: Use the fact that if a sequence of random variables (Wn)n satisfies

√
n(Wn − θ)

d−→ N(0, σ2)

in distribution, then
√
n(f(Wn)− f(θ))

d−→ N(0, σ2[f ′(θ)]2)

in distribution, for any continuously differentiable function f .
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Exercise 4 (7 points). Let (R2
+,B(R2

+),Unif[0,a] ⊗ Unif[0,b], (a, b) ∈ R2
+) be a statis-

tical model.

Identify a Pivot distribution for the parameter θ = (a, b) and determine a
(non-trivial) confidence region of level γ ∈ (0, 1).

Let τ(a, b) = (a + b, a − b) be a characteristic of the model. Determine a
Pivot distribution for τ and determine a (non-trivial) confidence region of
level γ ∈ (0, 1).
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